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PREFACE 


This book has been written on the basis of a combined experience of more than thirty 
years of teaching about and working with electronic circuits of the type used in 
present-day communications and control systems. In this book we deal neither with 
semiconductor or vacuum tube manufacture nor with overall system design, but with 
the understanding and use of devices and configurations of devices that bridge the 
gap between these two disciplines. Although we do not deal particularly with the 
problems of integrated circuits, many of our results are indeed directly applicable to 
circuits in integrated form. 

Chapter 1 offers a preview of things to come. Chapters 2 and 3 may be considered 
as a review of linear system concepts. Although the material stressed in these chapters 
ought to be presented in linear systems courses or textbooks, it has been our experi¬ 
ence that the viewpoints that we find useful are often somewhat slighted there. 

Chapters 4 and 5 provide the foundation for the rest of the book. Essentially they 
provide a reasonably rigorous but (we hope) intelligible account of both the small- 
signal and large-signal operation of both the single devices and the basic multiple 
device configurations that serve as the building blocks for all later circuits. These 
devices and configurations include the bipolar and field effect transistor, the differ¬ 
ential pair, and the combination of resistance and reactance with'these devices. 

The approach taken allows one to make both large-signal and small-signal cal¬ 
culations without any ambiguity as to the resultant distortions or nonlinear by¬ 
products. While we did not invent all the results here, we have been using them and 
teaching them for some years. To our knowledge this is the first time that they have 
been coordinated and made available in one place. 

Chapter 6 uses the vehicle of the sinusoidal oscillator to tie together all of the 
previous material. The techniques presented allow one to calculate the actual ampli¬ 
tude frequency and distortion of real oscillators rather than just to catalog a number 
of circuits. The squegging phenomenon in oscillators is treated in a unique and readily 
usable manner. 

Chapter 7 considers the deliberate use of the device non-linearity to produce 
mixers and frequency converters. It explores the amplitude limitations upon “linear” 
mixing and the effect of deliberate or accidental series resistance upon the mixing 
process. This chapter also examines the feedthrough and the feedback problems 
involved in small signal RF amplifiers and AGC systems. 

Chapter 8 is concerned with multipliers and amplitude modulators. It presents a 
step-by-step analysis of the popular Gilbert integrated four-quadrant multiplier as 
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well as a number of other useful circuits. Chapter 9 discusses all types of power 
amplifiers from linear broadband Class A types through both tuned and broadband 
Class D types. Chapter 10 explores the amplitude demodulation problem in detail. 
It presents useful design results for the common narrowband peak envelope detector, 
which is usually used in circuits but rarely discussed in textbooks. Chapters 11 and 
12 present a large amount of new material in their complete coverage of FM generation 
and detection. 

Because the general principles of the first five chapters are applicable in some form 
to most of the circuits in the rest of the book, a unity is achieved that has often not 
been apparent in past books in this field. Thus instead of considering a seemingly 
endless variety of apparently different oscillators or detectors, one is able to group 
circuits into rather broad classes and show straightforward design or analysis pro¬ 
cedures applicable to all of them. 

Some of the early versions of this material were originally put into note form in 
1962. All of it, except our last-minute revisions, has been used in various graduate 
and senior year courses at the Polytechnic Institute of Brooklyn. It is not reasonable 
to try to cover all this material in a one-semester course. Well-grounded students 
who can handle Chapters 2 and 3 by themselves, and who can absorb Chapters 4 
and 5 in say three weeks, should be able to cover selected material from the remaining 
chapters without undue difficulty in a semester. A number of selections of coherent 
groups of material are possible. Most instructors should have no problem picking 
out a set that is both interesting to them and instructive to their students. 

Homework problems are included at the end of each chapter. Illustrative examples 
are worked out in most chapters. 

Our former colleagues and students at the Polytechnic Institute of Brooklyn 
deserve our thanks for their many stimulating criticisms and observations. Professors 
Gerald Weiss, Ronald Juels, and Marvin Panzer were particularly helpful in pointing 
out errors or areas in need of clarification. A special debt of gratitude is due to the 
various people who struggled with the typing and the drawings for the manuscript 
and the various sets of notes that preceded it. 

As Department Head through much of the period that the book was in preparation, 
Professor Edward J. Smith and the rest of the administration of the Polytechnic 
were most kind in extending the use of various typing and reproduction facilities. 

While book writing is never really a pleasure, it is exciting to find a simple way to 
solve a heretofore difficult problem. We have had many such exciting moments in 
preparing this book and we hope that the reader will be able to share some of our 
excitement as he uses it. 


New York 
May 1971 


K. K. C. 
D. T. H. 
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CHAPTER 1 


PREVIEW 


The purpose of this chapter is not to reduce the excitement of the book by “revealing 
the plot” We wish rather, by using one particular circuit as a vehicle, both to indicate 
a number of the techniques that we will explore later in detail and to demonstrate to 
the reader the power of these methods. We will show how we may rather easily get a 
clear insight into the design of such apparently diverse circuits as wideband small- 
signal amplifiers, large-signal narrowband amplifiers, frequency multipliers, active 
limiters, active mixers, and tuned-circuit sine-wave oscillators. By doing so, we hope 
to provide a framework for the general developments that follow and to share with 
others the enthusiasm that comes from being able to solve many heretofore difficult 
design and analysis problems. 

In this chapter, because of its nature, we cannot develop all results or answer 
all questions. We trust that the unanswered questions will receive adequate treatment 
at a later point. 

1.1 BASIC CIRCUIT BIASING 

The circuit that we shall use as a skeleton upon which to construct our various 
examples is shown in Fig. 1.1-1. 

This circuit is shown in the manner in which it might be constructed in integrated 
form. The sole purpose of the lower two transistors is to provide a constant current 


fig. 1.1-1 Basic junction 
transistor amplifier. 
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PREVIEW 


1.1 


bias source for transistor 1. (Transistor 3 might be viewed as a diode; however, in 
integrated circuits diodes are normally constructed as transistors.) 

Our key assumption is that the emitter current and the base-emitter voltage of 
the transistors are related by Eq. (l.l-l)t: 

i E = I ES e VBEqlkT , (1.1-la) 


V BE 


— In —, 

Q IES 


(1.1-lb) 


where k = 1.38 x 10 _23 y/°K is Boltzmann’s constant, q— 1.6 x 10 -L9 C is the 
electronic charge, and I ES is the emitter saturation current. 

Let us make a further set of assumptions: that i c = ai E and i B = (1 - a )i £ , and 
that a is both close to unity and independent of i £ . (The assumption of a constant 
alpha is rarely true if i E varies over a wide range; however, if alpha approaches 
unity, then this variation is normally a second-order effect) 

Since I ES is of the order of 2 x 10“ 16 A for small silicon integrated circuit 
transistors and since kT/q ^ 26 mV at normal room temperatures (T = 300°K), 
Lq. (1.1-Ib) may be employed to determine the required values of v BE (or V BE for the 
case of a bias voltage) to produce various values of i E (or l E ). Several values of V BE 
vs. I E are presented in Table 1.1-1. It is apparent that V BE varies only slightly for 
large variations in I E ; hence in many applications V BE may be approximated by a 
constant of approximately J V. 


Table 1.1—1 Value of V BE required for 
various values of / E 



/ £ , mA 

700 

0.1 

760 

1 

820 

10 

880 

100 


As connected in Fig. 1.1-1, transistors 2 and 3 must have the same value for 
l 'he ( or C B£ ). If they occupy the same area and are on the same chip, they will have 
almost identical values for I ES . Therefore, i E2 = i E3 or, for biasing purposes, I E2 = I E3 . 
Now ^Rb = (C ££ - V be )/R b . If V BE is approximated by 3/4 V (so long as V EE » V BE 
this is reasonable), then I Rb is known. However, I Rb = I E3 + (1 — z)I E2 or 


Fee - 0,75 _ V EE - 0.75 
(2 - a)R„ * R b 


d-1-2) 


+ A somewhat more accurate representation would be 

i F = I FS e* WBFiT . 

a here j ;£ ; < 1 depending on the transistor material, i.e., germanium or silicon. In any situation 
winch warrants it y may be included without affecting any of the derived results. 
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and thus 


1C2 — r 


Iee ~ 0.75 

T„ ' 


(1-1-3) 


So long as Z E contains a series capacitor (no dc path), then I El = I C2 and the 
upper transistor is biased at a constant current level. 

1.2 WIDEBAND AMPLIFIER LIMITS ON “SMALL-SIGNAL” OPERATION 

Let us first consider the case where Z L is a resistor R L , Z E is a capacitor C E , u, = V x 
cos ait, 1/c oC E approaches an ac short circuit, and co is low enough so that transistor 
reactances may be ignored. We assume that V cc and V EE are large enough so that the 
collector-base junctions of both transistors 1 and 2 always stay reverse biased. 

Since C E is an ac short circuit, u ; appears directly across the emitter-base junction 
of transistor 1. In addition, any dc voltage V dc which is developed across C E appears 
across the junction; hence v BE1 = + V dc . When u ; is zero, i E is forced to be equal 

to I c2 ; hence 


kT, I C2 
V dcQ =— ln/3. 

q hs 


(The subscript Q denotes the quiescent value of a parameter.) 

For the case where is not equal to zero, Eq. (1.1-la) may be employed to obtain 


h = l E s[e v ^''- \e" 


/dc njjkT) cos at 

= I ES [e VdcqikT ]e xco * (D \ (1.2-1) 

where x = V\q;k T to normalize the drive voltage. Now from a known Fourier series 
expansion. 




= / 0 (x) + 2 Y / n (x) cos mou 


( 1 . 2 - 2 ) 


where / n (x) is a modified Bessel function of the first kind, of order n and argument x. 
(Properties of these tabulated functions as well as further references concerning them 
will be found in the Appendix at the back of the book.) The modified Bessel functions 
are all monotonic and positive for x > 0 and n > 0; I o (0) is unity, whereas all higher- 
order functions start at zero. As x —► 0, 

U/2)" 


I n (x) 

n: 

when n is a positive integer. 

Combining Eqs. (1.2-1) and (1.2-2), we obtain 
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1.2 


It is apparent from Eq. (1.2-3) that the average (or dc) value of i E is given by 

i E = I ES e v ^ kT l 0 (x). (1.2-4) 

However, the biasing circuitry demands that i E = / c2 ; hence i E may be written in 
the simplified form 


i F = I 


C 2 


, 7 y 
" i /ou: 


cos na>f 


(1.2-5) 


in addition, K dc may be obtained from Eq. (1.2-4) to be of the form 


kT 

E dc = —In- 


I 


C 2 


q f esI o( x ) 


kT i C2 kT 
= — In-In J 0 (x) 


1 t:s 


= V AcQ -ln/ 0 (x). (1-2-6) 

q 

Table 1.2-1 presents several sets of data concerning the modified Bessel functions 
that will be of interest to us. From the first column of this table we see that if V x = 
260 mV, so that x = 10, then the dc voltage shifts by 206 mV from its Q-point value. 
We can also see from the other columns that the peak value of the fundamental 
component of the collector current of transistor 1 is 1.9/ C2 , while the percentage 
second-harmonic distortion in this current is 85%. 


Table 1.2-1 


X 

In Uv) 

2 f,(.Y) 

/,(xl 

1 o(x> 


0 

0.000 

0.000 

0.000 

0.5 

0.062 

0485 

0.124 

1 

0.236 

0.893 

0.240 

-> 

0.823 

F396 

0.433 

5 

3.30 

1.787 

0.719 

]() 

7.93 

1.897 

0.854 

:o 

17.6 

F949 

0.926 


Apparently a 260 mV peak sinusoidal signal is not a small signal at all from the 
viewpoint of this amplifier. The limits of small-signal operation are made clearer by 
a study of Figs. 1.2-1 and 1.2-2. Figure 1.2-1 shows that the output fundamental is 
only roughly linearly proportional to the input voltage, or equivalently x, for 
x < 1. However, to keep / 2 (x)// 1 (x), which is the percent second-harmonic distortion, 
below .025 |2‘ % distortion), it is necessary to keep x below 0.1.t Consequently, for 
small-signal operation V\ < 2.6 mV or equivalently IrJ < 2.6 mV. 

It is apparent from Eq. (1.2-1) that the emitter current and. in turn, the collector 
current of transistor 1 are proportional to e xco,lvlt e x for any fixed value of x. (We 


For small \alues of v. / : (vl /j(.v) ^ x 4 [cf. Eq. (A-21 in the Appendix at the back of the book]. 


1.2 


WIDEBAND AMPLIFIER LIMITS ON “SMALL-SIGNAL” OPERATION 




Fig. 1.2-2 Normalized collector currents vs. angle for exponential junction driven by sine wave. 

incorporate the e* term in the denominator for normalization purposes only.) 
Consequently, the plot of shown in Fig. 1.2-2 yields a normalized picture 

of the collector current as a function of time over one cycle of the input voltage 

r, = K, cos cot. Clearly by the time x = 10 . the collector current is flowing in narrow 

pulses approximately i cycle wide; hence the operation of the amplifier is certain y 
not linear. In fact, as x increases above one. the overall current waveshape rapidly 
ceases to be cosinusoidal. For larger values of x the dc bias shi t e ective y ai s 
signal in holding the base-emitter junction off for a good portion ol the cycle. 

With r,! < 2.6 mV the output voltage of the amplifier takes the torm 

r„U, = F cc - t c R t = Vcc - zIciRl - so*. 


11.2-7) 
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1.3 


For small values of x, however, 2/ I (x)// 0 (x) % x = V^q/kT ; consequently, 

v o(t) = Vcc - ^ciR-l - gn, Q RL V 1 cos cot, (1-2-8) 


where g mQ = otI C2 q/kT is defined as the transconductance of the transistor. Note 
i hat the value of g m is exactly that value which would be obtained as the incremental 
ralio of collector current to base-emitter voltage evaluated about the Q-point; that 

IS, 


Olr 




di F 


= a 


ic — <*/C 2 


dv R 


*£= / C 


aq/£2 

kT 


SmQ ? 


(1-2-9) 


where i E = I ES e VBKq/kT . Thus for |i7,-| < 2.6 mV, classical small-signal analyses may 
be employed. 

As we shall see in a later chapter, one way to extend the broadband linear signal 
handling capacity of a transistor amplifier is to include an unbypassed emitter 
resistor. In the circuit under discussion this resistor R E would be placed in series with 
(V Such a resistor reduces the fundamental gain of the stage by a factor of 

_ l _ _ 1 

1 + R^JciQl^T) 1 + SmQ^E 

where g mQ is the small-signal g-point transconductance with R E shorted. 

The effect of this series resistance is to linearize the characteristic so that, while 
it does reduce the fundamental gafi^at reduces the harmonic distortion even more 
rapidly. 

As a practical matter one should note that all of the foregoing discussion would 
be unchanged if the v { generator were included in series with C E while the base of 
transistor 1 was grounded. 


1.3 NARROWBAND AMPLIFIERS AND LIMITERS 


A different approach to utilizing the circuit of Fig. 1.1—1 would be to again let Z E be 
a single capacitor C E and let Z L be a parallel RLC circuit tuned to the frequency co 


Fig. 1.3-1 Circuit of Fig. 1.1-1 
with Z, replaced by a tuned 
circuit. 
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nf the inpul signal as shown in Fig. 1.3-1. For a parallel RLC circuit, the magnitude 
of the impedance at the fundamental frequency, Z L U<o), is, in general, greater than 
the magnitude of the impedance at the nth harmonic, \Z L {jnco)\ ; in particular, 

\ZJJnco)\ _ n (1.3-1) 

\Z L (jco)\ ~ (n 2 - 1 )Qt 

where Q T is the Q of the resonant circuit. Therefore, if Qj is sufficiently high, we can 
obtain almost a pure sine-wave output voltage v 0 (t) m spite of large harmonic 
components in the collector current of transistor 1. 

For example, if x = 5, then Q T = 48 reduces the second-harmonic output 
voltage component to 1 % of the fundamental and the third-harmonic voltage com- 
ponent to 0.31 % (the collector current has distortion components of 72 J 0 and 40 / 0 
respectively). Therefore, as a good approximation, the output voltage may be 
written as 


2/1 (x) /IT T) 

v a (t) = V cc - ccI c 2 R l jj-^cos cot, d.3-2) 

where R L = Z L {jco) is the impedance of the parallel RLC circuit at resonance. Since 
the impedance of the resonant circuit to dc is zero, no dc voltage is built up across Z L . 

In this case, instead of the small-signal transconductance g mQ , it is convenient 
to define a large-signal average transconductance G m which is equal to the ratio of 
the fundamental collector current 7 C11 to the fundamental driving voltage . 


/ C11 od^U^x) 21M 

With this definition for GJx). u„(r) may be written in-the equivalent form 

v„(t) = Vcc ~ G m (x)R L V { cos cot. 


(1.3-3) 

(1.3-4) 


which is similar in form to the output of the small-signal amplifier. The basic differ¬ 
ence is that G m (x) is a function of V l (or x) and no longer a constant. 

Figure 4 5-6 presents values for GJx)/g mQ for various values of x. From Fig 
4.5-6 we see that G m is down 1 dB from its x = 0 value when x = 1; hence, though 
the harmonic distortion has been removed, the amplifier can operate only in an 
approximately “linear” fashion with input amplitudes below 26 mV peak. By 
linear, in this case, we mean that there is a constant ratio between input and output 
signal levels, and that this ratio is independent of signal level; this is necessary if an 
AM wave is to be amplified. If we wish to handle larger input signals in a linear 
manner, then the unbypassed emitter resistor again provides the means. 

If on the other hand, we want to remove amplitude variations in V t from the 
output, i.e., if we wish to produce a “limiter,” then we need only increase x. From 
Table 1.2-1 or from Fig. 1.2-1 we note that as x increases, 21 !(x)// 0 (x) aoproaches a 
saturation value of 2; hence r 0 (t) given by Eq. (1.3-2) reduces to 

L' 0 (f) = V E C — C0S 


which is clearly independent of variations in \\ . 


(1.3-5) 
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1.4 


As an example, we consider the case where V t varies between 130 mV and 
520 mV (x varies between 5 and 20) because of a spurious amplitude modulation. If 
we define the modulation index as 


then the input modulation index is m = 0.6 (or 60%). Since forx = 5,2/ 1 (x)// 0 (x) = 

, 1.787, and for x = 20, 2/ 1 (x)// 0 (x) = 1.949, and since the amplitude of the ac com- 
1 ponent of v a (t) is proportional to 2/ 1 (x)// 0 (x) [cf. Eq. (1.3-2)], the output modulation 
index is 


1.949 - 1.787 
1.949 + 1-787 


= 0.0435 


(or 4.35%). 


A further stage driven with this signal at a normalized level such that x > 10 could 
reduce the output modulation below 0.05 %. 


1.4 FREQUENCY MULTIPLIERS 

As we saw in Figs. 1.2-1 and 1.2-2, as x increases, the harmonic component of the 
collector current increases. For x = 10, f 2 (x)// 1 (x) = 0.85, / 3 (x)// l (x) = 0.66. 

= 0.46, and / 5 (x)// 1 (x) = 0.29. Therefore if we tune the output-tuned 
circuit to a harmonic of the input, we can obtain an appreciable voltage at least up 
to the fifth harmonic for an input drive of 260 mV (x = 10). (For x = 20, / 5 (x)// 1 (x) 
has increased to 0.54.) Such circuits are known as frequency multipliers. They are 
widely used to obtain a higher frequency from a stable crystal oscillator or, in FM 
systems, to increase the output FM deviation. Specifically, if the parallel RLC 
circuit is tuned to the nth harmonic of the input, v 0 (t) is given by 


y o (0 


1/ t d 

v cc - r , COS ncot. 

f 0 M 


(1-4-1) 


1.5 MIXERS 

So far we have driven the junction of transistor 1 with a single-frequency cosinusoid. 
Let us now consider the case where v^t) = V 1 coso^r + g(f)cosa> 2 L The signal at 
frequency toi may be thought ot as a local oscillator signal in a superheterodyne 
receiver: gif) cos co 2 t may be thought of as a low-level received amplitude-modulated 
(AM) signal which we wish to translate to the intermediate frequency (IF) of the 
receiver. If we again note that for transistor 1 in Fig. 1.1-1 (with Z E = C E ) the base- 
emitter voltage is given by v BE = v t + F dc , then we may write the emitter current in 
the form 

i F = J ES e V dc<1ik T e xco<iOit e [qgV) l kT]cosc}2t ^ _ j ^ 

If we assume |g(r)| < 2.6 mV, then may be approximated by 

I q- o/"-' ln kT] cos aj 2 t. In addition, if we replace <r <rcos “" by its Fourier series. Eq. 
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(1.5-1) simplifies to 


= I ES e VacqlkT I 0 (x) 


2I 2 (x) 21,{x) 

1 q--— cos ajit + cos . 


I oM 


f 0 W 


'.LQit + 


X 



qg(0 

kT 


COS W 2 t 


(1.5-2) 


Finally, by noting that cos A cos B = i[cos (A - B) + cos (A + B)], we may rewrite 
i E in the form 


ip — lr 


21 i(x) 21 2 (x) 

1 q--cosaqf H———- cos <x) 2 t + 


I oW 




+ g(t) 


qj_ci 

kT 


cos oi-,t q———| cos (coi — a) 2 )t + y~i \ (®i ~h 


/ oW 


l oW 


(1.5-3) 

Hence we have generated AM waves with envelopes proportional to the input 
envelope g(tj at frequencies to, — cu 2 , to, + tuj, - < d 2 . 2uji + «>;■ etc, 

If we now choose Z L as a parallel RLC circuit tuned at ra, - cv 2 with a value 
of o T sufficient to remove other frequency components from the output [but not so 
large that the envelope information of g(£) is filtered], then the output takes the form 


= Vcc - K 2 17 )||« (,)C0S,Wi “ 

= v cc - COS (CUj - C0 2 )t, 


where 


xql c2 I i(x) _ ^ I\{x) 

Sc - kT TJx) “ SmQ l 0 (xV 

Clearly the input AM wave has been translated in frequency from oj 2 to tu, — co 2 . 
By choosing the oscillator frequency m, correctly we can shift (or mix) the input 
AM wave to any desired intermediate frequency. 

The quantity g c , which may be interpreted as the ratio of the envelope of the 
collector current at the frequency - co 2 to the envelope of the input voltage at 
frequency a> 2 , is called the conversion transconductance. Since /i(x)/f 0 M increases 
monotonically toward an asymptote of unity for large values of x (or equivalently 
F,). it is apparent that g c is optimized by choosing V Y greater than 260 mV (x > 10). 
For this case g c % g mQ and the mixer not only translates in frequency but also 

amplifies. 

As an example of this fact we consider the case in which g(r) = (1 mV) 
(1 -h cos oj m t) cos (jj 2 i (where co m « o) 2 l Rl = 10 kQ. I C2 = —6mA, % — -60 mV, 
1, and Z L is a parallel RLC circuit tuned at «, - vj 2 . Clearly then tor this circuit 
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1.6 


g c = (0.1)(0.948) mho = 0.0948 mho. Consequently, the output voltage is 

v 0 (t) = v cc ~ (0.948 V)(l + cos co m f) cos (a^ — a) 2 )t . 

The output signal is shifted in frequency and amplified by a factor of almost 1000. 

It is interesting that mixers of this form are employed in all superheterodyne 
receivers, that is, in more than 99% of the world’s receivers of any kind. 

1.6 SINE-WAVE OSCILLATORS 

Jo operate the mixer we required a local oscillator; hence every superheterodyne 
receiver requires an oscillator. At the same time every transmitter also requires an 
oscillator. The first-order characteristics of an oscillator are its waveshape, its fre¬ 
quency, and its amplitude. Second-order characteristics are the frequency and ampli¬ 
tude stability with changes in time, temperature, voltage, and physical movement. 

To set the frequency of a sine-wave oscillator we connect it into a feedback loop 
so that positive feedback of exactly 360° is possible only at the desired frequency. 
To build frequency stability into it we concentrate most of the phase shift vs. fre¬ 
quency dependence into one portion of the circuit (often a quartz crystal or a high-Q 
tuned circuit). The oscillator often attains its desired amplitude by reaching a balance 
between the feedback allowed by the passive portions of the circuit and the nonlinear 
gain offered by the active portion of the circuit (the transistor in the case we are about 
to consider). 

Figure 1.6-1 shows a sine-wave oscillator circuit constructed from the basic 
circuit of Fig. 1.1-1. For this circuit a 360° phase shift around the loop is possible 
only in the vicinity of the tuned circuit resonant frequency oj 0 ; hence, if an oscillation 
occurs, it has a frequency of approximately aj 0 . Let us now assume that the resonant 
circuit has a high Q T ; then, if the circuit oscillates, the voltage across it is almost 



Fig. 1.6-1 Sine-wave oscillator. 
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sinusoidal even if the collector current flows in narrow pulses. If we assume also that 
this voltage, v, = V, cos a> 0 t, is stepped down by the capacitance ratio n - 
C (C + C 2 ) (cf. Chapter 2). then a sinusoidal drive voltage of the form Vy cos a> 0 t 
appears at the emitter of transistor 1, where Vy - nV,. This emitter voltage, in general, 

causes a nonlinear, pulselike collector current. 

We demonstrate in Section 5.5 that the loading of the transistor emitter junction 
upon C 2 is equivalent to a resistance of a./G m (x). In addition, we demonstrate that 
this loading may be reflected across the inductor Las a conductance of n [G m (x)/aJ, 
where n is again CJ(C X + C 2 ). Consequently, the total effective conductance 
appearing across the inductor is 


G T = G L + 


n 2 G m {x) 

a 


According to the Barkhausen criterion, for a sustained sinusoidal oscillation at 
wo, A L (jo} 0 ) = 1, where A L {jw) is the loop gain. To evaluate the loop gain we break 
the'loop at the emitter, apply a signal of the form V t cos m 0 t to the emitter, terminate 
the broken loop in a resistance of a/GJx), and determine the signal across the ter¬ 
mination of the loop. The broken loop is shown in Fig. 1.6-2. The capacitor C £ , 
which has no effect on the calculation of A L {ju) 0 ) since it is an ac short circuit, is 

incorporated to preserve the dc bias conditions. 

Now, with the loop broken, the oscillator reduces to a narrowband amplifier 

for which we may write 


V'iG m (.vl coswq! 

„ , n^Jx) 

Gr -I--- 


( 1 . 6 - 1 ) 
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1.6 


Since the two capacitors act as a step-down transformer with ratio n, 

, _ fiKtCJxIcosgjof 

Gl + ~~ 

and 


A L (j(o o) 


l 1 ,* 


»GJx) 


( 1 . 6 - 2 ) 


(1.6-3) 


Stable sinusoidal oscillations occur at co 0 for 


nG m (x) 


Gr + 


n 2 G m (x) 


= 1 


or equivalently 


G m (x) 


Gl 

n( 1 — n/'a)’ 


(1.6^) 


Equation (1.6-4) specifies the value of G m (x) required by the passive portion of 
the circuit. The amplitude must now adjust itself so that the transistor supplies this 
G m (x). If I C2 is known, then g mQ = I C2 q/kT follows, and from Fig. 4.5-6 we may 
determine the x that corresponds to the required G m . 

For example, if C x — 100 pF, C 2 = 11,200 pF, and R L = 13.7 kQ. then 

n = 0.00885 and G m (x) x — = 8300 [imho. 


If, in addition, I C2 = 0.5 mA, then 

g mQ = 19,200 /imho and G m (x)/g mQ = 0.432; 
hence from Fig. 4.5-6, 

V 104 mV 

X 4. K = 4 X 26 = 104 mV, and V. = — = - = 11.8 V. 

1 ' n 0.00885 


It is quite obvious that V C c must exceed 12 V if collector-base saturation is not 
to occur in transistor 1. So long as Vcc > 12 V, the previous amplitude is the ampli¬ 
tude at which the circuit stabilizes. In addition, in this case, 

Qt = Rj ^ ^ 13.7, 

L j + t i 

which is not nearly as high as we would normally want the 0 of an oscillator to be. 
However, even in this relatively low-Q case we have only 5% second-harmonic 
voltage across the tuned circuit; hence our assumption of a pure sine-wave drive 
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was not bad. We shall show later that such a circuit oscillates within two parts in a 
thousand of the nominal center frequency of the tuned circuit alone. 

1.7 CONCLUSIONS 

Now that we have seen some of the possibilities of this simple circuit we shall go 
back and examine both a number of passive circuits and a number of other non- 
linearities in detail. Then we shall return to explore m more depth each of the circuits 
discussed here, and also to discover many other circuits of immediate interest tc the 
communication or control system designer. Before we plunge into nonlinear con¬ 
trolled sources and then into circuits, we devote a chapter to passive transformerlike 
networks and a chapter to the response of narrowband filters to modulated signals. 
There are no review chapters on basic electronics, for instance, on biasing small- 
signal amplifiers. For readers who feel deficient in such areas, some suggested back¬ 
ground reading is listed below. 


SUGGESTED BACKGROUND READING IN ELECTRONICS 

Angelo, E. J., Jr., Electronics: FET's , BJTs and Microcircuits , McGraw-Hill, New York (1969). 

Gray. P. E., Introduction to Electronics. John Wiley, New York (1967). A 325 -page paperback 
developed for an introductory course in electronics. About half of the boo e vote o p - 
diodes and diode circuits, one-third to junction transistors, and one-sixth to held effect 
sistors and vacuum tubes. 


PROBLEMS 

Problems 1.1 through 1.5 are all based on the circuit of Fig. 1.1-1. 

1.1 Supposing that |U ££ | = 3 V, R B = 3 kQ, all alphas = 0.98 and all transistors are identical 
silicon, and have/ £S = 2 x 10~ 16 A, find I cl . If V cc = + !0 V, then define the value o 
R l that can be used to replace Z L so that the output dc voltage level will be -N'. What 
the approximate power dissipation in each transistor for this case? 

1.2 Suppose Z £ is replaced by an ac short circuit in the circuit of Problem IT Sketchi r for the 

cases where ii, is a pure sine wave having peak amplitudes of 1 m . _. m ^ . 

260 mV. (In Section 5.3 this case is considered in detail: only a reasonable estimate of the 

output is required at this point.) 

1 3 Suppose Z £ is replaced by a 100 Q resistor in senes with an ac short c ucuit. Repeat Problem 

1.2 for the cases in which r, has a peak amplitude of 1 mV and of _60mV. Compare th 
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Figure l.P-1 


results with the previous problem. (The second case is not trivial; the solution is covered in 
detail in Chapter 5.) 

1.4 Repeat Problem 1.2 for the case where R r is shunted by a parallel LC combination tuned to 
the resonant frequency of the input sinusoidal signal. Does saturation occur? 

1.5 Repeat Problem 1.2 for the case where R L is shunted by a parallel LC combination tuned to 
the second harmonic of the input sinusoidal signal and compare the results with those of 
Problem 1.4. 

1.6 For the circuit shown in Fig l.P-1, determine an expression for r„(f) ( Q 2 and Q 3 are identical). 

1.7 For the circuit shown in Fig. l.P-2, determine the quiescent values of / £1 , v EB1 , and v 0 
when I ES] = 10" 13 A, I ES2 = 2 x 10“ 13 A, and I ES3 = 1.5 x 10“ 13 A. 

1.8 For the circuit of Fig l.P-2, determine r 0 U) where = (1 mV) cos 10 h f and I ES[ = I ES2 = 
/ £S3 = 10“ 13 A. 
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Figure l.P-2 




















































CHAPTER 2 


BROADBAND AND NARROWBAND 
TRANSFORMERLIKE COUPLING NETWORKS 


1 

In this chapter we explore the similarities among a number of passive networks all 
of which have widespread practical application. All of these networks have the 
property of being able to transform impedance levels and hence voltage and current 
levels. Initially we consider a broadband transformer, and in later sections we show 
how a number of practical circuits may be reduced to the combination of a parallel 
RLC circuit and an ideal transformer. Throughout the chapter, emphasis is placed 
on plausible approximations, usually based on a consideration of the pole-zero 
diagram for the circuit in question. 

The reader may question the necessity of such a chapter, since he has undoubtedly 
already had one or more courses in network theory or linear circuits. We have 
included the chapter because it has been our experience that such courses—or the 
textbooks used in them—rarely bring out the similarities in the circuits discussed 
here or make evident the approximations that suffice to simplify them. It is our aim 
in later chapters to combine these circuits with various nonlinear elements to make 
useful circuits. Before undertaking this combination it seems wise to have a thorough 
familiarity with the individual pieces. 

The reader eager to get on to complete circuits might examine the equivalences 
shown in Table 2.5-1 and the illustrative examples at the end of Section 2.4. If these 
are all old hat. then we urge him to push on ; if not. we recommend this chapter as 
a foundation for later work. 


2.1 BROADBAND TRANSFORMER COUPLING 

In this section we study the frequency and time-domain properties of a linear network 
consisting of a resistive load coupled to a driving voltage source by means of a broad¬ 
band transformer as shown in Fig. 2.1-1. Such networks are useful for providing dc 
isolation and the possibility of phase inversion between the input and the output; 
they are also employed when the load resistor must be scaled in value to “match” 
the driver over a broad band of frequencies. For example, a transistor power amplifier 
might require a 200 Q resistive load over the frequency range of 20-20,000 Hz in 
order to deliver a required amount of power without exceeding its maximum voltage, 
current, and power ratings, whereas the speaker it has to drive might have an im¬ 
pedance of 8 fit hence transformer coupling is required. Transformer coupling is 
also employed where the load resistor must "float” referenced to the input voltage 
source both for dc and for ac signals. 
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Fig. 2.1-1 Transformer 
coupling network. 



Since our objective in this section is to gain familiarity with the basic operation 
of the transformer as a coupling element, we neglect second-order elTects such as 
winding capacity and core nonlinearities in our analysis. In addition, we model the 
resistive losses in the transformer as small resistors in series with the input and output 
terminals. This model is quite reasonable where core loss is not excessive in com¬ 
parison with winding loss, as is the case in most commercial broadband transformers. 

The transformer model most useful for analyzing broadband coupling networks 
is shown in Fig. 2.1-2. where r x and r 2 represent the transformer loss. The equivalence 


Fig. 2.1-2 Transformer 
model replacing trans¬ 
former of Fig. 2.1-1. 



of this model, as well as other possible models, and the original transformer is explored 
in the appendix and in the problems at the end of the chapter. The model explicitly 
indicates the cause of the loss of high- and low-frequency transmission. In particular, 
at low frequencies the impedance of L b = approaches zero and shunts to 

ground the signal path to R^l and at high frequencies the impedance of L a 
(1 - k 2 )L x approaches infinity and thus opens the signal path to R L . However, if 
» L a (or equivalentlv k ^ IK a frequency range exists where cuL h is large in com¬ 
parison with the impedance it shunts, while toL a is small in comparison with the 
impedance in series with it. 0\er this range, which we call the midband (cf. Fig. 
2.1 7), the inductances L a and L h ma> be approximated by short and open circuits: 
this yields the simplified model shown in Fig. 2.1- 3 for the network ot Pig. 2.1-1 
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Fig. 2.1-3 Midband model 
lor transformer coupling 
network. 


ky/Ly 



With the aid of the midband model, we first observe that for the usual case where 
r 2 « R l and r x « R s , an impedance of n 2 R L is presented to the driving source. 
Therefore, by choosing n 2 = k 2 LJL 2 appropriately, we may obtain any load resist¬ 
ance required by the driving source. For k ^ 1 and L x and L 2 wound on the same 
core. 



where N x and iV 2 are the numbers of turns in the windings of L x and L 2 respectively; 
hence in this case n may be related to the physical turns ratio of the transformer. 

Second, we observe that in the midband n may be chosen to maximize the voltage 
across R L for the case where v^t), R s , and R L are fixed. Situations of this type arise 
when a transducer, such as a phonograph pickup, with a high source impedance 
(R s ) and a fixed developed signal (i\) must be coupled in the midband to an amplifier 
with low input resistance (RJ. Writing the midband transfer function in the form 


H 


m 


v B (t) _ _ nR \l _ 

vAt) ~ r l + R s + rr{r 2 + R L ) 


( 2 . 1 - 1 ) 


and equating dHJdn with zero, we obtain the value of n which maximizes H m : 


n m = J(R, + ri )/(R l + r 2 ). (2.1-2) 

With this value of n = n m , the midband transfer function is given by 

H m - - R - - -. (2.1-3) 

(R v + r x ){R u + r 2 ) 

The value of n = n m given in Eq. (2.1-2) is intuitively reasonable as the value which 
produces maximum signal to R L , since it yields a resistance at the transformer input 
terminals which is equal to the source resistance R s -F r x . Such a match ensures 
maximum power into the transformer and thus into R L . 

It is apparent from Eq. (2.1 -3) that the existence of transformer loss reduces 
the signal available to R { . To obtain a better measure of this signal attenuation, we 
assume that r,U) is of the form V x cos oj£, where ru is some midband radian frequency. 
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soon 50 

Fig. 2.1-4 Typical transformer specification. /,-20 Hz, ft- 15.000 Hz 


and that n = n , and then compute the ratio of the average power delivered to R L 
to the average power delivered to R L with r t = r 2 = 0. This ratio, which is a measure 
of efficiency rj, is given by 


Rl 


Pi 


L\ri =r 2 = 0 


Vl_ _ 

2 R l 4 (fi, + r^R,, -r rS 

v\ Ri 

2R l 4 


R* 


Rl 


Rs + S R L + r 2 


(2.1-4) 


Clearly then, unless r t « R s and r 2 « R L , much of the available signal power is not 

supplied to R l . . . , v 

The transformer manufacturer usually indicates what minimum values o s 
;md R l ensure R, » r* and R s » r t in his specification of the turns ratio. Typical y, 
the specification appears in the form shown in Fig. 2.1-1, which is interpreted to 
implv that if a 5 SI resistor is connected across terminals b an ^ b , 500 Q is seen 
at terminals a and a’ in the midband range extending from 20 Hz to 1 5 >0°0 ’ 

hence n = ./'500/5 = 10. In addition, the fact that R L = 5 Q and R s - 500 U 
ensures R L » r 2 and R s » r t , usually to the extent that tj > 0.8. Using smaller 
values of R L does not alter the turns ratio n but does decrease the efficiency rj an 

alter the midband frequency range. , r 

To extend our analysis beyond the range of the midband, we obtain the transler 

function H[p) = VJipVV^p) for the circuit of Fig. 2.1-2 in the form 


Hip) =- 

' P 2 + P 



RgRb 

L a L b 


(2.1-5) 


where R a = R, + r„ R„ = >r(R,. + r.). L a = (1 - k 2 )L r , and L h - UL, - Since 
all RL (or RC) networks have their poles on the negative real axis, the pole e 
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Pi 


P2 




SF 


nR, 


O- 


Fig. 2.1-5 Pole-zero diagram of H(p). 

diagram for Hip) takes the form shown in Fig. 2.1-5, where p x and p 2 are the roots 
of the denominator of H(p). In general, the expression for p x and p 2 is quite compli¬ 
cated; however, for the broadband transformer where L b » L fl) and in turn p x » p 2 , 
simplified approximate expressions for p x and p 2 may be obtained. 

We note from Eq. (2.1 -5) that the sum and product of the roots of the denominator 
of H{p) are given by 


Pi + Pi = ~ 


' Ra + 


+ £ 


and 


PiPi = 


R a R b 

L a L h 


Pi 


Pi + Pi = — 


Ra + R* 


+ 


R> 


R a + Rh 


— P 10 


and 


Pi 


PiPi 
P 10 


R a Rb 

L~l h 


R,,Rh 


R a + Rb 


R„ 


R b 


— P 20* 


L n 


nR { 


nRg 


flip) = 


iP - PioHp - P 2Q ) 


R a + Rf 

L„ 


R,Rb 


L h R a 


( 2.1 - 8 ) 


As L b increases relative to L fl , p x 4- p 2 approaches a constant value while p x p 2 
approaches zero. But p x p 2 can approach zero only if one of the poles, p 2 in this case, 
approaches the origin. Thus as L h increases relative to L a the larger pole is approxi¬ 
mated by the sum of the poles; that is, 


( 2 . 1 - 6 ) 


(2.1-7) 


As the reader can readily demonstrate numerically, if R a ^ R b and L b > 10L a , the 
approximations of Eqs. (2.1-6) and (2.1-7) are accurate within 5%. In addition, if 
L h > 100 L a the approximations are valid within 1 % for any ratio of R a to R b . It 
should be noted that p xo is the network pole obtained with L b open-circuited and that 
p 20 is the network pole obtained with L a replaced by a short circuit. Figure 2.1-6 
shows the two simplified single-pole circuits from which p 10 and p 20 may be obtained 
by inspection. 

With the poles widely separated, H(p) is given by 
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Fig. 2.1-6 Simplified cir¬ 
cuits for determining p xo 
and p 20 - 


R a ^r\ f R,, R b =n 2 (R L \-r 2 ) 
(a) 


L={\-V)L U L b -k 2 L, 
(b) 


in addition, 

20 log \H(jw)\ = 20 log H m 4- 20 log |ai/p 20 | 

-20 log v 1 + (co/p - 20 log yj\ + (W/P 20 ) 2 . (2.1-9) 

where H m is the midband transfer function. The magnitude 20 log \H(j(o)\ and a 
sketch of arg H(jui) vs. cu are given in Fig. 2.1-7. 

Since |p 10 | » |p 20 l, the corrections at each corner to the asymptotes do not 
interact; hence the range of frequencies over which \H(jco)\ has not decreased by more 
than 3 dB from its midband value is just the range between |p 10 | and |p 2 ol- Thi s 
ranae is conventionally defined as the — 3 dB bandwidth of the transformer coupling 
network. One should note also that as the poles become widely separated, arg 
H(joj) approaches +n/4 at u> = lp 2 ol an( l — n l^ 3-t oj = Ipiol- 

If the transformer coupling network is now excited by a step of voltage of the 
form vfc) = V,u(t\ then Vj(p) = VJp, V„(p) = F,H(p)/p, and 

,, (f) = = - e -l"'l')u(t), (2.1-10) 

° V p LJPi ~ P 2 I 



hig. 2.1-7 Magnitude and 
phase vs. oj for transfor¬ 
mer coupling network. 
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Fig 2.1-8 Step response of 
transformer coupling network. 



where if ’ 1 is the inverse Laplace transform operator. A plot of r> 0 (t) vs. t is shown 
in Fig. 2.1-8. Note that the high-frequency pole at p l contributes to the deterioration 
of the leading edge of the output step, while the low-frequency pole at p 2 contributes 
to the decay of the output step to zero. This, of course, is an expected result, since a 
transformer does not transmit either the high-frequency components of the step 
which contribute to its leading edge or the low-frequency (dc) components which 
are required for a nonzero steady-state value. 

If one makes the transformer broadband by designing k ^ 1 (for which case 
p i ^ p 10 and p 2 ~ p 20 ), the step response takes the form shown in Fig. 2.1-9. Since 
\Pi\ » \p 2 \, the time duration of becomes negligible when compared with 

£-|p 2 U- t h us t h e ste p reS ponse takes the approximate form 




L a P io 


\p2oU u{t ) = 


VxnR L 
R a + &b 


lp20l 'u(r). 


( 2 . 1 - 11 ) 


Note that this is the response obtainable from the simplified circuit of Fig. 2.1—6b. 
If the fine structure of the leading edge of the step response is required, an expanded 
time scale about the origin must be employed. On such a scale e _,p2ir remains essen¬ 
tially constant at unity; thus the leading edge of the step response takes the approxi¬ 
mate form 


/ v Fj nR L 

v o(t) * J- + * (1 - e-'”^)u(tl (2.1-12) 



Fig. 2.1 -9 Step response of 
broadband transformer net¬ 
work 
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Fig. 2.1-10 Expansion of 
leading edge of Fig 2.1-9. 



which is illustrated in Fig. 2.1-10 and which is exactly the step response obtained 
from the simplified circuit of Fig. 2.1-6(a). Consequently, for the case of widely 
separated poles, both the step response and the frequency response may be obtained 
from simplified single-pole circuits. 

As an application of the above analysis, let us specify the parameters of a trans¬ 
former which matches 5 Q(R,) to 500Q(RJ in the midband extending from 50 Hz 
to 5000 Hz (|p 1 | = 3.14 x 10 4 rad/sec, |p 2 | = 3.14 x 10 2 rad/sec). With these values 
the poles are widely separated; hence 


L a = ( 1 — k 2 )L ! 


R s + r x + n 2 (R L + r 2 ) 
IPil 


L b = k 2 L x 


{R 2 + r t )(R L + r 2 )n 2 _ 

[R s -I- r t 4- n - ( Rl + r 2)]IP2l 


If the transformer is to have reasonable efficiency, we must have R s » r t and R L » r 2 . 
In addition, for a match, we need n 2 R L = R s \ therefore, 

9 SO 

[l-^w.» 1000 T — 31.8 mH and k‘L t = ^ - 800 mH. 

U 1 3.14 x 10 4 314 

from which we obtain k - 0.962.L, . 832 m H.andL ! = k'LJJ - SOOmH/lOO . 
8 mH All of these values are readily obtained in practice. 

Before terminating our discussion of broadband transformer networks, let us 
consider the effect of loading the transformer in a way different trom that specified 
bv the manufacturer. Clearly if both R, and R, are increased while their ratio remains 
constant the efficiency increases and \p i0 \ and |p, 0 | increase in direct proportion to 
R or R l (if we assume r x « R , and r 2 « RJ; hence the transformer passband is 
shifted up in frequency. If R L and R s are decreased, the opposite effect results. To 
determine the effect on |p 10 | and |p 20 | of varying R L relative to R s , we plot 

20 log| Pl0 | =201og^(l 


20 log \p 20 \ = 20 log ; 


R, 


:ui * R»Rc 


and 
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20 log 


20 loe 


Fig. 2.1-11 Plot of 20 log |p 10 | and 20 log|p 20 | vs. RJR b . 


vs. R a R b as shown in Fig. 2.1-11, where R/L is expressed as a dimensionless quantity 
in some convenient system of units. As R a = R s + f i is increased relative to R b = 
tr(R L + r 2 ), we observe that the high-frequency pole increases without bound while 
the low-frequency pole approaches a constant value. Consequently, we should 
expect a current source drive (R s = go) to produce no high-frequency break point 
regardless of the value of k. This effect is not observed in practice, however, since an 
additional finite break point is produced by the physical winding capacity, which 
we have neglected. 

As R a is decreased relative to R h , we observe that the high-frequency pole 
approaches a constant value while the low-frequency pole approaches zero. Tn the 
limit as R a -*■ 0 we should expect the transformer to pass dc; however, this effect is 
also not observed in practice because of the nonzero resistance of the driving source 
and the existence of r l . Although the above analysis is performed for a transformer 
coupling network, the same results are obtained foi any broadband coupling net¬ 
work having a zero at the origin and two poles on the negative real axis. In particular, 
a network of the form shown in Fig. 2.1-12. consisting of a coupling capacitor be¬ 
tween the driver and the load with some stray capacity to ground, has a similar step 
and frequency response. 

R, C 

r—-V\A-If--1- 



Fig. 2.1 12 Capacitive coupling network. 
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Fig. 2.2-1 Parallel RLC circuit 



In the sections which follow we shall shift our emphasis from the broadband 
application of the transformer to its application in narrowband circuits. We shall 
beam bv developing the properties of simple narrowband circuits: we shall then 
extend these concepts to narrowband transformer-coupled networks. 


2.2 PARALLEL RLC CIRCUIT 


Before beginning a discussion of narrowband transformer networks, we shall review 
some of the properties of simple narrowband resonant circuits, which are essential 
building blocks of the more complicated transformer networks We: shall begin by 
considers the simple parallel RLC circuit shown in Fig. 2.2-1. If we drive the 
circuit with the current inland define v a (t) as the output voltage, the transfer function 
(in this case, input impedance) takes the form 


1 1 

p-r 

_ vjrf = c = c _, 

i ( p ) , p i (p - Pi)(p - p 2 ) 

P ~ + Rd + LC 


( 2 . 2 - 1 ) 


where 


1 /PlTT-’- 

2RC ~ \J\2Rc) LC' 


The poles, Pl and p 2 , may be real or a complex conjugate pair. We consider these 

two cases separately. r 

For the case_where (1./2RC) 2 > IjLC (or equivalently R< oj 0 L;~ - l/-"oF. 
where = 1 /./TC). Pl and p 2 lie on the negative real axis as shown in Fig. --. 
This pole-zero diagram, which is analogous to the one for the broadband transformer 
network of Section Zl. indicates that for values of R which are small compared wtth 


/m 


SF = ^ 


Fig. 2.2-2 Pole-zero diagram of Z n {p) with 
R < c,-j 0 L/2. 


P\ 


P2 













































26 BROADBAND AND NARROWBAND COUPLING NETWORKS 


2.2 




Fig. 2.2-3 Simplified circuits for finding p 10 and p 20 * 


r/j 0 L/2, the parallel RLC network functions as a broadband network whose midband 
frequency range extends from \p 2 \ to \p { \. Physically the midband may be interpreted 
as that range of frequencies over which the impedance of both the inductance L and 
capacitance C is large, and therefore negligible, compared with R ; hence Z llm = R . 
At low and high frequencies the impedances of L and C respectively approach zero, 
thus shunting i^t) to ground. 

For wide pole separation the approximate values of and p 2 may be determined 
by inspection. In particular, for p l » p 2 , p i is approximated by the sum of the roots 
of the denominator of Z n (p), and p 2 is approximated by the product of the roots 
divided by the sum of the roots, that is, 


Pi 



- 1/LC _ R _ 

~ 1 /RC ~Z = Pzo ' 


( 2 . 2 - 2 ) 


Physically |p 20 | is the radian frequency at which the impedance of L is equal to R , 
and |p 10 | is the radian frequency at which the impedance of C is equal to R. Alterna¬ 
tively p 10 and p 20 are the poles of the simplified circuits shown in Fig. 2.2-3. Since 
the step and frequency responses of the broadband parallel RLC network in terms 
of pi and p 2 are identical in form with the corresponding responses of the broad¬ 
band transformer, we do not present them here. 

For the case where (1/2RC) 2 < 1/LC or R > co 0 L/2, the expression for the poles 
takes the form 

P 1,2 ~ ± jy/'w o - « 2 = -« ±jP, (2.2-3) 


where to 0 = IA/lC, a = 1/2 RC, and /? = yJ<o% - a 2 . The pole-zero diagram for 
this case is shown in Fig. 2.2-4. It is apparent that the distance of the poles from the 
origin is given by a 2 + ft 2 = a>o; hence as a is increased by increasing the loading 
on the circuit (decreasing R ), the poles move into the left half-plane along the semi¬ 
circular trajectory of radius to 0 until they meet on the real axis for a = oj 0 . 

Physically a> 0 is that radian frequency at which the impedances of the inductor 
and capacitor are equal in magnitude and opposite in phase, and thus produce an 
open circuit when combined in parallel. This frequency, at which the parallel RLC 
circuit appears as a pure resistor R . is called the resonant frequency of the circuit. 



To obtain the sinusoidal steady-state frequency response when R > co 0 L/ 2, we 


express Z 11 ( jo) as 

(joj) 


jCQfC 

col - or + IjojcL 


R 


i +;e 


or — coq 1 

T ojijjfr 


(2.2-4) 


where Q T = o) 0 /2a = co 0 RC = R/m 0 L Equation (2.2-1) provides the means of 
obtaining an exact plot of \Z X ^/co)! and arg Z, djeu) vs. to. On the other hand, a quick 
sketch of | Z Yl (jo))\ and argZ u O'cu) may be obtained from the value of Z n O'cu 0 ) and 
the asymptotic values of Z n (/to) as to approaches zero and infinity. The asymp¬ 
totic values vs. to mav be obtained by plotting the resistance R, the magnitude of the 
capacitive reactance |X c (to)| = 1/toC, and the magnitude of the inductive reactance 
| A", (to)| = toL cn the same set of coordinates vs. to as shown in Fig. 2.2-5. Clearly 
for to = to 0 the reactances of the inductor and capacitor cancel each other and yield 
Z u (_/co) | = R and, of course, arg Z x djeo) = 0. As to is decreased below to 0 , the small 
reactance of the inductor rapidly dominates the parallel RLC network, causing 
| Z, d_/co)| to approach toL and arg Z t ,(jto) to approach nil. Similarly, as to is increased 
above oj 0 , the small reactance of the capacitor rapidly dominates the parallel RLC 
network, causing |Z, 1 (jco)| to approach 1/coC and arg Z ll (jco) to approach —n/2, as 
shown in Fig. 2.2-5. 

In addition, the two “half-power” frequencies to, and co 2 , at which |Z,,(jco)| = 
r: 2 and arg Z, ,0'co) = +7t/4 and -je/ 4 respectively, may be found by equating 
the imaginary term in the denominator of Eq. (2.2-4) to + 1 and solving for to. 


or - tos _ 1-1. to = tOi, 
wto 0 l + l- 


(2.2-5) 


O) = o ) 2 - 
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Direct solution of Eq. (2.2-5) yields the following relationships between a> 1 and co 2 : 
co 2 - cui = 2a and <n x (x> 2 = cUq. 


However, since the difference between co 2 and a) x is the — 3dB bandwidth (BW) 
of the parallel RLC circuit, we have BW = 2a. or equivalently 


BW _ 2a _ 1 
aj o OJ o Qt 


( 2 . 2 - 6 ) 


It is interesting at this point to note the significance of the parameter Q r , which 
is referred to as the network “que.” First of all, as Q r increases, the — 3 dB bandwidth 
of the network decreases relative to its resonant frequency. Clearly, then, if the 
parallel RLC circuit is used to transmit a modulated carrier whose spectrum occupies 
a fixed band of frequencies about <d 0 , Q t must not be increased to a point where 
the modulation is distorted. Second, increasing Q T increases the ratio of R to co 0 L = 

1 'o) 0 C (note that Q T = R/co 0 L = Rcu 0 C). Hence the parallel RLC network greatly 
attenuates frequencies in the vicinity of 2a> 0 (where \Z xl {j<D)\ —► 1/cuC) relative to 
frequencies in the vicinity of oj q (where Z x x (jcoi) % R). Consequently, if the purpose 
of the parallel RLC circuit is to extract the fundamental component of a periodic 
waveform, a Q r as high as possible is desired. Third, as Q T increases, the poles of 
X,, ip) approach the imaginary axis in the complex p -plane and cause any transients 
induced in the network to become more and more oscillatory. 

If we wish, we may interpret Q T in still another way. For the case where i ( (f) = 
/ cosru 0 /. which results in v 0 (t) = IR cos a> 0 t — V t cosa> 0 r. we have 

2 ,T (peak energy Stored) 2rr(iCt'f > no „ 

energy dissipated per cycle (2* V\ 2K) 
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This interpretation of Qj in terms of stored and dissipated energy is useful in deter¬ 
mining the Q of circuits with more than one source of dissipation. 

In cases where Q T is high, or equivalently where the poles of Z n {p) are close to 
the imaginary axis, a graphical approximation permits us to obtain a greatly simplified 
expression for X 11 (jw). If we consider the phasor diagram shown in Fig. ~2 6, we 
observe that for o) > 0 the range of frequencies over which |Z n (ja;)| = (SF)p./p Pl p P2 
is significantly different from zero is that range in the vicinity of p x where p pi becomes 
small. As a is decreased relative to a> 0 , this frequency range decreases to the point 
where the phasors drawn from r and p 2 = p * remain essentially constant over the 
entire range, with the magnitudes and angles given by 

p z a to 0 , 0 Z = nil , p P2 - 2cu 0 , 0 P2 % nj 2. 


In addition, for a « cu 0 . 


n / ' 1 

P = V - * 


OJn. 


Consequently, for high values of Q T , Z[jw ) may be closely approximated by 


Z( jaj) 


W 0 


G2u) n )f> Pl 


ex P2l ^ ^ - °p, 


( 2 . 2 - 8 ) 


exp ( - it),,, ) 
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Recognizing that p pi exp j6 pi = a + 7 ( 0 ; — /?) « a + j{w — co 0 ), we may rewrite 
Eq. (2.2-8) in the form 


Zn(joj) 


1 


2aC 

( CO-coo 


a 1 


R 


I + 



CU > 0. 


(2.2-9) 


A similar form may be obtained for co < 0. 

It is apparent that |Z n ( 7 'co)| given by Eq. (2.2-9) is symmetric about co 0 , with 
“half-power 7 ' frequencies co 1 and co 2 given by 


co 12 = cdq i a * 


It is interesting that for high values of Q T , co 0 approaches the arithmetic rather than 
the geometric mean of Wj and cu 2 , while the — 3dB bandwidth remains unchanged 
at co 2 — co 1 = 2 a. 

For co = oj 1 and for co = co 2 , p Zl has increased from its minimum value of a to 
a v ; 2, thus causing \Z X i(ja))\ to decrease from its maximum value by a factor of l/y/2. 

Although we have indicated that the simplified form of Z M ( 7 'co) given by Eq. 
(2.2-9) is a good approximation for Z n ( 7 *co) when Q T is high, we have not yet deter¬ 
mined what range of Q r may be considered high. To do this we manipulate the exact 
expression for Z x x (jco) given by Eq. (2.2—4) into the form 




R 


I -b 7 ^ 


Q+4 Qj 
20 + 4O r 


( 2 . 2 - 10 ) 


where Q = (co — co 0 )/a. Here we see explicitly that as Q T -► oc Eq. (2.2-10) reduces 
to Eq. (2.2-9). In addition, if we plot |Z n ( 7 w)|/K and arg Z u ( 7 'co) vs. Q as shown in 
Figs. 2.2-7 and 2.2-8, we observe exceptionally close agreement between the curves 
obtained for Q T = 10 and Q T = 00, particularly in the vicinity of Q = 0, or equiva¬ 
lently co = co 0 . Since the curves for Q T = oc correspond to the simplified expression 
for Zj i( 7 *co) given by Eq. (2.2-9), we may clearly use this approximation for Z ri {joj) 
with confidence for 0 T > 10 and as a “ballpark" approximation for Q r as low as 5. 

To obtain the response of the parallel resonant circuit driven by an impulse of 
current, we obtain the inverse Laplace transform of Z {l (p) or directly evaluate the 
impulse response by other methods. In either case, we obtain 

- 11 (f) = 45r 1 [Z ll (p)] = ^--cos 
For the case where Q T > 10, Eq. (2.2-11) reduces to the simplified form 

r n (t) ^ (cos tu 0 f)uUk (2.2-12) 


+ tan ^JuU). ( 2 . 2 - 11 ) 


since j) = c?j ov 1 - 1 4^ u) 0 and a/p = 1, v 4Of - 1 - 0. 
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Z n {ju)\= j 




( n 


7 ) 


1 + 


2C1+4Q 


n= 


.. 3 _2 —1 0 * 2 

Fig. 2.2-7 Plot of IZuO'coll/K vs. fi = (« - «o)/“- 


12, 


2.3 PARALLEL LC CIRCUIT WITH SERIES LOSS 


In this section we shall consider the parallel resonant circuit with loss in series with 
the inductor or capacitor. We shall show that when the series loss is small as is most 
often the case in communication systems, the circuit behaves in the same fashion as 
the parallel RLC network, and thus the loss may be modeled by an equivalent paralle 
resistor. Such a model permits the combination of circuit loss appearing at several 
points in the parallel LC circuit into a single parallel resistor for which the expressions 

derived in Section 2.2 may be applied directly. . 

We begin our analysis with the circuit of Fig. 2.3-1, in which the loss in the form 
of r appears in series with the inductor. We shall then generalize to the case where 
loss appears in series with both the inductor and capacitor and also in parallel with 
the combination. For the circuit of Fig. 2.3-1, the transfer function (or input im¬ 
pedance) relating and i,(t) is given by 


v , . _ V a (p) _ ( 1 /C)(p + r/L) 
Zll{P) Iiip) (p~Pi)(P-P2Y 


(2.3-1) 


where p l2 = (-r/2L) ± V(r/2L ) 2 - 1/LC. We see that the poles of Z u (p) may be 
either real or complex, depending on the relationship of the parameters. Since the 
analysis of the circuit with real poles is quite similar to the real-pole analysis performe 
in Section 2.2, we restrict our attention to the case where 1/LC > (r/2L) (or equiva¬ 
lently r < 2co 0 L = 2 ,'coqC. where « 0 = 1 N LC). For this case the poles may be 
written in the form 


P 1.2 = ±J\ ^ - “ 2 ±JP' 


(2.3-2) 
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Fig. 2.3-2 Pole-zero diagram of Z u (p) for 
r < 2co 0 L. 




-x-. 

n=p\ 


where 



(0 o 


1 

V LC 


and p = y' too ~ 


The corresponding pole-zero diagram for Z n (p) is shown in Fig. 2.3-2. Here again 
we notice that as a is increased by increasing r, the poles move into the left half¬ 
plane along a semicircular trajectory of radius a> 0 , where ai 0 is the frequency at which 
the maanitudes of the impedances of the inductor and capacitor are equal. 

Figure 2.3-3 shows a sketch of | and argZ n (;m) obtained graphically 
from the pole-zero plot of Fig. 2.3-2. Even this rough sketch indicates that, unlike 
the parallel RLC circuit, the circuit with loss in series with the inductor does not 
experience eii her zero phase shift or maximum amplitude of |Z t 1 (j'co)| at the frequency 
oj 0 . For this reason two distinct resonant frequencies are specified for this circuit: 
(1) the amplitude resonant frequency at which the maximum value of \Z i Pjw)\ 
occurs and (2) the phase resonant frequency at which Zi iO'm) appears purely resistive. 
Fortunately, as the poles p x and p 2 approach the imaginary axis, both resonant 
frequencies converge to co 0 , which is sometimes defined as still a third resonant 

frequency. . 

In addition, no convenient expression exists for either the maximum value or 
\Z u (jo>)\ or the -3 dB bandwidth of the circuit in the general case. However, for 
the case where x « to 0 or Q L f is high, where Q L is defined as 


_ ^ 

Ql = T^~ r ~~ cj n rC" 

certain simplifying approximations in the expressions for Z n (y'w) ma> 


(2.3-3) 


be made. 


r We shall reserve Qt '^ae in parallel RLC circuits. 
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Fig. 2.3-3 Sketch of magnitude and phase of Z u (ja>) vs. co. 

Specifically, with the aid of Fig. 2.3-4, we write Zn(ja>) in the form 

Z u (jw) = ^ SF ^ - 7 exp j(6. - 9 P1 - 9 Pl ) (2.3-4) 

PpiP pi 

and observe that, for frequencies in the vicinity of p l (the only range for co > 0 where 
ZnO'co) is significantly different from zero), the following approximations are valid: 

p. - cu 0 , 9. ^ tt/ 2, .p P2 « 2w 0 , 0 P2 % n/2, 

P = V"o - 3(2 ~ «o- 
Thus Eq. (2.3-4) may be written in the form 

ZnO'co) - —l— exp -j() pi = - j -- 

Pp ' 2Ca| 1 + j 

which is identical in form to Eq. (2.2-9). If, in addition, we observe that 



1 

2oC 


QlO>oL = Qlr = R", 

2a cu 0 C 


then Eq. (2.3-5) may be rewritten in the form 


(2.3-6) 


Z 11 ( jut) 



1 +j 



co > 0. 


(2.3-7) 


which is exactly the expression for the impedance of a high-O r parallel RLC circuit 
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with R = R' = Qlr. Hence, for high values of Q L [specifically, Q L > 10 ensures the 
accuracy of Eq. (2.3-7) within a few percent], the circuit of Fig. 2.3-1 may be modeled 
by the circuit shown in Fig. 2.3-5. With this equivalence in circuits, we note from 
the results of Section 2.2 that \Z, .(jco)^ = * eq , BW = 2a = r/L, BW,to 0 = l/Q L . 

In terms of the pole-zero diagram of Z 1L (p) shown m Fig. 2.3-2, the effect ot 
replacing the series loss by a parallel loss is the movement of the zero at -2a to the 
origin. This movement has little effect on Z n (p) for small values of a, which exist 

when Q l is high. 



Fig. 2.3-5 Equivalence of two parallel resonant circuits. 
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2.3 


Figure 2.3-6 



In practice, the quickest way to convert series loss into parallel loss is to evaluate 
Q l = co 0 L/r, determine whether Q L > 10, and then form i? eq = Qlr. Note that if 
Q l > 10 and if there are no other losses in the network, then Q L = Q T . Clearly 
Q r = R eq /co 0 L = Q l . If other losses are present in the circuit, R eq must be combined 
with them to determine Q T ; thus Q L # Q T - 

Example 2.3-1 Determine values for r, L, and C for the circuit shown in Fig. 2.3-6 
such that Z ll {jco) peaks to a value of 1000 Q at a> 0 = 10 7 rad/sec (/ = 1.6 MHz) 
with a bandwidth of 5 x 10 5 rad/sec. 

Solution. Since the bandwidth~Ts~narrow compared with cu 0 , we have a high-Q 
circuit for which 


In addition. 


Ql 


Wo = _^o_ = 2Q 
let BW 


1000 Q = \Z(jco 0 )\ * Qjr\ 


hence r — 2.5 Q. From the relationship 

- = 2a % BW 
L 

we obtain 

2.5 Q c „ 

L = --—j — = 5 /tH, 

5x10 rad/sec 

and finally 

C = I/C05L = 2000 pF. 

If the loss in a parallel resonant circuit appears in series with the capacitor, as 
shown in Fig. 2.3-7. the input impedance is given by 


l» _ rp\p -i- 1 rC) 
l,ip) p 2 -t- plr L) -t- 1 LC 


Zi iip) 


(2.3-8) 
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Fig. 23-7 Parallel resonant circuit with loss 
in series with the capacitor. 



Future 2 3-8 shows a pole-zero diagram of Z, iip) for the case where the poles torm a 
complex conjugate pair. Again, and by reasoning similar to that employed when the 
loss is in a series with the inductor, it is readily shown that for Q c > 10. where 
q c 0 ^/ 2 * = u) 0 L!r = l/ai 0 rC, the series loss r may be replaced by an equivalent 

parallel loss R CI1 of value Qlr with negligible effect on Z ( ,(p). 

In addition, it may be shown that if a loss r, appears in senes with the inductor 
and a loss r 2 appears in series with the capacitor of a parallel resonant circuit, and i 

_ > jo and Q c = —— > 

r 2 

where co 0 = \ljLC, then the total loss may be represented as the parallel combina¬ 
tion of 0]r ,. Qlr 2 , and any existing shunt resistance. We shall explore this idea 
further in the following example. 


Example 2.3-2 For the circuit shown in Fig. 2.3-9, determine the resonant radian 
frequency co 0 , the bandwidth, Q T , and Zn(jco 0 ). 


Solution. We observe first that oj 0 = \jjLC — 10 7 rad/sec: hence 

Q c = ^ = q l = ^ = 40 > 10. 
r 2 r i 



Pi P\ 


SF =r 

p = - “±yp 


a 


t !>0 

3 


“ 2 L 

I 

" y/LC 
= \ 


Fig. 2.3-8 Pole-zero diagram of Z t dp). 
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Figure 2.3-9 



R = 2kQ 
L = 10 pH 
r, = r 2 =2.5U 
C = 1000 pF 


Consequently r x and r 2 may be replaced by equivalent parallel resistances each equal 
to Qlr x = 4 k£L The total shunt resistance is therefore the parallel combination of 
2 kQ. 4 kQ, and 4 k£X which of course is 1 kQ = R T . Since for the equivalent parallel 
resonant circuit, L and C combine to produce an infinite impedance at co 0 , 
Zu(joj 0 ) = R t = 1 k£L Also Q t = R t /oj 0 L = 10 and BW = (o 0 /Q T = 10 6 rad/sec. 


2.4 PARALLEL RESONANT “TRANSFORMERLIKE” NETWORKS 

In this section we shall consider the parallel resonant circuit in which the loss appears 
across only a portion of the inductor or capacitor. Again we shall show that when 
Q is high (or, equivalently, the complex poles of the circuit are close to the imaginary 
axis), the circuit input impedance has essentially the same form as that of the parallel 
RLC circuit. The loss may therefore be modeled as an equivalent parallel resistor 
for which the results of Section 2.2 are directly applicable. In addition, we shall show 
that the tapped and loaded inductor or capacitor possesses many of the properties 
of an ideal transformer. Specifically, if the loading is light, the load across the tapped 
energy-storage element may be modeled by the identical load placed across the 
secondary of an ideal transformer whose primary is placed in parallel with the total 
energy-storage element. This representation is valid not only for the evaluation of 
the input impedance but also for the evaluation of the transfer impedance. 

We begin our analysis with the circuit of Fig. 2.4-1, in which the loss in the form 
of G appears across a portion of the capacitor. We shall then generalize to the case 



Fig. 2.4-1 Parallel resonant circuit with partially loaded capacitor 
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where the loss appears across a portion of the inductor, and also (m Section 2.5) to 
the case where the loss appears across the secondary of a physical transformer with 
cupacitively tuned primary. 

For the circuit of Fig. 2.4—1 the input impedance is given by 


Z n (p) = 


Kiip) 

hip) 


Mp + 


c, + c\ 


, -> G 

p + p 'c; + 


i 

Tc 


(2.4-1) 


lc,c 2 

where C = C^ChiC^ + C 2 ) is the series combination of Cj and C 2 . If the loading 
on C 2 is light, Z n (p) must have a pair of complex poles in addition to a real-axis 
pole, and thus may be written in the form 


Pdf’ + 


Z„(p) = 


Cl + C y 


(p + v)(p + a - i/f)lp + * +m; 


(2.4-2) 


where p, = -i + jfi and p 2 = -ot-Jp are the complex conjugate poles and 
n -- -y is the real-axis pole. Figure 2.4-2 is a typical pole-zero diagram of Zt t(p>- 
From Eq. (2.4-2) or from Fig. 14-2 it is apparent that the expression for Z, ,(p) 
reduces to the form of the input impedance of an equivalent parallel RLC circuit if 
P} _ or. equivalently, ify = G/C, + C 2 . To determine under what circumstances 



Fig. 2.4 2 TvpicaJ pole-zero 
diaerum of X , { {pl 
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this pole-zero cancellation is achieved, and in addition the resultant values of a and jS 
in terms of the circuit parameters of Fig. 2.4-1, we first write the denominator of 
Eq. (2.4-2) in the form 

(p + 7)(P + a - jP)(P + <* + jP) (2 ^ 

= p 3 + p 2 ( y + 2a) + p(a 2 + p 2 + 2ay) -I- y(<x 2 + P 2 ). 

We then equate the corresponding powers of p in Eq. (2.4—3) and in the denominator 
of Eq. (2.4-1) to obtain the set of equations 

y + 2a = G/C 2 , (2.4—4a) 

a 2 + P 2 + 2ay - 1/LC - cJq, (2.4-4b) 

y(a 2 + p 2 ) = G/LCiCj. (2.4-4c) 


If, in addition, we define Q = cuo/2ay, then Eqs. (2.4—4a, b, and c) may be combined 
and rearranged in the form 


n 2 Gl 1 — 1/n 
2a = "C~( 1 - I/O ) ’ 


(2.4—5a) 


a 2 + P 2 = «o(l - 1/fi), 


(2.4-5b) 


G / 1 ' 

C, + C 2 (l - 1/fi, 


(2.4—5c) 


where n = C l/ (C 1 + C 2 ). 

It now becomes clear from Eq. (2.4-5c) that if Q > 100 then the real-axis pole 
and zero of Z x dp) lie within 1 % of each other and, for all practical purposes, cancel 
to yield Z M (p) in the form of a parallel RLC circuit with a 2 + ft 2 ~ cOq and 
2* ^ |n 2 G/C)( 1 - 1/nQ). 

With the aid of Eqs. (2.4-5a and c) we may also write 


_ _ Qt w Q^^ ^ ^ 

" It; ~ I - i n Q 


(2.4-6) 


where 0 T , = cu 0 C/n 2 G and Q E = a> 0 (C A + C 2 )/G. For large values of Q Eq. (2.4-6) 
reduces to 


Q ^ Qt'Se l//i. 


(2.4-7) 


Hence if Q T Q E (which may be directly determined in terms of the circuit parameters) 
is greater than 100. we can be sure that Q. is sufficiently large to effect the desired 
pole-zero cancellation. In addition, Q T Q E > 100 ensures the accuracy (within 1%) 
of the approximation of Eq. (2.4-7), from which we obtain 


n QtQe + 1 


(2.4-8) 
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' wo C n ^o(C\ + C 2 ) 
Qt-- n 2 G G 





-G 


o— 


±:c 


Fig. 2.4-3 Parallel circuits 
with equivalent input 
impedances. 


G « =Cn2 " c+c 2 


and in turn 


Zu(p) 


Pc 


Pc 


? 2 + 2ap + a 2 + p 2 


2 , i_i_ 

P “b „ + r z'’ 


c 


LC 


(2.4-9) 


where 


G ^-" 2G ( 1 nQ T Q E + l) 


Equation (2.4-9) represents the input impedance of the equivalent RLC circuit 

q/q! >VoO and, in addition, nQ T .Q E is large, then G eq reduces to the 
simplified form 

G eq = n 2 G , nO r QE » 1- (14 - 10) 


In particular, if »Q r .<fe > 20. then G cq -.frG within 5 % whereas if nO r .Q E > 100 
then G =» 1 : G within 1 % (Note that since n < 1, «QrQ* > 100 ensures 
0 T .0y rTlOO.) With this additional condition satisfied, we may trans orm 
equivalent circuit shown in Fig. 14-3 into an alternative and more useful form 
Shown in Fig. 2.4-4. Clearly, if G is reflected through the ideal transform to obtain 



Fig. 2.44 Transformer model for resonant circuit with tapped and loaded capacitor. 
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G = n 2 G then the model of Fig. 2.4-3 results. However, the model or Fig. 2.4-4 
is more versatile than the model of Fig. 14-3. since it prOV^a va^F^ 110 " 
for not only the input .mpedance Z.lp) but also the transfer impedance Z l2 (p) - 
y .infflffl for the case where Q E > 10 and also nQ T Q E >100. 

To demonstrate this property, we note that, in general. 


where 


Zuip) — 


H v (p ) = 


V 02 (p) v o2 (p ) Kiip) 


Up) 

Kiip) 


v oi (p ) Up) 
c, 


= Z„(p)H B (p), 


(2-4-11) 


V ol {p) Cl + C 2 p + G/(C, + C 2 ) 

for the circuit of Fig. 14-1. A pole-zero diagram for Z 12 (p) is 
From this diagram and from arguments similar to those given in Sectio -■ > 
cleTtha, if Jy » 1 and. in addition.» 1. .hen .he zero a. .he origin effectively 
cancels the pole at -•/ when one evaluates .he frequency or time response of Z„(p) 


jUJ 


X 


SF= 7=- ( 


C 1 Ci + C 2 J 


-Xr 


L 




pij>. 2.4 5 IVle /ero pattern of Z y Ap\- 


X 
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graphically; hence 

z,M*c^cl z ' M = nZ ' M 

" ^Ln!” nt/u - Qt- and rn./y . Sc. " "rLmL 
11 Qe > 100 and (, > 10 permit the 2. > » (J 

both Z u (p) and Z l2 (p) f * model is accurate within 1 % of its 

nfirGt > 100). ”tfZ , Legate «.h,n 6» over the passband. 

actual peak value and the phase w or if g E < 10 while Q r Qi > "« th “ 

If the phase angle of Z 12 U<w) is critical g* , z j ja} ) should be 

ZntM Should be obtained from . e Lely from 

obtained by multiplying Znijco) by hajcou wn 

Eq - AMhis' point i, ,s worthwhile tomterpm, » P—• 

Ll "f^the^across C, Loved ,0 - Ct 

that is, 

*>02(01 
n = — 

L \>iU) |G = 0 

The capacitor C is Jus. the.total capacitance shaming ^^dd °[ g £& 
obtained with C = 0. lhe outp ut resistance 11,01 to the 

mactance^u mo^Lh'shunts 0 . evaluated w itlmhe it^pm ’J°)^S e t |.|t) , ^ I ^ e ^ c '^” 

—^Ls for a para,, 

RLC circuit with a lapped and loaded inductor. cedure similar to that 

Conner the parallel KLC^ctrcuh of F g. - « ^ a f oce ^ 

SOSS*™ may be"employed .0 obram expressions fo, Z„, P 1 and 
Z 12 (p) provided that 

nQ r Q E > 100 and Qe > 10 ' __ 

where in this case Q T = co 0 C/n 2 G. Q E = cuoL.^/GfL, + L 2 ), o> 0 =l/y/LC, 
L = Lil L 2 , and n = LjiU + L 2 \ Here again we observe that 

V o2^) 5 

n = —] r I 
v 0 l(0!g = o 

~ t u r ~ a 1 hit O-r- is the 0 of the model of 
that L is the inductance shunting Wl ’ IlUJ shuntineG.evaluated 

bc c ' al “ ,cj . ..".. 
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. \> 

) c " 

——-- i 

- L< 

i —- 

d 

- J 



Qt '^G ' „GL,L 2 ' " L { +L 2 ’ L L ' J ' L2 ‘ QJ ° V LC 


Fig. 2.4-6 Parallel RLC circuit with tapped and loaded inductor and its transformer model. 


parallel RLC circuit with a shunt resistance R cq = 1/G eq , where again 

G eq = " 2 c(l - wQt . Q£ + i 

In addition. Z 12 (p) may be evaluated as Z 12 (p) = Z lt (p)H v (p), where 

1 _ 1 _ 

L 1 G p + ( Li + L 2 )/LyL 2 G 


(2.4-12) 

(2.4-13) 


Shunt Input Resistance 

If an additional shunt input resistance R L is placed across the parallel RLC circuit 
with a tapped and loaded capacitor, as shown in Fig. 2.4-7. it is apparent that the 
input impedance 

Z n (p) = 7 ^ = KrJIZn(P) and ' Z\ 2 (p) = ^ = 

where Zj dp) and H r (p) are the input impedance and transfer voltage function of the 
circuit of Fig. 2.4-1. Consequently, if nQ T Q E > 100, Z M (P) may be obtained from 

Vj, tf > 



Z.i(P) 
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an equivalent parallel RLC circuit with a shunt resistance of l/n 2 G, and in turn 
1Smav be obtained from the equivalent parallel RLC circuit with shunt resistance 
-G,l. shunt capacitance C, and shunt inductance L. Clearly, for this 

resultant parallel RLC circuit 


Qt 


VJqC _ Wo 
rrG 4- G L 2a 


(2.4-14) 


where — <x is the real part of the poles of Z\ i(p)- r u , . i 

If both t u 0 /2«' = Qr > 10 and w 0 /y > 10, where •/ is the pole of then 

•loain Z' ini w Z\ If nQ r Q E > 100. then co 0/ y « <2 E ; thus if nQ T ./Q E > 100, 
a > 10,'and Q T >10. then the model shown in Fig. 2.4-8 may be used to obtain 
both Z’ u (p> arid Z'Up) for the circuit of Fig. 2.4-7. The same arguments app y o 
the parallel RLC circuit with a tapped and loaded inductor. 


Example 2.4-1 For the circuit shown in Fig. 2.4-9, determine an expression for 
c ol (t) and v o2 {t) as well as the circuit bandwidth. 


Solution. If we assume nQ T 0 E > 100 and Q E > 10. we may replace the original 
circuit by the model shown in Fig. 2.4-10, for which 


n 


Cl 

Ci 4- C 2 


1 

9’ 


c 


c x c 2 

C 1 + C 2 


1000 pF, 


1 



10 7 rad/sec. 


500 Q ., n 
ZnO'cuo) = = —2 - kQ ' 


v„ U) 



Figure 2.4 9 


C, = C : = 2000 pF 
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2.4 


Figure 2.4-10 
and 


v„itn 



Z l 2 (jo> 0 ) = nZ u (jco 0 ) = Ika 


In addition we note that 


n =/+ = 20, Q e = (500 Si)ct) 0 (C! + C 2 ) = 20, and nQ T Q E = 200; 
o) 0 L 

these values justify the use of the model. 

Since the current drive is at the resonant frequency co 0 , where the input 
impedance appears purely resistive [Z n (jw 0 ) = R eq ], may be written directly 
in the form 

L’ ol (r) = /&,„ cos 10 7 r = 2 V cos 10 7 t. 

and hence 


v o 2 (t) = nv ol (t) = 1 V cos 10 7 r. 


Finally, since the only loading in the circuit is across C 2 , Qt- - Qt an ^ BW 
cj 0 ,'Q t = 5 x 10 3 rad/sec. 

Example 2.4—2 For the circuit shown in Fig. 2.4-11 determine values lor C { , C 2 , 
and L such that the circuit resonates at f 0 = 16MHz(«a 0 = 10 s rad secl with a 
bandwidth of 1.06 MHz [BW = (10 7 /1.5) rad/sec] and achieves maximum signal 
transmission to R L at resonance. 

Solution. If we again assume nQ T .Q E > 100. Q E > 10, and Q T > 10, we may replace 
the original circuit try the model shown in Fig. 2.4-12. Since at resonance the 
inductor and capacitor combine to produce an open circuit, maximum signal (or 



Figure 2.4-11 
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power) is transmitted to in the purely resistive network when a is chosen to 
“match” R l to R„ Le., when 

„ = Jrjr s = v' 1 kQ/9 = V 3 = Cl/(Cl + Cl) ' 

With this value of n, R L is reflected through the ideal w = 1/RC for 

thus the total input resistance at resonance is 4.5 kfl Recalling 
a parallel RLC circuit, we obtain 


C C 1 IT 

n A _ = -pF. 

C ~C l + C 2 (4.5kQ)BW 3 


Replacing CJ(C, + C 2 ) by n = i we obtain 


C. = — — 100 pi 7 - C,= --1 C s -50pF, 


and finally 


L=-4^=30^H. 

(jOqC 


At this point the original assumption must be checked. It is apparent that 
q _ = 1^oj 0 C = 30 and Q £ = (1 kQ)aj 0 (C! + C 2 ) = 15 . 

MT n 2 


hence nQ T Q E = 150. In addition, we note that for the circuit in this example 

q t = (a 0 /BW = 15; thus the use of the model is justified. 

„ , - c u owri in Fie ">4-13, determine Z n (jm 0 ) and 

Example 2.4-3 For the circuit shown in ng. 

z uW __ , , , n \- 

Solution . For the circuit shown, to 0 - r 

1/100. Hence 


Or- 


in 

n 2 co 0 L 


100 , 


Qe = 


Q 


L x L 2 

J L i +F 2 


0 >n 


1Q = 

(Of) L z 


and 


O r 0 E = 100 
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Figure 2.4-13 




V „|(0 



c -lOOOpF 
L\ - 9.9 pH 

Li-0.1 pH 


Since QtQe = 100 but n Q tQe = ^ 

ZuU«u 0 ) = * eq =-1---T-T = P" = 20 k ° 

" T'^e^l 2 

, c f Eq 0 4 _J 1 ) On the other hand, since Q E < 10, the transformer model shown in 
Pig 2 V 6 may not be used to determine Z 12 (p). However, the exact express.on for 
Z l2 (p) is given by ^ 

Z x2 (p) = Z n (p)H„(p) = Z n (p) - L ^ + (14_15) 

P + L,L 2 G 


If we substitute jto 0 = jlO 7 rad/sec for p in Eq. ( 2 . 4 - 16 ), we obtain Z l 2 (jco 0 ) in the 
form 


Z 12 (j«ol= (20kQ) 


1 

JmT+J)' 


from which we obtain 


|Z 12 (Mj)| 



i 

\ - 


and 


arg Z 12 0"^o) = —45°. 


2.5 PARALLEL RESONANT TRANSFORMERS 

In applications where a narrowband circuit is needed to isolate the load Irom the 
driving source or to provide a 180° phase inversion between the input signal and the 
load at resonance, a physical transformer must be employed in the parallel resonant 
circuit as shown in Fig. 25-1. In addition, the physical transformer must be employed 
if a -step-up” turns ratio is required between the driving source and the load at 
resonance for the purpose of matching a high load impedance to a small source 
impedance. The "transformc-dikc' networks discussed in the previous section arc 

capable of providing only a "step-down" turns ratio. 

Pie phvsical transformer mas also be employed in a parallel resonant circuit . - 
m ailo transformer, showil in Fig. 15-1 In this configuration the transformer dpes 
not provide isolation. 1 S0° phase inversion, or a "step-up turns ratio at ^mmice. 
U, usefulness stems from the fact that u is a more realistic model lor the inductive 
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Fig. 2.5-1 Transformer with tuned primary and loaded secondary. 



Fig. 2.5-2 Auto transformer with tuned primary and loaded secondary. 


"iTansformerlike" parallel resonant circuit. since it “““ ^“^“Vhe’au.“ 

are independent. This is done so that the networks oi Ftgs. - 

resonant transformer p^feW^Hransrome'rs of Figs. 15-1 and 

inductor ft, and titus the 


Fi^. 2.5 3 Circuits 
ot Kies. 2.5- I and 
5.5 2 with transfor¬ 
mers replaced b\ 
them "two-inductor 
model. 
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broadband and narrowband coupling networks 


2.5 



circuit becomes identical to the circuit of Fig. 2.4-6. Consequently, if 
n Qt Qe > 10 °t and > 10 ' 

_ = -5—— and Qe = ; 7, ]^\c' 

Ql " ~ k 2 G/a 2 (M/L x ) 2 G oi 0 L 2 (l - k ) G 

then we may replace the circuit to the left of the ideal transformer by its equivalent 

transformer model as shown in Fig. 2.5-4 (cf. Fig. 2.4-6). ■ , ideal 

If we now combine the two ideal transformers in c ascade to obtain a sinje ideal 

transformer with a transformation ratio n = rila = L ^> = ' the ™° de ° 

Fig. 2.5-4 reduces to the desired model for determining Zj ,(P> and Z 12 (p) shown m 
Fi 2 . 2.5—5. Here again we observe lor the circuits of Figs. 2.5—1 and _.o _ t at 

< 42 ( 0 ! • 

n = — 

^iUJ ; g = o 

that Li is the total inductance shunting C with G = 0, that 0 £ is the ratio of the 
resistance (1/G) to the total reactance at oj 0 shunting G with r ol (r) - 0- and that 
0 T - is the Q of the model of Fig. 2.5-5. 


where 

ri = k 2 . 


r-1 



including translormers 


for auto transformer 


t We use n‘ in lieu of n because n is being reserved for the overall transformer ratio. 
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2.5 

Table 2.5-1 Equivalent circuits and pertinent relationships for parallel resonant “transformer- 
like” networks 



e 

* H 


C- 

o- - 

“Li; 

f4; 


Table 2.5-1 summarizes Ihese properties thal we have. , 

Circuit "i” ,he pb^Uom.^ 

and the bottom of the inductor is equal to nV ,, a lead is soiae 
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2.5 


Fig. 2.5-6 Parallel reso¬ 
nant transformer with 
tuned secondary. 



Of the auto transformer is complete. Clearly this transformer resonates at 

w n = 1 L/TTc and possesses a turns ratio of ft. 

Before ending our discussion of parallel resonant transformer arcuits- we should 
note that no restrictions on the coefficient of coupling of the phy S1 ca transformer 
were required to derive the high-Q model of Fig. However, if k appro c s 

unitv 0 E approaches infinity and the model of Fig. 2.5-5 becomes an 
for the paraUel resonant transformer, regardless of the value of C. f we had dec ded 
to restnet our attention to closely coupled transformers, we could M 
the model of Fig. 2.5 -5 dire ctly by letting k = 1 in the model of Fig. . 

that n = 1 ‘a = ± v = 

Transformers with Tuned Secondaries 

In many applications the secondary, rather than the primary, of a transformer is 
tuned as shown in Fig. 2.5-6. Such coupling is usually employed to minimize he 
effect of anv capacitance shunting i,(t) (for instance, collector capacitance) on e 
tumn- of the resonant circuit. Specifically, if the transformer steps up impedance by 
a factor of a 2 , the effective capacitance shunting C is ha- times| 
shunting /,(r). If a = 10 and the current source capacity is 2 pF. only 0.0. pF reflects 

thr °The tuned^secondarv is also employed with transistor IF amplifiers to keep the 
collecto. impedance and. in turn, the collector voltage small. This ‘"^u t ffiso 
level not only reduces the --Miller” capacitance seen at the transistor.npuU but 
reduces the effect of output tuning on the input impedance. Such -sola ion 
essential if stages are to be tuned independently to obtain an overall IF tra 

function. 


(1 -A' 2 ) i-i 



Fig. 2.5- 7 H\ oral controlled-source model replacing transformer of Fig. 2.0 
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Tn nhtain exoressions for the input and transfer impedance of the ctrcuit shown 

the transformer by i,s hybrid o~«M~£ - 

1 w hich is not based on a _ n r _ ar «ii P t ri r circuit mu luplied 

that Z.dpl = P) * the m P ul ™pedanceof a parallel RLC 

by M/L 2 ; specifically, 


Z l2 (p) = 


M 1 

r/c 


p- + 


+ 


R.C L,C 


(2.5-1) 


In addition. 


Z„(p) = p( 1 - k 2 )L x + —Z l2 (p) 


= p * 1 - fc2)Li + (z;) 


(2.5-2) 


C 


Ul 2 . P , 1 

P + R^ + L 2 C 


We therefore observe that the effective transformation ratio is ^ 

I„; C ,s . periodic M 

2amem“»m^nen-,'o7 W- On .he orher hand, because of the series mduchu.ee 
(1 _ k 2 )L, v j(t) will be rich in harmonic content. 

Examp!. 2.5-’l For ,h= circuit shown .» Fig. 2.^8 dense an express,on fo, Z, op) 
and Z l3 (p) with the assumption that the circuit is a high-0 one. 

Solution. Using the hybrid controlle^ 

the transformer to obtain a source of LU,L 2 m shunting n L . 


V.2«) 



Figure 2.5 8 
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2.6 


where 


n = 


C, 


C, + C 2 

tu 0 (C! 4- C 2 


Qt' — 


Qe = 


COpC 
n 2 G ’ 

and 


0 = Q, ° C 
n 2 G + G, 


C = 


C t C 2 

Ci + c 2 


then we may replace the tapped capacitor by an ideal transformer to obtain the 
model shown in Fig. 2.5-9. From this circuit it is immediately apparent that 


and 


Z 12 (p) = 


M 1 

T-Tc 


, , (n z G + G L )p 1 

p ' + -c- + 


Z 13 (P) = 


iV/ 1 


(nG + GJp 1 
P +-=-+ 


c 


L,C 


(2.5-3) 


Networks of the form shown in Fig. 2.5-9 are usually employed when a single 
tuned response is required, as well as a low impedance across t,-(f) and an overall 
voltage step-down ratio. In addition, such networks are employed to keep stray 
capacitance across both i f (f) and G from affecting the tuning of the parallel RLC 
circuit. 


I i*»urc 2.5 9 



2.6 THREF.-W INDING PARALLEL RESONANT TRANSFORMER 


In this section we 
Up,iHiloi incr show n 
.>nly in ihc antenna 
licicnHlvnc receive: 


shall develop a model for the three-winding parallel resonant 
m 1 ig. 2.6 1. Since this circuit is a fundamental component not 
stace. but aiso in the oscillator and IF amplifier stages ol super- 
simplified model is required to facilitate its analysis and 
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resonant transformer. 


design. In addition, the model aids in the understanding of the physical operation of 
the transformer network. 

We begin by presenting an equivalent circuit for the three-winding transformer. 
We then incorporate this model into the circuit of Fig. 2.6-1 and. with the results of 
the previous section and the assumption of high-Q, reduce the circuit to its final 

simplified model. , 

The most general model for the three-winding transformer is quite complica e . 

However, if we place the restriction on the transformer that 


M 12 _ M 13 
l 2 m 23 ’ 


( 2 . 6 - 1 ) 


where = Mj; is the mutual inductance between the ith and the jth windings, 
then a straightforward and useful model may be obtained. Equation (2.6-1) can be 
cast in the equivalent form 

k l2 k 23 = fc l3 I 2 - 6 - 2 ' 

by noting that k u = A/ ;jV V l~L r where k u is the coefficient of coupling between the 
ith and/th windings. Although, in general. Eq. (2,6-1) is not always exactly sattsfic . 
it is approximately satisfied in a large number of practical cases. In particular, it 
L 2 and L 3 are closely coupled (they are usually wound on the same core), then 
(t,j % 1 and. of course. fc , 2 fc 13 : hence Eq. (2.6-11 is valid. In addition, it the 
transformer is placed in a high -0 circuit, it can be shown, by the techniques developed 
in Section 2 . 4 . that even if Eq. (2.6-1 1 is not satisfied, the impedances obtained on ihe 
assumption that it is are accurate within a few percent. The proof ol this statement 
is left to the interested reader. With the restriction of Eq. 12.6-1). the three-winding 
transformer has the terminal equivalent model shown in Fig. 2.6 2. This equivalence 
is readily demonstrated by showing that both the transformer and its model have 
the identical set of defining equations : 

V x = pL { [ x + pM 12 f 2 + pM 13^3* 

V 2 = pM , 2 11 + pL 2 I 2 + pM 2 ih- ( 2 . 6 - 3 ) 

V 3 = p.\/ 13 /, + pUiih + pL :Ji 


If the transformer is now replaced by its moael in the circuit ol fig. 2.6-1. me 
equivalent circuit shown in Fig. 2.6-3 results. It is apparent that the right-hand 
portion of the circuit in Fig. 2.6-3 is simply the parallel resonant auto iransiormer 
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h(P) 


2 . 6 * 



\ 



considered in Section 2.5: hence we may apply the results of that section directly, 
Specifically, if 

n'Q T 'Q E > 100 (ri = k 23 \ 0 E > 10 , and 0 T > 10 . 

where 

aJf>C / L 2 \~ _ 1 


Qt- = 


C 3 \M 14 


Qe = 


^23)^3 


-t 


*■' (' ~~T7r”) 


V o2 (/> 


40 ^j' S )v„K0 



Fig. 2.6-3 Equi\alent circuit for parallel resonant three-winding transformer 

[f Eq. (2,6-1) is not satisfied. O r is given by: Q t — — - 2—--_ 

cJj) L ^ (1 y i/\ | ^ A: 11| O ^ 
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and 


Qt 


_Woc_ 

G 2 + G 2 (M 23 /L 2 ) 2 ’ 


then the circuit of Fig. 2.6-3 reduces to the final high-Q simplified form shown in 
Fig. 2.6-4. With the aid of this model we may immediately write 


Z 12 (p) = ^ = Mi* 




A(p) 


P 2 +^ + 


1 


c l 2 c 

where G eq = G 2 + G 3 (Af 23 /L 2 ) 2 . In addition, we obtain 

1 


Z l3 (p) = = nZ i2 (p) = Ml2 M2 


lip) 


L 2 L, 


and 


C L,C 


Z 11 (p) = lf# = pL 1 fl + 


//(P) 






1 

"c 


C L,C 


(2.6-4) 


(2.6-5) 


( 2 . 6 - 6 ) 


It is interesting to note that Z^tp) and Z 13 (p) are in the form of the impedance 
of a parallel RLC circuit multiplied by a scale factor, whereas Z M (pj contains an 
additional term which may be modeled as a series inductor. Consequently, if i t {t) 
were a periodic waveform I of period 2 n/(u 0 ) containing several harmonics plus the 
fundamental, and Q r were 10 or greater, and u^r) would be sinusoidal in form, 
whereas r oi (f) would be a periodic function with considerable harmonic content. 
This effect is due to the series inductor of Z u (p), which, unlike the parallel RLC 
circuit, does not appear as a small impedance at the harmonics of co 0 . 

Example 2.6-1 For the circuit shown in Fig. 2.6-5 determine the value of A / 23 
which maximizes u o 3 (t). Also determine (with the value of Af 23 found) an expression 
for and v a3 (t) and values for Q T and BW. 





-—-< 

►-< 


1 

1 

: i» 

i 


y- a 

q 

= 

cC < 

>g 2 

* —- 

h j 

1 | 

1- ♦ 

• 

|-yW 1 - i 


I Ideal j 

Hg. 2.6—4 High-Q three-winding __ A/ 23 

tuned transformer model. L 2 
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2.6 


vAD 


U<> 


Figure 2.6—5 



/,(/) = (! mA) sin 10 7 / 


r 2 -400 kQ 

R j = 10 n 
L\ 2 pH 


Li = 100 pH 
M p =10 pH 
kii-0.5 


r n n ~> ino O >10 and 0 T > 10 , we ma y em P loy the 

Solution. If we assume n Qt-Qe > 100, y £ > ’ JT. , = 10 7 rad/sec) 

resistor to the 400 kQ resistor, i.e., if 

m 23 / ion 


n = 


L, 


! 400 kQ 


= 0.005. 




Therefore. M 23 = 100 pH x 0.005 = t and, since /c 23 - 0.5, L 3 M\ 3i k 23 L 2 
0.01 mH. Consequently, 

1 400 

Qe = 


and 


Qr “ 


CO 0 ^3( 

w 0 C 


k?3)C 3 


(10Q) = 400, 


111,1 lhus " L - 7 ,Jl - reflect the input current source and the 

(4(X) kQVr = 10 Q and the reflected current source is 

:VI ' 2 _^C_(sin I0 7 t) mA = 20 mA sin 10 7 r; 


Li Af 23 


400 kQ 


|- igure 2.6 6 



\f22 

L, 


Ideal 


mm 
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hence 


and 


v o3 {t) = (20 mA)(5 Q) sin 10 7 t = 0.1 V sin 10 7 ( 


u o 2 (t) = ~~~ = 20 V sin 10 7 t. 

Finally, by observing that R 3 reflects into the secondary as 400 kQ, we obtain 

200 kQ 


Qt — Mn? , 


= 200 


( 10 7 rad/sec )(100 ^H) 

(a sliehtly higher value than one would normally expect from an inductor) and 

10 7 rad/sec 


BW = 


200 


= 5 x 10 4 rad/sec. 


Since n'QrQs » 100 , Q E > 10 , and Q T > 10 , use of the model is justified. 


PROBLEMS 

2.1 For the transformer with the loss terms shown in Figure 2.P-1, determine the value of L 2 
required to match an 8 O load to a 3200 Q source in the midband. What are the upper and 
lower — 3 dB frequencies for this case? What is the open-circuit voltage transformation 
ratio of this transformer? What is the efficiency of the unit when working under the originally 
specified conditions? 

i 2 Assume that the transformer (with the same values of k. L, and L 2 ) of Problem 2.1 is used 
between a 3 O load and a 1200 Q source. Find the 3 dB frequencies and the efficiency. 

2.3 Repeat Problem 2.2 for the case where the load is 20 Q and the source is 8000 il 

2.4 Suppose the source output in Problem 2.1 is such that 10 mW of ac power reaches the 
8 Q load. Plot load power vs. load impedance for the case where the load varies between 
2 Q and 32 Q while the other parameters of the system are maintained constant. 


100 Q k 0.50 Q 



Figure 2.P-1 
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100 pF 



Figure 2.P-2 

. iM f rionre P—^ in which Li is tuned to make Znijoj) 

15 Consider the -matchmg network of F ^;fj = 2 x 10 * 2* Find Z u 0o>e) the 

ta^Gr^What is the approximate phasewhat 7s Ihe peak 
If the peak sinusoid current flowing into Z n {j<a) at resonance 

value of u o2 (r)? inmo 

■, 6 Repeat Problem 2.5 for the case where the 30 fl load is increased to 1000 Q. 

2.7 A capacitor with a Q of 200 is combined whh a coil wi tha Q a 2 ° p^d^he 

produce a parallel tuned circuit resonant at 60 x 10 rps. Lettmg u P 
bandwidth of the resultant circuit 

■' 5S~=3SeSSs-‘“ 

TZZSZZ Mehta™* « «"■ 'The 

i« .-»*» - -» "r “ —“ “ ton "" ,,c 

. . ,, . ■ ... ,u P r ;rcuit of Fig. 2.1’ 4 is a sinusoidal current with a peak value of 

2.10 Assume that i,( ) , _ 4 x io 6 rps and C 2 is chosen to resonate at o» 0 - 

15 mA and a radian frequency of ai 0 - 4 x lu r P s dnu 2 


1013 pF 



i\(t) = (1 mA) sin ai„t 

Figure 2.P-3 
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M R 0 = 2500 0 



Find the output voltage across R b . Make reasonable assumptions. State these assumptions 
clearly. What is the Q of the circuit? 

11 For each of the networks shown in Fig. 2.P-5, determine &> 0 , Q r , BW, Z lx (j(o 0 ), and 
Z l2 0*a) o ). 


1 - Ki 



1000 pF 



o-* 


% 



Z-2 —10 |iH 
Figure 2.P-5 
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APPENDIX TO CHAPTER 2 


TRANSFORMER EQUIVALENT CIRCUITS 


Thei two-winding transformer shown in Fig, 2A-1 may be descrrbed completely m 
terms of its terminal equations: 


ViCp) = pLJti) + pMI 2 (p), 
v 2 (p) = pMlM + pL 2 I 2 (p)- 




(2.A-1) 

§! 


AW. JM1 

a o -- 


ao -- 

Fig. 2.A-1 Two-winding transformer. 

Consequently, anv network which has the same delining equations as the 
^ he mb muted for the transformer in any circuit in wh.ch the transformer 
olaLd and this substitution will not affect the voltages or currents m the overal 
circuit Several networks having the same defining equations as the transformer 
mnd therefore referred to as terminal equivalents of the transformer! are shown n 
[ Z , A ? BV refiecting one or more of the various inductors through the idea 
transformers in the circuits of Fig. 2-A-2. one can obtain a number of other term.nal 

eqU Them "af ^“rtfying that the networks of Fig. ZA-2 are 
indee^dTernfina^'e^uivalents for the transformer or for 

inductances of ihe new networks. One approach is to observe that Eq l A I - 
qu en o statement that the impedance at with open is pLthatthe 

»«-;r, 7 wxn s 

rluH^bre/copdinonsam me. Tbc vaiucsshown 

in Ftg. 2.A-2 do meet these conditions- 
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Fig. 2.A-2 Terminal equivalent networks for transformers. 
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Fig. 2.A-3 Terminal equivalent transformers. 


A transformer may have a terminal equivalent network which is also a trans¬ 
former To illustrate this. Fig. 2.A-3 shows two of the many terminal equivalent 
networks for an auto transformer I.Vf is the mutual inductance between L, and L 2 ). 

Terminal equivalent networks for the transformer of Fig. 2.A-1 may also take 
the form of networks containing controlled sources. Three such networks are s own 

in Fig, 2.A—4. 
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TRANSFORMER EQUIVALENT CIRCUITS 


I'lic dots at the ends of the transformer windings in Figs. 2.A-1,2.A-2, and 2.A-3 
Show the relative directions of induced voltages. A current flowing into a dotted 
winding causes a plus-to-minus drop across this winding and induces a voltage in 
all other windings such that the dotted end is positive. Moving the dot to the opposite 
Snil of the transformer winding on the secondary of Fig. 2.A-1 would reverse the 
signs of both of the pM-terms in Eq. (2.A-1). It would also lead to a reversal of the 
secondary dot on the transformers of Fig. 2.A-2 and to the reversal of the direction 
of both of the generators in Figs. 2.A-4(a), (b), and (c). For the auto transformer, 
placing the dot at the bottom of L 2 would reverse the sign of the mutual term in 
Fig. 2 .A 3(b) and reverse the dot on the secondary of the transformer of Fig. 2.A-3(c). 
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Fig. 2.A-4 Terminal equivalent networks containing controlled sources. 


CHAPTER 3 


TRANSMISSION OF SIGNALS 
THROUGH NARROWBAND FILTERS 


The purpose of this chapter is to examine a simplified method of determining the 
output response of a class of “narrowband” high-frequency networks when these 
networks are driven by any one of a variety of useful signals. Among these signals 
we include steps, impulses, and various amplitude-modulated signals centered within 
the passband of the filter. 

First we define the class of networks to be considered, then we define the low-pass 
equivalent circuit for such networks, and finally we show that the response of the 
original network to a given signal is a function of the response of the low-pass 
equivalent circuit either to the signal or, in the case of amplitude-modulated signals, 
to the envelope of the modulated signal. Thus, where the method is applicable, the 
original complicated network response problem is replaced by a simplified and 
reasonably accurate approximate solution. 

It has been suggested to us that such material is covered elsewhere and need not 
be repeated here. Our experience has been that at least a brief review of these concepts, 
perhaps from a viewpoint that the reader has not encountered before, is useful in 
understanding their use in later chapters. 

3.1 LOW-PASS EQUIVALENT NETWORKS 
FOR SYMMETRICAL BANDPASS NETWORKS 

For a general narrowband network whose transfer function is H(p) and whose pass- 
band is centered about a> 0 , the magnitude and phase of H(joj) vs. a> take the form 
shown in Fig. 3.1-1. If Hijco) is indeed narrowband, then the amplitude response, 
falls essentially to zero a short distance on either side of co 0 , as shown. In 


Fig. 3.1-1 Magnitude and 
phase plot for a narrow- 
band network 
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ddition, if H(ja>) represents the transfer function of a physical network with a real 
not imaginary or complex) impulse response h(t), then H(-jai) = H*0'co),f which is 

quivalentto \H(-jto)\ = \H(jco)\ l 3 - 1 " 1 ) 

" ld O(-oj) = -O(uj), 


vhere 0(w) = arg H( jio). Equation (3.1-1) is, of course, simply the statement that the 
naanitude pf a physical network must be an even function of co and the phase must 
-je an odd function of m. 

We define the low-pass equivalent transfer function H L )jw) for W(yru) as that 
unction whose magnitude has the same dependence on uj in ihe vicinity of to = 0 as 
//I /iol| has in the vicinity of w - cu 0 , and whose phase angle has the same dependence 
,m win the vicinity of cu = 0 as 0to) - 0(tu o > has in the vicinity of Thisdehmtton 
may also be expressed in the form 

H L (jco) = H{jto + ju) 0 )e~ j9{too) u{aj + m 0 ), (3.1-2) 


where uico + to 0 ) is the unit step function which, in Eq. (3.1-2), has the effect of 
removing the lower portion (co < 0) of H(jco). The term removes a constant 

phase angle 9(to 0 ) from the phase of H L (ja>}, A plot of the magnitude and phase of 
IIj{joj \, which correspond to the magnitude and phase of H(jco) shown in Fig. 3.1—1, 
appears in Fig. 3.1—2. Note that the phase is zero for to 0. 


Kit*. 3.1-2 Magnitude and 
piiase plot for { 



The transfer function Hijco) is defined as being symmetric about co 0 if 
or equivalently 

|H L (-7to)| = \H L (jcu)\ (3- 1 - 3 ) 

and 

0,(u)) = -(),{-id). 

In this chapter we shall restrict our attention to symmetric narrowband networks for 
two reasons. First and most important, most physical narrowband networks may 

j B> definition. //( jo I = f' r litne "" dt. If the impulse response MM is real, then 
//i = j huw~ i ~ }t,w ilt = //*( M- 

\\ here ll*\ }io\ is ihe complex conjugate of Hijcul 
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be closely approximated by symmetric transfer functions. Second, the symmetry 
condition, expressed by Eq. (3.1-3), ensures that the impulse response /i L U) of the 
low-pass equivalent network is real which is essential if H L (jco) is to be physically 
realizable. If Hijaj) is not symmetric about m Q , the low-pass equivalent transfer 
function is still defined by Eq. (3.1-2): however, it may not be associated with a 
physical network and, in addition, calculations employing it may become somewhat 
more involved. 

In addition to relating H L {jco) to H(jto), for the symmetric narrowband filter 
we may obtain the inverse relationship. Specifically, with the aid of Eq. (3.1-1) we 
note that 

H(jco) = H L (ja) - jcD 0 y m,vo ' + H L (jco 0 + jcu)e - jeia ‘° ) : (3.1-4) 

this equation, of course, represents H L (jco), with the appropriate phase angle added, 
shifted up and down in frequency by an amount w 0 . 

To solidify our ideas on the relationship between HJjco) and Hljo)) we shall 
develop low-pass equivalent networks for several physical narrowband networks. 
We consider first the parallel RLC circuit shown in Fig. 3.1-3. From Section 2.1 we 
recall that at resonance Z n (jto 0 ) is purely resistive: hence 0(tu o ) = 0- In addition, 
we recall that with Q T = co 0 RC > 10, which is a necessary condition for a narrow 
bandwidth, Z u (jffl) is closely approximated by (cf. Eq. 2.2-9) 


Z n (jco) = 


to > 0. 


1 +j~ 


CO — (0 n 


where to 0 = 1 / V LC and a = 1/2.RC. Consequently, with 0(co o ) — 0. Eq. (3.1 2) yields 

R 




1 + ;'aj/x 


(3.1-5) 


Fig. 3.1-3 Parallel RLC 
circuit and its low-pass 
equivalent. 



OJ 0 = .-= ■ 

V'LC 

Q r =u) {) RC 


10 
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Fig. 3.1—4 Narrowband circuit 
and its low-pass equivalent. 



which we recognize as the input impedance of the low-pass equivalent network also 
shown in Fig. 3.1-3. 

As a second example we consider the circuit shown in Fig. 3.1—4. For this 
circuit the voltage transfer function H(p) is given by 


H(p) = 


V 2 (p) _ top 

Vi(p) P 2 + 2a P + "o’ 


(3.1-6) 


where cu 0 = 1 /yLC and rt = 1/2 RC. A pole-zero diagram of H(p) and a sketch of 



Fig. 3.1-5 Pole zero diagram of H(p) and plot of \Hijw)\ and arg (Hjw) vs. cj. 
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|H(j'cu)| and argH(;'co), for the case where co 0 /2a = a> 0 RC = Q r > 10, are shown in 
Fig. 3.1-5. When the complex poles are close to the imaginary axis (a necessary 
condition for the network to have a narrow bandwidth), then H(jao) is significantly 
different from zero only in the vicinity of ±co 0 . Therefore, when graphically 
evaluating H(jco) for co > 0 from the pole-zero diagram, we can closely approximate 
the phasor p P2 drawn from p 2 to the imaginary axis by 

p P2 * 2co 0 e^ 2 > (3-1-7) 

over the significant frequency range in the vicinity of a> 0 . In addition, the phasor 
from p x to a point co on the imaginary axis may be written as 


p pt = a + j(co - fi) ~ a + j(a> — « 0 )- (3.1-8) 

Consequently, for co > 0 and Q T > 10, H(jaji) may be closely approximated by 
SF ( 05 e- ji " l2) Q T e~ M2) 


H(jco) = 


PpiPp 


2(0 0 CL 


1 +j- 


C 0 — (Ur 


1 +i 


CO — co 0 


(3.1-9) 


If we now note that 0(co o ) = —n/2 and employ Eq. (3.1-2), we obtain 

H L m = , Q J , : ■ ( 3 - 1 - 10 ) 

1 +;(cu/a) 


A non-unique low-pass equivalent network having this transfer function is shown 
also in Fig. 3.1-4. The ideal transformer is required to provide the voltage amplifica¬ 
tion of Q r at @ = 0. which is the amplification of the bandpass network at co = co 0 . 
The bandwidth BW of Hljcul is 2x. which is exactly twice the bandwidth of H L {ja>). 
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If two or more symmetric noninteracting narrowband filters, each of which has a 
center frequency of co 0 , are connected in cascade, then the low-pass equivalent of 
the composite filter is obtained by cascading the low-pass equivalents of the individual 
filters. Figure 3.1-6 illustrates the low-pass equivalent network comprising two 
cascaded, noninteracting parallel RLC circuits. 

3.2 IMPULSE AND STEP RESPONSE 

With the, aid of the results of Section 3.1 we can represent the impulse and step 
response for a symmetric narrowband filter as a function of the impulse response 
hj(t) of the equivalent low-pass filter. Such a representation permits one to analyze 
the much simpler low-pass equivalent filter to obtain corresponding results for the 
bandpass filter. 

If we designate h(t) as the impulse response of the narrowband filter whose 
transfer function is given by H(jco), then h(t) is the inverse Fourier transform of 
//( jco), that is. 


h(t) = — f H(jtu)e Ja, ‘ dco. (3.2-1) 

2^ J-co 

With the aid of Eq. (3.1-4) we can express H(jco) in terms of its low-pass equivalent 
//, ( jco) to obtain 


h(t) = — I H L (jco — jco 0 )e J9iwo) e Jilit doj 
2n 

- 1 if H L {jco 0 +ja))e~ mmo) e jm 'dw. (3.2-2) 

2ti J_ x 

If. in addition, we substitute co = co — co 0 in the first integral and co' = co 0 + co in 
the second integral of Eq. (3.2-2), the expression for h(t) simplifies to the desired form 

hit) = + + e -jW + fl(a.o)]| J_ J H L (j(o')e imn dco’ 

= lh L (t) cos [tu 0 f + 0(co o )], : b- (3.2-3) 

which directly relates h(t) to h L (t\ the impulse response of the low-pass equivalent 
circuit. 

As an application of this result, let us evaluate the impulse response : n (f) of the 
lugh-0 parallel RLC circuit shown in Fig. 3.1-3. For this circuit 0(co o ) = 0. The 
impulse response of the low-pass equivalent circuit c n ^(t) (also shown in Fig. 3.1-3) 
is known to be 


M) = 



u(t). 







-11 


(3.2—4) 
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Fig. 3.2-1 Sketch of t (r) 
for a parallel RLC circuit. 



where a = 1/2RC. Consequently, by employing Eq. (3.2-3) we obtain 

Cii(t) = ^<T a '(cos (o 0 t)u{t\ 


(3.2-5) 


which is exactly the expression obtained for z n (t) in Eq. (2.2-12) with more conven¬ 
tional techniques. A sketch of t (f) is shown in Fig. 3.2-1. 

To obtain the step response of a(t) for a narrowband filter in terms of its low-pass 
equivalent circuit, we first evaluate the step response in terms of H(jco ), then express 
H(jco) in terms of H L {jco), and finally find a(t) in terms of h L (t% 

The step response a(t) for the narrowband filter can be written in the form 


a(t) 


1 

= mjco) 

2tt J_ x 


-h 7C^(CU) 

j<*> 


e JU)t dco . 


(3.2-6) 


where (1 j jco) + ud(co) is the Fourier transform of the unit step. Since for the networks 
under consideration the response at dc is always assumed to be zero, it follows that 
Hid) = 0 and therefore ihe dfcuKerm may be omitted from Eq. (3.2-6). 

We now r express Hi jco) in terms of H L [jco) and restrict our attention to regions 
close enough to the complex poles so that near the upper complex pole jco may be 
replaced by ju) 0 and near the lower complex pole jco may be replaced by -jco Q . 
After some rearrangement, one obtains the step response in terms of the product oi 
the impulse response of the low-pass equivalent circuit and a sine wave at the center 
frequency of the narrowband circuit; that is, 

a(f) = + sin [c o 0 t + OUo 0 )]. (3.2-7) 


Evaluating Eq. (3.2-7) for a high-Q parallel RLC circuit, we obtain 

u(f) = -@' ZI (sin rVlntM. 

(!)< } C 


where to n = 1 v LC and a = l IRC. 
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33 


Physically what this means is that driving the tuned circuit with a step function 
causes it to “ring” at its resonant frequency. Since there is no continuing supply of 
energy at this resonant frequency, the “ringing” decays with time. The higher the 
Q of the circuit, the more cycles it takes for the decay to fall to any given percentage 
of the original level. 


33 NARROWBAND NETWORKS WITH MODULATED INPUTS 


In thi$ section we shall apply an amplitude-modulated signal of the form s f (r) = 
g(t) cos co 0 r, shown in Fig. 33-1, to the symmetric narrowband filter and demonstrate 
that the filter output is of the form , , a , 

s 0 (t) = [g(0 * MO] cos [a> 0 t + 0(co o )], 


where * denotes convolution. This result is quite significant, since it simplifies the 
problem of calculating the response of a bandpass filter excited by an AM wave to 
the problem of calculating the response of the equivalent low-pass filter excited by 
the envelope waveform g(t). The resultant expression provides the modulation for 
the output carrier cos [aj 0 t + 0 (wo)]. 

To begin our development we define G(tw) as the Fourier transform of g(t) and 
assume that |G(to)| has some form similar to that shown in Fig. 33-2. With this 
definition of G(oj) and with the aid of the “shifting theorem,” the Fourier transform of 


takes the form 


S;{t) = —+ e~ lwo ') 


G(to + m 0 ) G(a> - co 0 ) 
S/M =-^-+- n -- 


which is also shown in Fig. 3.3-2. We assume throughout this analysis that the two 
terms in the expression for S,(co) do not overlap. This assumption requires that the 
highest-frequency component co m of g(r) be lower than the carrier frequency co 0 . 



Fig. 3.3-1 Fvpieal plot of amplitude-modulated waveform 
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Fig. 3.3-2 Plot of | Gfa»)| 
and |S;(cu)| vs. to. 



|s : m[ 


uM -- oj „ 





QJ—— 


This condition is almost always satisfied in practice, since for most AM systems w m 
is required to be several orders of magnitude smaller than co 0 because of the physical 
limitations of the AM modulator and demodulator. 

For the condition o 0 » w m , we see that the spectrum of s^t) occupies a narrow 
band of frequencies centered on the carrier frequency co Q . This property permits 
frequency division multiplexing (FDM), i.e., the independent combination of many 
AM signals within a single channel. This is accomplished by choosing a distinct 
carrier frequency for each signal in such a fashion that none of the signal spectra 
overlap in the frequency domain. To extract a desired signal at the receiving end of 
the channel, one need only pass the composite signal through a narrowband filter: 
the filter passes the signal of interest and attenuates all others. 

The filter capable of passing the desired AM signal centered at co 0 would, of 
course, have the form shown in Fig. 3.1-1. With s f (t) applied to this filter, whose 
transfer function is H(ja>), the output signal s 0 (t) may be written in the form 

s Q (t) = &- l [H(j<o)S£<o)l (33-1) 

where J *” 1 indicates the inverse Fourier transform operation. With the aid of 
Eq. ( 3 . 1 — 4 ), which relates H{jco) to its low-pass equivalent, the expression for s 0 (t) 
may be rewritten as 

S a (t) = J ^- 1 


G(w + co 0 ) G(io - 


-«o) 


pjOUoo) g-j9(<uo) 

= ‘ [H t (;cu - j(o 0 )G(co - ca 0 )] H-,— * [H L {ja> + ico 0 )G(w + w 0 )J. 

(3.3-2) 

Equation (3.3-2) makes use of the fact that the upper portion of the spectrum of 
S,(m) does not overlap the lower portion of the spectrum of //(/VoI and vice versa. 
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/ COS Q>0^ 



Fig. 3.3-3 Parallel RLC circuit with AM input. 

If the inverse shifting theorem is now employed, Eq. (3.3-2) takes the desired form 
Sjtt) = ^--- ^~ l [H L (jcn)G(co)] 

= [g(0 * h L {t)] cos [a) 0 t + 0(co o )]. (3.3-3) 

Note carefully that cF~ { [H L {ja))G(a))] = g(t) * h L (t) is simply a shorthand 
mathematical expression, which we refer to as the "‘convolution of h L (t) with g(f).” 
Although this convolution can be determined with the aid of the convolution integral, 
it is in general obtained in a more straightforward fashion as the output of the 
network whose impulse response is k L (t) and whose input signal is g(t\ that is, as the 
output of the low-pass equivalent network excited by g(f). A few examples should 
clarify this point. 

As a first example, let us evaluate the voltage across a higher parallel RLC 
circuit in which a current of the form / cos aj 0 t is applied at t = 0. The narrowband 
network shown in Fig. 3.3-3 is being excited by an AM wave with an envelope 
gtO = Iu{t): therefore. Eq. (3.3-3) may be employed to determine r 0 (t). As was 
pointed out above, g{t) * h L (r) = r 0L (r) is the output of the low-pass equivalent of the 
parallel RLC circuit with a current Iu(t) applied at the input. The step response of 
the low-pass equivalent circuit is readily found to be 

v 0L (t) = IR(l - e~*)u(t)\ 

and since 0(tu o ) = 0. Eq. (3.3-3) (where a = \j2RC and co 0 = 1/^/Tc) yields 

r 0 U) = IRil - tf-")coscu 0 fMU). (3.3-4) 

A sketch of r 0L (f) and v 0 {t) is given in Fig. 3.3-4. We observe that the steady-state 
value of v 0 {t) is the product of the input current / cos cu 0 f and the resistance R of the 
parallel RLC circuit. This is an expected result because at the resonant frequency 
/, ,1/cj,,) = R. In addition, we observe that r„U) rises toward its stead\-siate value 
witii an envelope governed by a single time constant r = l a: thus for t > 4r, r„(/) 
has attained an amplitude within 2° n of its steady-state value. 
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Fig. 3.3-4 Output waveforms 
for the circuits of Fig. 3.3-3, 



It is apparent that the closer the complex poles of the parallel RLC circuit lie 
to the imaginary axis in the complex p-plane, the longer it takes the output waveform 
to reach steady state. Consequently, networks with very narrow bandwidths 
(a « (o 0 ) are capable of transmitting without distortion only input AM waves with 
slowly varying envelopes, or equivalently, AM w r aves whose spectra are contained 
within the passband of the narrowband filter. An alternative interpretation is that 
an AM wave is transmitted without distortion if the spectrum of g[t) lies within the 
passband of H L (jco). 

As a second example, let us apply a periodically gated carrier of frequency oj 0 
to a high-0 parallel RLC circuit as shown in Fig. 3.3-5. The input current may be 



Fig. 3.3-5 Parallel RLC circuit driven by gated earner 
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rcscntedaS f i(t ) = /S(r)cosc 0ot ; 

crc SU) is a periodic switching function of period 7\ that has a value of either 
o. ‘with this representation it is apparent that i,(t ) is an AM wave and therefore 

" !>„(£) = r 0L (t) cos [coot + 0(CO O )], 

... fe „ (t ) , iS(t) * h L (t) is the output of the low-pass equivalent of the parallel 
M, driven by Leo - /Sir). Figure 3.3-5 also illustrates the low-pass 

mvalent circuit for determining u 0L (f). . , • 

If we assume that TJ2 > 4r = 4/« (Le.. that the circuit reaches steady state in 

cl. interval of duration TJ2), then we can write c BL (t) m the form 

r oi _(r) = IR[ 1 - g -J " + T * ,4) ], - TJ 4 < t < TJ 4, 

_ Ti/4)^ Ti/4 < t < 3Ti/4, 


= IR[ 1 - e 


-«u-3T„+n 


3T{/4 < t < 5 Ti/4, 


(3.3-5) 


d in turn ['„((] = t'„ L (t)cosuj 0 t. A sketch of §§*) and vjt) appears in^8-^ 5 l ° 

■ right ofths corresponding circuits. Note that an output exists for the parallel RLC 
; ' uri na the intervals of time during which there is no input. This phenomenon is 
•ar!v the result of the oscillatory decay oha hi g h-0 circuit which has acquired 
Cl uy from an input signal during some previous interval of time. 

As a third example, let us apply a sinusoidally modulated AM signal of the form 
stf) = A[ 1 + m cos a) m t] cos a> 0 t 

oeneral svmmetnc narrowband network whose passband is centered about % 
„ u ; c 3 . 3 -b illustrates the waveform of %£). The parameter m for this form of AM 



Fig. 3.3-6 Plot of sinusoidal Iv modulated AM wave. 
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relationship 


m = 


C - B 
C + B’ 


(3.3-6) 


In general the percent modulation is given by 

//modulation = m x 100%. ^ 

With .s,(r ) applied to the symmetric narrowband network with transfer function 
H(jco), the output of the network s 0 (f) is given by 

s 0 (t) = [A(l + m cos c oj ) * h L (t)] cos [co 0 £ + 0 (c*j o )3- (3 ‘ 3 ~ 8) 

However, 

A * h L (t) = AH L (0) 

and 


Am cos (oj * h L (t) = Am\H L (jo m )\ cos [oj + 9 L {a>Jl 

given by 

So(t) = AH l ( 0) |l + cos [oj + e L (o J]| cos [cu 0 t + 0(«o)]. (3-3-9) 

We note that the modulation index m'(o m ) of s a (t) [obtained with the aid of Eq. 
(3.3-6)] is given by 


m'{o m ) = m 


\H L (jo)\ 

H l (0) 


and that the output modulation is shifted in phase by lljoi.). 

n.- r ,. 3.3-1 For the circuit shown in Fig. 3.3-7, determine an express,on for c.frt. 

Solution. For the parallel RLC circuit. 

.. _ _J_ = io 7 rad, sec and <2r = = 10 - 

0_ fLC 

E/nm F JuU x/e component of .1, due to the 5 tA constant ,npu, ,s s,m P ,y 
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Figure 3.3-7 



-o 


Figure 3.3-8 

S m A X 1 kQ = 5 V, whereas the component of v 0L due to the (5 ffiA'cos x ^ 1 
■ n c Y',/ ni cos (5 x I0 5 t - 71/4). The attenuation of l/ v '2 and the phase 
:,‘,3 -ti /4 are^both due to the fact that the input cosinusoid lies exactiy at the 
IdB point of the low-pass filter. Combining the two components of i' 0L (t) and 
multiplying by cos a> 0 t, we finally obtain 


M0 = l5V) 


1 + —7= COS I 

( - 7l\ 

1 

5 x 10 r - ^ 

IJ 

V 2 

\ ’ 



cos 10 7 f. 


This expression for r„U> could also have been obtained by direct substitution into 
1 q (3.3-9) of A = 5 mA, H L { 0) = l kQ, H L (ja > m ) (1 k U J /v 

Jlld Another'example exploring the measurement of high-Q filters appears in the 
appendix at the end of the chapter. 

3.4 NARROWBAND NETWORKS WITH PERIODIC INPUTS 

One of the most efficient methods of amplifying a high-level sinusoidal signal is to 
corn, ert the s.enal into a periodic train of narrow pulses in a nonlinear amplifier and 
cn to Pas these pulses through a narrowband filter to reconstruct the original 
’musoKi In addition, one of the most fundamental methods o. generating an 
impiitude- modulated wave is to control the amplitude of a periodic waveform 
iu*su'ill\ a square wave or a train of narrow pulses) and then to pass the wave tnrough 
, narrowband filter to obtain a sinusoidal carrier. Since both of the above technique 


3.4 


narrowband networks with periodic inputs 


employ a narrowband fU.« wi,h a periodic input,we ,h ‘ 

of such a filter centered at co 0 when the input signa 

s,(t) = g(f)s p (t), 

CUf Siinll'wtI’ concha 4” '! *w 

r ' d 1“c“ S ‘wTpariodic. i. ma, be expanded in a Fourier series of the form 
S (t) = a 0 + Ea cos nco 0 t + *>„ sm nco 0 t ! 

P n — 1 

oo f 7 4—1 ) 

= a 0 + I c n cos (nco 0 t + 0„)> 

where C. - ATTbl and 8 , - - tan" W The '"P“> th '"' 

fore takes the form x . 

s,(t) = a 0 g(t) + I Cjfr ) cos (""° £ + 

which is an infinite superposition of ^ M ; Than^riwh^ is 

If the maximum frequency compone " “ occupies a narrow band 

% ***-* - 

to only the fundamental (n = 1) component of s t ( t). that . 

s (r) x [CigUfcosfoV + M * k(t), 

where «„ ,s .he rmpulse r’esponse o, the n—d - 
about to 0 , then s„U). with the aid of Eq. (3.3-3), can be wr 

s o (r> = [C.gfO * MO] eos [cu 0 r + 8, + 8lui 0 )]. 

f thp lnw-oass equivalent filter and 0 M is the 
ISiSl F« the case where S ,0 ,s a cons.an, o, where 


|s,(w)| 



Fig. 3.4-1 Typical spectrum ot sji]. 
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\ L (ja>) as H l ( 0) over the band of frequencies occupied by g(f), [i-e., where the low- 
ass equivalent filter passes g(f) undistorted], the filter output simplifies to 

s 0 (r) = C,// L (0)g(t) cos [a> 0 t + + 0(cu o )] 

= CJtfO'woMOcos [w 0 t + 91 + 0("o)]. (3.4-5) 

/hich is in the expected form of an AM signal with envelope g(t). The constant C { , 
of coursq, the fundamental component of the original periodic waveform and 
= h l ( 0) is the transfer function of the filter in the vicinity of the fundamental 
-equency. 

As a specific example of the above procedure, let us evaluate the output of the 
ligh-Q parallel RLC circuit shown in Fig. 3.4-2, which is driven by a periodic train 
>f current impulses applied at t = 0. The input current i;(t) has the form 

ij(t) = q X <5(f - kT), (3.4-6) 

fc= 0 

vhcre q is the impulse strength (in coulombs) and T = 2n/a) 0 is the spacing between 
mpulses. If we rewrite i,(t) in the equivalent form 

i,(t) = qu(t)s p (t), (3-4-7) 

.vhere s p (t ) = 5(t - kT), it becomes apparent that the input current is an 

envelope-modulated periodic waveform. 

To begin our analysis, we expand the periodic train of impulses s p (t) in a Fourier 
series to obtain 

S p (f) = ~ + % I cos nco 0 t (3.4-8) 

and in turn 

OO 

i.(t) = I 0 u(t) + 2 1 0 u(t) X cos nco 0 t, (3.4-9) 

n = 1 

where I 0 = q/T is the average value of i;(r) for t > 0. If 

\Zn(jruo 0 )\ ~ 0 for n = 0,2,3,4,..., 



t it) £ 5U - kT) | 

_ 1 


j jn 



Kig. 3.4-2 Parallel RLC circuit driven by impulse train. 
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or equivalently 

\Zn(jncoJ = IZnU^o)! <<£ j for „ # 1, 

\Z lt UcOo)\ R 

then we need only retain the fundamental component of i,(t) to obtain an expression 
for „ (t) Physically, the components of hit) in the vicinity of M* (« > D would be 
effectively shorted to ground through the capac.tor C and thus would not contribute 
to tM while the component of hit) in the vicinity of *• 0 would be effective y 
shorted to ground through the inductor L and thus would not.contribute to M#* 
With the assumption that only the fundamental component of t f (r) contributes to 

v a (t) we may write 

u 0 (t) a [2J„w(t) cos u) 0 t] * Ci iU) 


= [2I 0 u(t)*z ll Jt)] cosco 0 t 


= 2I 0 R(l - e~*)u(t) cos a> 0 t [cf. Eq. (3.3-4)]. (3-3 10) 


In practice, if one has a very narrow pulse in the train iso that all the harmonic 
terms have nearly equal amplitudes) and a broad filter (so that the response is not 
down too much at the harmonics), then the previous approach will be somewhat m 
error t This error can be estimated from the size of the network transfer function at 
the various harmonics and the size of the input signal component at each harmonic. 


Fig. 3.4-3 Graphical evalua¬ 
tion of |Z u (jco)|. 



viewpoint, the addition of an impulse to a network is bound to cause a stepwise, 
rather than a smooth, increment in the stored energy and hence in the waveshape appe e 
across the network. 
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, an example, it is relatively simple to evaluate |Z u ()ma)| for any narrowband 
,k from a sketch of its pole-zero diagram. Figure 3.4-3 shows the case To 
•I Ri.C circuit; 1 Z,,1^)1 is found as a scale factor ll/C m this case) times he 
hide of the phasor from the zero to >«* on the imaginary ax 1S divided by*e 
, t 0 f the magnitudes of the phasors from the two complex poles to the same 
If o r > 10, or equivalently 2 « u> 0 . we observe that 


P„. ^ ( n ~ 


(11 + 1 )<x» 0 , 


and 


p = nco 0 ; 


\Zn(jna} 0 )\ 


(1 /C)p Zl 

Pp\Pp2 


CO, 


0 C(a 2 - 1 )' 


(3.4—11) 


>ws that 


|Z ( i(jna» 0 )|_ n __”- 

|Z U IM>)I Wo«C(n ; -I) St*" 2 - 1 * 


(3.4-12) 


. mlg ht expect, as Q T increases, the ratio of |Z t rO'nmo)! to |Z n (jco 0 )| decreases, 
licallv for 0 T > 10 , 


Z u 0'nco o )i 


< 0.067 for all n =£ 1 . 


Znljcoo) ! 

isiim these results one can estimate the minimum Q necessary to keep the rms 
■ billion of the second- and third-harmonic terms of an idea ™P ul Ise rain 
al to a parallel tuned circuit below 1 % of the fundamental contribution to he 
since all components of an impulse pulse train are equal in magnitude, the 
a | value of 0 is a solution of the equation 


30r' 


1 + (| x I) 2 < TCK) > 


Or > OH 100 


76. 


,nce all other waveshapes have harmonics that fall off in magnitude as the 
■ncy increases, it follows that any waveshape other than an impulse in the train 
I,, require as high a value of 0 to keep the distortion from the second and third 
on.es down toV u . The distortion problem is considered again in a more 
il and detailed manner in Section 3.5. 


IOIAl. HARMONIC DISTORTION 

nei iodic snmal sM I of period T drives a narrowband filter centered at cj 0 = 2x T 
I,Uer essentially’ extracts the fundamental component of s„(t). However, if the 


y tiuns 


ler function is not identically equal to 


zero at the harmonics of <u 0 . some 
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harmonic components appear at the filter output. Specifically, if 


QO 

s p (t) = C 0 + X c„ COS (na> 0 t + 9„) 

n — 1 


(3.5-1) 


and if H(jco) is the transfer function of the narrowband filter, then the filter output 
s„(r) has the form 

So ( t ) = C 0 H{ 0) + X C n \H(jnu) 0 )\ cos [na) 0 t + 0„ + 0(mu o )], (3.5-2) 

, , ■> _ H(jncr> ) In many applications, in particular that of obtaining 

* pure sinusoid at fhe output ot an oscillator, the higher harmonics of s.(t) represent 
an unwanted distortion signal s/t), where sjt) may be written in the form 


s/t) = X C n \H(jna) 0 )\ cos [iifflo 1 + 0„ + 0 ( nftJ o)]- 


n=2 


(3.5-3) 


[The C o H(0) term has been deliberately omitted from s d (t), since it can always be 

removed by an RF choke or a blocking capacitor.] , ■ 

To obtain a quantitative measure of the effectiveness of a narrowband ^filter in 
reducing sir) relative to the fundamental component of s„(t), we define total harm 
itorS 1 THD, as the ratio of the rms value of.*) to the fundamental component 

ofs„(r). Thus 


THD 




(Xp Xj X’o) 


\''n=2\cj l\mj,O 0 )]_ • 


(3.5-4) 


where T* (C 2 / 2 )|/fl>itUc))P is the rms value of Sd<f1 ' The quantlt - THD . givenby 
t abo^equadon l exactly the meter reading that would appear « a 
analyzer driven bv s B (r). It is apparent that for a given input signal ^(rl. the smal 
the value ofTHD the better the filter performs in producing a pure sinusoi a ou pu . 


aJ ° \/T£' '-woRC10 



Fig. 3.5-1 High-0 parallel RLC circuit driven by a periodic train ol impulses. 
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3.5 


To illustrate the method of obtaining an expression for THD, let us examine the 
inut v„(t) of the high-Q r parallel RLC circuit shown in Fig. 3.5-1. For this circuit 
. periodic input current may be expanded in a Fourier series of the form 


i.(t) = q £ <5(t - kT) = C 0 + I C„ cos nco 0 1, 

k= - pa n _ 1 

iere C„ = 2C 0 = 2 q/T■ hence CJC l = 1 for n = 2,3. In addition, for a 

eli Q, parallel RLC circuit, 


I Eq. 3.4-12): thus 


IZuQncuo)! = n 
|Z n O'aj 0 )| QA 1 * 2 ~ 


THD -<b 



(3.5-5) 


he series £* = 2 (n/n 2 - l ) 2 is known to converge to (1/16 + 7 t 2 / 12 ),t which when 
ihslituted into Eq. (3.5-5), yields 





0.94 

Qt 


(3.5-6) 


Ve now observe that for THD less than 1 %, Q T must be greater than 94. (A value 
,1 7 (, was obtained in the previous section by considering only the second- and t lr 
lamionic distortion terms.) 

If in lieu of a periodic tram of impulses, i ; (t) in the circuit of Fig. J.5-1 is a square 
a,ve with a peak-to-peak amplitude L a period T = 27r/m 0> and zero average value, 

hen 

ij(t) = £ C 2 „_i cos(2n - l)cu 0 r. (3.5-7) 

n — 1 


a here C 2 n- [ 


2/( — l)" _ 7i(2/i — 1). For this case (C 2 „-i/CJ" — (1'2n 1) .thus 



(3.5-8) 


1 he series 


V 


1 

12 n - l) 2 - 1 


+ Uihouen the senes in Ed. (3.5- 5ihas been obtained in closed lorm lor this case, such a represe 
illM1 IS in -encral not possible. Fortunately, in most practical cases, the senes ol Eq (3.>4) 
tom ernes Zutliciently rapidly so dial the first two or three terms provide a reasonably good 
approximation to the entire series. 
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is known to converge to (t: 2 /48 - 3/16); hence Eq. (3.5-8) simplifies to 


1 n 2 3 

THD * oW48 - 16 * 


0,135 

Qt 


(3.5-9) 


To vield less than 1 % THD with a square-wave drive to a parallel R ^ Ccirc ^,^ 
must only exceed 13.5. which is a factor of 7 lower than the value of Q r required to 
vield less than 1 THD with an impulse train drive. This reduction in the require 
value of Q r results both from the fact that the even harmonic components of a square 
wave are^zero and from the fact that the higher harmonics of a squarewave have 
amplitudes that are small compared with the fundamental amplitude. (The 
amplitudes of the harmonics vary inversely with frequency.) Since a periodic rain 
of impulses is the only waveform whose harmonic amplitudes do not decrease 

,h = ob ' a,M<1 t h “h rrr™ 

drive to a particular narrowband filter to provide an upper bound on the THD 
obtained Jj* anv other periodic inpu. drive; hence Q T = 94 ensures less than 
1 % THD for a parallel RLC circuit regardless of the form of the periodic inpu 

current drive. 


PROBLEMS 

3.1 Find the low-pass equivalent circuit, from the y u (p) viewpoint, for a high-0 (Qr > 10) 
series RLC circuit. 


Lit) 


Figure 3.P-1 



3 -> Determine i,(tj in Fig. 3. P-1, assuming that uj 0 = 10 rad set. r - >0 Cl 0 T .U. and i.tn 
If™ peak cosine signal at cu 0 = 10' rad sec that is 100“,, amplitude modulated by a 

radian frequency of 2.5 x 10 5 rad sec. 

3.3 Determine the output voltages v 0 (t) when a unit impulse, a unit step, and a unit sKp^modulatcd 
sine wave of /„ = 1.6 MHz are applied successively as HM m the circuit ot big. e 

3 4 Find the low-pass equivalent circuit of the h.gh-Q circuit shown in Fig. 3 P ' 









































Figure 3. P -5 
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3.5 Find the response of the two-stage IF strip shown in Fig, 3.P^I to an amplitude-modulated 
sine wave at the resonant frequency of the tuned circuits. Assume an input modulation of 
100 % and that the carrier is centered in the passband of the filter. Find the output percentage 
modulation for radian modulation frequencies of 1/4RC, 1/2 RC, and 1 /RC. (Use the low- 
pass equivalent approach.) 

3 6 A train of rectangular narrow pulses 0.1 jisec wide, 10 mA in amplitude, and spaced 628 nsec 
apart is applied as i i (f) to the circuit of Fig. 3.P-5. Estimate accurately the component of 
v ol (t)at2 x 10 7 rad/sec. (Hint: The curve for/ 2 // majl for a rectangular pulse in the Appendix 
to Chapter 9 may prove helpful if the pulse train problem is unfamiliar.) 

3 7 Determine t? 0 (f) for the circuit of Fig. 3.P-6 when i,(f) = (1 mA)(cos 2.5 x 10 5 f)cos 10 t. 



Figure 3.P-6 























































APPENDIX TO CHAPTER 3 


HIGH-0 FILTER MEASUREMENTS 


I he results of Section 3.3 find practical application in the measurement of the 
magnitude and phase angle, as a function of co m , of the transfer function of extremely 
narrowband filters, i.e„ filters having Q as high as 10 4 . The frequency of a normal 
oscillator often cannot be adjusted with the required precision to make such measure¬ 
ments ; and even if it could be so adjusted, it would be unlikely to possess the required 
frequency stability to allow the measurement to be made conveniently. 

On the other hand, a crystal oscillator with the same center frequency as the 
liller of interest can possess the required frequency stability. If this oscillator is 
iimplitude-modulated with the output of a low-frequency constant-amplitude 
vai lable-frequency oscillator, the resultant signal of the form 

Si(t) — A( 1 + cos o) m t) cos oj 0 t 

docs provide the test signal with which to evaluate the high-Q filter. With s t (t) 
applied to the filter, the output signal takes the form (Eq. 3.3-9) 

,s„(r) = AHJ0)jl + ^-~~cos[coj 4- 0 L (o)J]jcos[w 0 / + 0(« o )]. (3.A-1) 

m (Wm) 

II m = \H L (0) and 0 L (oj m ) are measured as a function of oj m and if H L ( 0) 

■ md dh-; n ) are determined, then sufficient data exist to plot the magnitude and phase 
o! //(jtoi Specifically, for to > 0, 

\H(joj)\ = \H L (jco - (o Q ) I, 

where \H = m'{coJH L ( 0) and 6(to) = 0 L (cn - aj 0 ) + 0(g> o ). 

Experimentally H L ( 0) and 0(cu o ) can be readily determined by any number of 
siandard methods with the modulation on the crystal oscillator absent. In addition, 
('Ajand 0, {ojJ can be determined by forming a Lissajous pattern on an oscilloscope 
lace with \,U) applied to the vertical channel and cos <u m t applied to the horizontal 
Hiannel A tvpical Lissajous pattern is shown in Fig. 3.A-1. Since the upper and 
l° w cr cmciopes of .sjM form standard elliptical Lissajous patterns. 0 L (o m ) may be 
^und li om 

, - , F 

= sm ' 

t 

88 


(3.A-2 
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where E and F are indicated in Fig. 3.A-1. In addition, m{co m ) can be obtained as 


tri(co m ) 


C - B 
C + B 


(3.A-3) 


by employing Eq. (3.3-6). [The reader should convince himself of the validity of 
Eq. (3.A-2).] Consequently, by selecting a sufficient number of different values for 
co m , one can plot the magnitude and phase angle of H( ja>) to any degree of accuracy 
desired. 

















































CHAPTER 4 


NONLINEAR CONTROLLED SOURCES 


1 lie normal mode of operation of the active devices discussed in this book is non¬ 
linear. Thus the usual small-signal incremental model for a device is not likely to 
be of much use either in designing or in analyzing a circuit. The purpose of this 
i linpter is to remedy this situation by providing adequate large-signal models for 
number of useful devices. We shall accomplish this aim by exploring general 
methods of dealing with the nonlinearities that occur in a number of “real-life 
active devices or circuits. In order to concentrate on basic concepts, we assume the 
absence of device reactance; e.g., no charge storage is allowed in transistors. We 
also assume that only a single type of nonlinearity occurs in any given case. In the 
early sections, all sources are assumed to be ideal in that series or parallel losses 
ate excluded. In later sections we examine the modifications that occur through 
ilie inherent or deliberate addition of resistive terms. 

Chapter 5 will consider the combination of nonlinear and reactive effects, 
u lulu till the following chapters will be concerned with complete circuits or systems. 


1.1 (.IMRAL COMMENTS 

( )ne can break down the types of nonlinearities into two broad classes. In one class, 
ihe input-output relationship is of the piecewise-linear or switched-linear segment 
l,)i m; m the other, the relationship varies gradually and lacks abrupt changes of 
■dope. Piecewise-linear types are always easily expressible in analytic form, as are 
certain of the gradual relationships. In some cases one can view a particular piece- 
wise configuration as an asymptotic limit for a gradual expression. 

l or some device characteristics, simple analytic means of characterizing their 
relationships do not seem to exist. However, in these cases one can always, at least 
,n theory, fit a polvnomial to any desired degree over any desired range. Although 
computer programs to aid in such curve fitting are widely available, they should 
have to be resorted to only on rare occasions. 

In general, one cannot resort to superposition in dealing with nonlinear cir- 
, mts . This means that the dc (average-value) and ac (time-variable) components of 
ih£ output stunal are interrelated. Initially we deal with this problem by assuming 
ideal volume'or current sources as bias supplies, so that average values may be fixed 
independently of the time-variable terms. The circuit of Fig. 1 1-1 provides an example 
i'I such a bias circuit. 


9f) 
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In addition to the ae-dc interrelationships of nonlinear sources, there are input 
drive waveshape—output waveshape relationships that normally defy generaliza¬ 
tion. This problem is circumvented in practice by assuming one of several common 
driving waveshapes and determining the outputs for them. Fortunately, it turns out 
that dc plus a sine-wave drive or dc plus a square-wave drive suffices to provide a 
first-order approximation for the operation of almost all real circuits. 


4.2 PIECEWISE-LINEAR SOURCE, SINGLE DISCONTINUITY 

Consider the circuit of Fig. 4.2-1. When v l > To, i 2 = G(v x — V 0 )< when v l < T 0 , 
i 2 = 0; hence, if 

= V b + u(r) and V b - |r(t)| ma * > 

then the operation occurs completely along the sloping portion of the characteristic 
and is incrementally linear in the conventional sense. In this case, superposition 
applies to the ac signal components; that is, if i 2 = h + then i(t) = Gv(t). 



Fig. 4.2-1 Piecewise-linear voltage-controlled current source. 


As another special case, consider the previous circuit biased exactly at the break 
point, so that V b = V 0 . Under this circumstance, the circuit performs as an ideal 
half-wave rectifier. In this case, if v{t) = V, cos cot, then the output current consists 
of half-cycle sine-wave pulses of peak amplitude I p = GV y , while a square-wave 
input for vit) of peak-to-peak amplitude 2V l and period T = 2nito yields a square- 
wave output also of peak value I p = GV l . Note that in the sine-wave case the output 
waveshape is drastically different from the input waveshape over one half-cycle, 
whereas it has the identical shape over the other half-cycle. On the other hand, 
a square-wave input yields a square-wave output. 

In many practical circuits the drive is periodic and the nonlinear^ device is 
followed by a narrow band filter of the type discussed in Chapters 2 and 3. In these 
cases it is convenient to express the device output in a Fourter-series lorm that 
clearly displays the various frequency components and their phase relationships. 
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4.2 


This is very easy to do when V b = V 0 and r(f) = V x cos cot, since the Fourier - 
series expansion of a series of half-sine-wave pulses is given by 

i 2 (0 — ~ ~ cos cor + cos 2cor — ^r- cos 4cor 4 - • • •, (4.2-1 ) 

71 2 3n 1J 7 T 

where I p = GV 1 is the peak value of i 2 . With o(r) in the form of a square wave, 

1 21 21 21 

1 * 2(0 = H-- cos cor - ~p cos 3 0Jf + _p cos _ ... (4.2-2) 

2 7C 37T 57T 

1 

where again I p = and the time origin is taken at the middle of the positive 
pulse. 

It is worth noting at this point that if the current generator of Fig. 4.2-1 drives 
a parallel resonant circuit that is tuned to to and that has a parallel resistance R T 
and a high value of Q T , then only the fundamental term produces any significant 
voltage v 2 across the tuned circuit. Consequently, with V b = V 0 , v 2 (t) is given by 


sine-wave drive: 


square-wave drive: 


”2 




cos cor, 


2V 1 GR 1 


cos cor. 


(4-2-3) 

(4.2^4) 


With both the square-wave and sine-wave drive we have obtained a sinusoidal 
output voltage that is linearly related in amplitude to the input driving voltage 
amplitude V 1 . Thus a highly nonlinear device operation has been combined with 
a narrowband filter to produce an overall linear amplifier. Such devices find wide 
application in the efficient amplification of AM waves. The “gain'’ of this amplifier 
is a function of the driving waveshape. 

As we shall see in Chapter 9, amplifiers in which the output current flows for 
exactly half of each input cycle are known as Class B amplifiers. From the equations 
above, we see that a Class B RF amplifier that has a linear characteristic over its con¬ 
ducting half-cycle has an overall linear output-input characteristic in spite of its 
highly nonlinear internal behavior. This is but the first of many examples in which we 
discover overall “linearity” in spite of internal nonlinearities. 

We now consider the general case of sine- or square-wave drives added to an 
arbitrary dc bias V b . The square-wave case is trivial, since it always results in a 
square-wave output and hence Eq. (4.2-2) is always valid. All that changes from case 
to case is the peak amplitude of the output square wave. For example, if V h ^ F 0 , 
then l p = G( V b + l\ - V 0 ). 

In the sine-wave case the waveshape is a function of the bias V b and the amplitude 
C : hence Eq. (4.2-1) is not valid for any case except the half-wave rectifier. The 
interrelationship of / 2 , V b , F 0 , and V\ is shown in Fig. 4.2-2. Here we see that /, is in 
the term ol a periodic train of sine-wave tips of peak amplitude I p = ( V\ — V X )G, 
where \ x = l 0 - \ h . In addition, if i 2 is plotted vs. cot rather than r, then an entire 
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Fig. 4.2-2 Output waveshape for the circuit of Fig 4.2-1. 

cycle occupies a duration of 2 n and the sine-wave tip occupies a duration of 20, 
which we define as the conduction angle, where 

, -,v x 

<t> = cos y- 

We observe that for V b > V 0 + l\. or equivalently V x < - V\, the conduction angle 
occupies an entire cycle and incrementally linear operation occurs. 

If we write a general expression for the Fourier series expansion of a train of 
sine-wave tips in the formt 

00 

i 2 = V /„ cos neat, 

n — 0 

then this expansion may be used to determine the dc. fundamental, or harmonic 
content in the output of a piecewise-linear circuit driven by dc plus a sine wave. 

The algebraic expression for the coefficients /„ of such an expansion and their 
asymptotic values are presented in the appendix to this chapter. Figure 4.2-3 presents 
normalized values for these coefficients in terms of the conduction angle 20 and the 
peak pulse amplitude I p . The plus or minus sign after the coefficient number in¬ 
dicates whether the coefficient is positive or negative. 

As a practical matter, it is often more convenient to have the Fourier series 
coefficients expressed in terms of V Xi than in terms of o, since in most prob¬ 
lems 0 is not known explicitly. This transposition of coordinate axes is readily 


+ We should recall that a cosinusoid applied to a nonlinear nonmemor\ device produces a periodic 
i'input which may be expanded in a Fourier cosine series with no sine terms. 
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Fig. 4.2-3 Normalized Fourier coefficients of a linear sine-wave tip pulse train vs. the conduction 
angle- 


accomplished by employing the relationship cos 0 = VJV v . In particular, IJl for 
n = 0. 1, 2 is plotted vs. V x /V l in Fig. 4.2-4. Negative values of VJV 1 in this figure 
correspond to the case where V b > V 0 (note that V x = V 0 - V b ) and i 2 has a conduction 
angle greater than 180°. 

As an example of the usefulness of these curves, consider a case in which 
V x — 1.5 V, G = 1000 /imho, and V 1 = 4.5 V. From the data of Fig. 4.2-4 and by 
multiplying by I p = GiV, - V x ) = 3 mA, we obtain I 0 = 0.78 mA, I, = 1.32 mA, 
and 1 2 — 0.81 mA. If this current were passed through a tuned circuit or its equi¬ 
valent, then the various output voltages could be found by performing one more 
simple multiplication for each current component. 

43 MULTIPLE-SEGMENT PIECE WISE-LINEAR SOURCES 

With large enough input drives, all practical devices eventually “saturate/’ In many 
cases the saturation is sufficiently abrupt that the input-output transfer characteristic, 
r 2 vs -'i‘ can modeled by a multiple-segment piecewise-linear characteristic 
of the type shown in Fig. 4.3-1. 


Normalized Fourier coefficients A,//,. 
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Linear sine-wave tips 



Fig. 4.2^4 Plot of ljl p vs. V X! 'V X for n = 0,1, and 2. 


Results for the case shown in Fig. 4.3—1(a) can be found as the superposition 
of the Fourier series for the positive and the negative sine-wave tip pulse trains. 
For the positive pulse train i 2P of peak amplitude I pl = G X {V X — V x ), we obtain the 
Fourier coefficients from Fig. 4.2-4 by employing I pi , and V x/ \\. The Fourier 
coefficients for the negative pulse train i 2S , of peak amplitude l P2 = G I ( V l 4- F y ), 
are obtained by employing I P2 and — VJV X (in lieu of VJV X ) in the curves of Fig. 4.2-4. 
The negative pulse train is shifted 180° in phase; therefore, its Fourier series has the 
form 


i 2N = —[7 0 + /j cos (cut + 7t) + 1 2 cos (2cot + 2n) -h * * ■,] 

= — / 0 + / 1 cos an — I 2 cos 2 an + / 3 cos 3an — ■ • •. (4.3-1) 

Consequently, when i 2V is combined with i 2/ >, the Fourier coefficients of the odd 
harmonics of both pulse trains add algebraically, whereas the Fourier coefficients 
of the even harmonics and the average value ot the negati\e pulse train must be 
subtracted from the corresponding coefficients of the positi\e pulse train to obtain 
the composite Fourier coefficients. 
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(a) 




o 



I *s>* 1 '.tiioui n.'iulupie-NC^ment piceewise-linear nonJineanties. dc plus sine-wave drive. 
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We should note that if Gj = G 2 and V x = — V y , no average value or even har¬ 
monics exist in the waveform of i 2 , since the magnitude of the corresponding Fourier 
coefficients of both the positive and negative pulse trains are equal. 

Results for the saturation model shown in Fig. 4.3—1(b) can be found by direct 
subtraction of the Fourier series for a sine-wave tip pulse train of peak amplitude 
I = G 3 (K 1 — V y ) and conduction angle 2</> 2 [</> 2 = cos - i {V y iV x )\ from the Fourier 
series for a sine-wave tip pulse train of peak amplitude I pi = G 3 (F 1 — V x ) and the 
conduction angle 20 1 [0 1 = cos -1 ^/^)]. Subtraction of the two Fourier series 
results in a Fourier series whose coefficients are found from the subtraction of the 
corresponding coefficients of the original two series. The coefficients of each series 
are, of course, found directly from Fig. 4.2-3 or Fig. 4.2^1. In the limit as V l becomes 
very large the current waveshape approaches a square wave; hence Eq. (4.2-2) 
again yields limiting values. 

Suppose, for example, that V y = — V x = 1.5 V, that the sine wave is varying 
around zero with an amplitude V i = 3 V, and that G 3 = 500 ^mho. Then 


K ^ ~Vy 
Vl Vl 


-0.5, 


I pi = [500 X 10 -6 X 4.5] mA = 2.25 mA, 


and 


I P2 = [500 x 10 6 x 1.5] mA = 0.75 mA. 

With the aid of Fig. 4.2-4 we obtain 

I Q = (2.25 mA) x 0.41 - (0.75 mA) x 0.226 = 0.75 mA 
[which, of course, could be found by inspection from Fig. 4.3—1 (b)], 

I, = (2.25 mA) x 0.535 - (0.75 mA) x 0.40 = 0.91 mA. 


and 


l 2 = (2.25 mA) x 0.093 - (0.75 mA) x 0.28 = 0.00 mA 

(again as expected because of the symmetry). 

In general, the output of any multiple-segment piecewise-linear characteristic 
driven by dc plus a sine wave may be expressed as the superposition of several sine- 
wave tip pulse trains. A little ingenuity is sometimes required to accomplish this. 
Once this representation is achieved, however, the coefficients of the output Fourier 
series may be obtained with the aid of the curves of Fig. 4.2-3 or Fig. 4.2-4. 

Characteristics similar to Fig. 4.3-1 (a) occur in Class B and Class C amplifiers, 
whereas center-biased characteristics similar to Fig. 4.3— 1(b) are used as limiters. 
If a characteristic like that of Fig. 4.3-1 (b) is really biased in the middle, then there 
are no even harmonics at the output. In addition, the normalized fundamental 
current output / r G 3 K v varies only from 1.0 to 4 r = 1.273 tthe fundamental ot a 
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sqiiorc wave of peak amplitude = 1) as the input amplitude varies from the break¬ 
point value, V y = —V x , to infinity. For V, = 2V y , 


I Pl = 3 G 3 V y , 


*p2 = G 3 V }; , ^ = 0.5, 


ind thus 



-0.5, 


= 1.218. 

Similarly, if V l = 3.86K V , then the normalized current is 1.258. A plot of IJG 2 V y 
vs f,/ V v is shown in Fig. 4.3-2. It is apparent that if an amplitude-modulated signal 



is applied to such a characteristic so that the carrier amplitude is 10 times the break¬ 
point while the percentage amplitude modulation is 80 % or less, then the fundamental 
\ullage across a tuned circuit in the output has less than a 4.5% peak-to-peak 
variation: 


1.273 - 1.218 
L24 


x 100 % 44 


I Icnce on the normal peak basis the output modulation is less than 2.5% or equiv¬ 
alently, we have reduced the AM by more than 30 dB. Such circuitry will be dis¬ 
cussed in more detail in Chapter 12. 


4.4 SQUARE-LAW CHARACTERISTICS 

\ square-law \ oltage in-voltage out characteristic can be approximated by a network 
vl diodes, resistors, and batteries. A square-law voltage in-current out characteristic 
is approximated quite closely by many field effect transistors (FET) of both the 
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Fig. 4.4-1 Square-law source. 


junction and the MOS types operating in their "constant current” region. Figure 
44-1 shows a typical square-law network for which 



0 , 


v, > ty 
»i ^ V p , 


(4.4-1) 


where I DSS and V p are constants similar in notation to those employed with junction- 
type field effect transistors. Clearly, as v x approaches V p (which is sometimes referred 
to as the pinch-off voltage), i 2 is reduced to zero. For v x = 0. i 2 = I DS s * I n this 
section V p is assumed to be negative. Positive values of V p merely shift the i 2 -v x 
characteristic to the right. 

Before proceeding further, we should note that when we refer to a square-law 
characteristic it is not a "true” square-law characteristic, but rather a "half' square- 
law characteristic. A true square law would be a parabola and therefore a double¬ 
valued function of i 2 . Since such characteristics do not often exist in nature, we 
restrict our attention to those formed by one branch of the parabola, as given by 
Eq. 44—1. However, one must be sure that operation is entirely in the square-law' 
region before substituting into the expression 



Again, with the square-law characteristic, we find that a square-wave input 
leads to a square-wave output; hence Eq. (4.2-2) is directly applicable to obtaining 
the Fourier series of i 2 once the peak value of i 2 is determined. 

If, on the other hand, v x = V h + V x cos cur and operation is within the square- 
law region, then 


-^(F; — 2 i\\\ cos tut + Vj cos- jm. 


(44-2) 
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where V x = V p — F b . In this case a Fourier series expansion for i 2 has only three 
terms; that is. 


2 (f) = / 0 + /1 COS (Dt -b 1 2 cos 2aJt y 


l _ 7 DSs/ y2 V l\ 

(4.4-3) 

'i = 

V P 

(4.4-4) 

j ^dss V i 

2 ~ V 2 ? ’ 

p ~ 

(4.4—5) 


Thus we find that if V b is supplied by an ideal voltage source so that V h is not a func¬ 
tion of 7 0 , then / 1 is a linear function of V l and we can define a large-signal average 
iransductance G m , 


G 


m 


h 

v. 


_ ^[dss v 

~ yl y x 
P 


(4.4-6) 


that is independent of the drive voltage. We can define such a large-signal trans¬ 
conductance for any type of characteristic; however, in general, it is not a constant 
but a function of V\. When G m is independent of V l and i 2 drives a high-£ 7 parallel 
resonant circuit tuned to the fundamental frequency, then variations in the ampli¬ 
tude of the output voltage are linearly related to variations in V L ; hence, here again, 
the overall transfer characteristic is linear and the device performs as a linear amplifier 
for AM signals. 

The square-law characteristic has the interesting property that the small-signal 
transconductance g m at any particular O-point is equal to the large-signal average 
transconductance G m at that same Q-point. To demonstrate this property, we 
evaluate g m in the form 


eh 




(*Wi) 


\vx = V b 


-I DSS 

n 


(4.4-7) 


which is identical to G m given by Eq. (4.4-6). A plot of g m = G m vs. bias voltage V h 
is show'n in Fig. 4.4-2. It should be made clear that g m is an incremental slope at 
a point on the current-vs.-voltage curve, while G m = IJV X is a ratio of fundamental 
output current to fundamental input voltage at a particular operating point. 

As an example, suppose that V b = V pi 2, or equivalently V x = J//2; then 


[ DSS 

~V~' 


't = - 




and 


IDSS ^I 

2 V 


Alien F is very small with respect to j l p \, then I 2 \anishes and low-distortion 
wideband amplification occurs. As V % increases. increases and distortionless 
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Fig. 4.4^2 Linear transconductances for square-law current characteristic (FET). 


wideband amplification is impossible; however, if a narrowband filter is employed, 
then linear amplification is possible from V l = 0 to V\ = ■ F p f/2, at which point 
operation exceeds the square-law region of the characteristic and G m becomes a 
nonlinear function of V x . 

In the general case, the second-harmonic distortion in the output current as a 
function of drive voltage is given by 


l_2 = _ V 1 gm Q 

I x ~ 4V X 4 V p g„' 


(4.4-8) 


w'here g m0 is the value of g m obtained for = 0. Thus, if = V pi 2. then 1 ° 0 distortion 
arises when V x = |K p |/50 = |K b |/25. This means that linear small-signal wideband 
amplification is restricted to small drive voltages. For example, if V p = —4V and 
V h = — 2 V, then to keep the distortion below 1 ° 0 V i must be less than 80 mV. 


As Eq. (4.4—8) indicates, increasing the gain by changing V b so as to increase g m 



Fig. 4.4-3 Square-lav, deuce dn\en be\ond cutofi. 
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does decrease the distortion, but not enough to make this type of characteristic 
well suited to producing wideband amplifiers with large-signal handling capabilities. 

In practical devices, the characteristic is likely to depart somewhat from square 
law at its extreme values; hence, if the above results are to apply, drive voltages 
must be small enough to stay out of these regions. Even if Eq. (4.4-1) does accurately 
describe the device, if u x = V b + V 1 cos cot exceeds V p for some portion of a cycle 
the above results are not valid. In particular, the device is off for part of the cycle 
and square law for the remainder of the cycle, as illustrated in Fig. 4.4—3. Thus 
we see that the current is a periodic train of square-law sine-wave tips of peak ampli¬ 
tude 


h = - kj 2 . 

y p 



m.4.4 4 Normalized Fourier coefficients of a square-law sine-wave tip pulse train vs. the 
induction anizle. 
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In addition, the conduction angle 2 cj> (i.e., the angular portion of the cycle during 
which i 2 is different from zero) is given by 

2 <fi = 2 cos - L 

Under this mode of operation the Fourier series for i 2 no longer consists of 
three terms but rather an infinite number of terms. The coefficients of these terms of 
the Fourier series as functions of I p and (f) are presented in the appendix to this 
chapter. Figure 4.4-4 presents the normalised values for the first three coefficients 
in terms of conduction angle 2 (f). 

In addition, Fig. 4.4-5 presents the normalized Fourier coefficients IJI p plotted 
vs. VJV ! = cos <f) for n = 0,1, and 2. Negative values of VJV X are obtained when 
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Fig. 4.4-5 Plot U I p vs. V x \ \ for n = 0. 1. 2. 
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the bias voltage V b lies within the square-law region, or equivalently, when the con¬ 
duction angle is greater than 180°. The point VJV X = -1 corresponds to complete 
operation within the square-law region and a conduction angle of 360°; conse¬ 
quently, for values of VJV X < — 1, the operation is well within the square-law 
region and the Fourier coefficients (only three) must be found from Eqs. (4.4-3), 
(4.4 4), and (4.4—5), which may be manipulated into the equivalent forms 

r = , I + iYJVx) 2 

0 p d - vjv.r 

I = / ~ 2 (W) 

1 p u - vjv.r 

i 

1 2 = /„-2-— 

p d - v x >v,r 

which are valid for VJV 1 < - 1 and for which, of course, 

h = - K). 

V P 

It is of interest to note that for VJV X = -1 substituted into Eqs. (4.4-9), (4.4-10), 
and (44-11), / 0 ,/ p = f, l x il p = j, and I 2 /I p = These are exactly the values shown 
in 1-ig. 4.4-5 for V x/ V, = — 1; hence the Fourier coefficients /„ vary continuously 
as F 1', decreases beyond —1. 

1 hese square-law sine-wave tip characteristics will be quite useful in designing 
Sell-limiting field effect transistor oscillators, as well as in explaining the action in 
lai lie-signal FET RF amplifiers. 

4.5 I HE EXPONENTIAL CHARACTERISTIC 

\ '■cry good approximation to the current emitted across a forward-biased P-N 
l"iiciion in a junction diode or transistor is 

h = I s e v ' q!kT , (4.5-1) 

where kTq is approximately 26 mV for T = 300°K. If we assume that the transistor 
alpha is independent of current and ignore for the present all internal resistive 
voliagc drops, then by choosing I s appropriately we can use Eq. (4.5-1) to represent 
emiiier. collector, or base currents. (The equation is not “exact” in the reverse 
direction; however, for our purposes this “nonexactness” is a third-order effect.) 

A typical voltage in-current out exponential characteristic is obtained from 
iIn- circuit of Fig. 4.5-1. If tq = V h + v(t) is applied to the device. i\(r) has the form 
/,i, ■ an. where/ d , and/(r) are functions of both l b and fit). In our previous examples 
,u ' t)S 2 Uin«d that ly and r(t) were supplied from independent sources and derived our 
I' .uli. III lerms of these quantities. In this case, however, we assume that / dc and 
MM ,nc supplied from independent sources and present the results in terms of these 


(4.4-9) 

(4.4-10) 

(4.4-11) 
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Fig. 4.5-1 Exponentially controlled current source. 


quantities. The reason for this choice is apparent when we realize that in a well- 
designed transistor circuit we control the bias (or average) current and the ac junc¬ 
tion voltage; hence these are the quantities we know. 

With i\(t) = V h + v(t) applied to the circuit of Fig. 4.5-1. i 2 (t) is given by 

l — J^ e qV b ikT e qv{t)lkT 


For small-signal operation, i.e.. values of r(t) for which qv(t)/kT « 1, i 2 (f) reduces 
to the form 


<2 = h* qV 


1 + 


qvi r) 
kT 


= L 


i(t). 


(4.5-2) 


where I dc = he‘ iVb,kT . and i(r) = q/ dc r(f),T'T Clearly iff) and r(r| are linearly related 
by a small-signal transconductance 


_ r(f) _ q/ dc 
Sm _ iff) kT 

which is a linear function of bias current. We note that small-signal linear “gain” 
control can be achieved by controlling the bias current l ic . This linear gain control 
will be seen to have many useful applications. 

Square-Wave Input 

If r(t) is a symmetrical square wave of peak amplitude V x , it is apparent that i 2 is 
also a square wave with an upper level 

f u = l s e qVb kT e‘ lV ' kT 

— / .W V b kT m l kT 
~~ 1 1 


and a lower level 
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Thus the average value of i 2 is given by 


7 H r 


I M + K 


= Ire qVblkT cosh . 


(4.5-3) 


and the peak-to-peak value of i 2 is given by 

1 PP = l \t ~ , m = 2I s e qVblkT sinh .x, (4.5-4) 

where x = qV v kT normalizes the input square-wave amplitude to 26 mV (at 
T = 300° K). By combining Eqs. (4.5-3) and (4.5-4), we obtain 

Ip P = 21 dc tanh x. (4.5-5) 

The quantity / pp /2/ dc is plotted in Fig. 4.5-2 vs. x. 



For x « 1. tanh a: ^ X and Eq. (4.5—5) reduces to 


Lh£ — I Y _ ^ dc V = o V 

* dc^ ^ 7- ' \ ^ 1 ' 


(4.5-6) 


which, of course, is just the small-signal relationship between the peak amplitude 
of the output and input square waves. For large values of x (x > 25), tanh x is 
within 1 ° 0 of unity and 

% = / dc * (4.5-7) 


This relationship makes sense. For large values of V\ the negative portion of the 
input square wave effectively cuts off i 2 ; hence i 2 varies from zero to 7 pp and thus 
has an average value of 7 2 . 4 

It is apparent that, for large values of x, the output square-wave amplitude is 
independent of the input square-wave amplitude and therefore the circuit functions 
as a limiter. Conversely, for x « 1 the circuit performs as a linear amplifier. 

Regardless ol the value of x, however, the peak amplitude of the output square 
wa\e is linearly related to 7 dc ; consequently, by controlling 7 dc we can linearlv 
amplitude-moduiate the output square wave. If. in addition, w^e pass r\(t) through 
a nigh-0 tuned circuit, we obtain an output \ oltage w hich is an amplitude-modulated 
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sine wave. In particular, if i 2 (t) drives a high-Q parallel RLC circuit which has 
resistance R T and is tuned to the fundamental of i 2 , then the output voltage v 2 (t) 
is given by (cf. Eq. 4.2-2) 

v 2 (t) = — ^ dc ^ T tanh x cos cot. (4.5-8) 

71 

It is assumed here that if 7 dc is a function of time, the bandwidth of the tuned circuit 
is sufficient to pass the AM sideband information. 

Sine-Wave Input 

If ^(t) = V b + V l cos cot, then 

i 2 (t) = 7 5 ^ b/fc V KlCOS “' /kr 

__ j^qVb/kT^xcosatt 

where again x = qVJkT. For cot = 0, 2?r, 4?r,..., i 2 {t) attains its peak value of 
/ = I^e qi ' blkT e x . To observe the form of i 2 (t) for other values of t we normalize 
i 2 (t ) to / p and plot 


O0 
h 


x cos cor 

—:r- = w x (t) 

e 


vs. cot with x as a parameter, as shown in Fig. 4.5-3. Note that for small values of x 
the output current is almost cosinusoidal, as would be expected; however, as x in¬ 
creases, the output current becomes pulselike in form. 

Because of the exponential nature of i 2 , it is not possible to define a conduction 
angle for these pulses in a conventional sense: however, we may define a fictitious 
conduction angle as the angular portion of the cycle for which i 2 (t)/l p > 0.05. This 
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conduction angle may be defined as 20, where 0 is the solution of the equation 

p x cos 

—— = 0.05, (4.5-9) 


or equivalently. 


(p = cos 1 1 + 


In 0.05 


cos 


1 - - 


(4.5-10) 


A plot of this conduction angle vs. x is given in Fig. 4.5—4. 



Fig. 4.5-4 Plot of conduction angle 20 vs. x. 


The pulse shape is a function only of the normalized ac input voltage (x), and 
not of the bias level. This, of course, is a basic property of an exponential charac¬ 
teristic. 

The current i 2 it) — I p e XCOSU3t !e x may be expanded in a Fourier series of the form 

CO 

MO = y C„ cos mot, 

n = 0 

where 


C 


n 



= y° w ’ (4 -^ u) 

J_ f e xcosa cos n o^ d^l = (4.5-12) 


and /„(x) is a modified Bessel function of order n and argument x. The modified 
Bessel functions should not frighten the reader, since they represent merely the 
tabulated results of the numerical integrations of the integrals of Eqs. (4.5-11) and 
14.5-121 with .y as a parameter. Various useful properties of the modified Bessel 
functions, including their tabulation, are presented in the Appendix at the back of 
the book. 
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By noting that 


C 0 = -*/ 0 (x) = / dc , 
e 


we can write i 2 (0 as a function of 7 dc in the form 


M0 = M 



2 I n (x) 
Io(x) 


cos ncot 


(4.5-1 la) 


(4.5-13) 


Table 4.5-1 Tabulation of modified Bessel function ratios vs. ,x 


X 

21 Ax ) 
foW 

2 / j (- x ) 

f 0 W 

2 J 3 W 

1 oW 

h ( x ) 
i Ax ) 

0.0 

0.0 

0.0 

0.0 

0.0 

0.1 

0.0999 

0.0024 

— 

0.024 

0.5 

0.4850 

0.0600 

0.0050 

0.124 

1.0 

0.8928 

0.2144 

0.0350 

0.240 

2.0 

1.3955 

0.6045 

0.1866 

0.433 

3.0 

1.6200 

0.9200 

0.3933 

0.568 

5.0 

1.7868 

1.2853 

0.7585 

0.719 

7.0 

1.8511 

1.4711 

1.0104 

0.795 

10.0 

1.8972 

1.6206 

1.2490 

0.854 

14.0 

1.9272 

1.7247 

1.4344 

0.895 

20.0 

1.9493 

1.8051 

1.5883 

0.926 


Table 4.5—1 presents data for 21 |(x)// n (x), IZilxl/Zolx), 3J 3 (x)//o(. 1 t), and Tfxl /il.v) 
all vs. x. Figure 4.5-5 presents a plot of these same data. [These data have been 
calculated from the values of /„|.v) given in the Appendix at the back of the book.! 
As shown in the Appendix, for small values ol x. I nix) — 1. /j(x) —* x_, and l n (x) 0 
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(actually some power of x greater than unity); hence, when x approaches zero, 

GW - AicU + x cos cot) = % c + g m V± cos cot, (4.5-14) 

which is the expected small-signal response. 

For large values of x, the pulse width of i 2 becomes narrow and the fundamental 
component is seen to approach twice the dc value, as expected; thus again the 
exponential characteristic is useful as a limiter so long as the minimum amplitude 
does not cause x to drop below say 5. For example, with a normalized carrier 
amplitudejof x = 10, 50% amplitude modulation in the input (m = 0.5) causes less 
than 4 % output amplitude modulation (m 0 = 0. 04). 

When x is large, I 0 (x) approaches e t j % j2nx (this equality is within 6 % for x > 3 
and within 3% for x > 5). Hence from Eq. (4.5-1 la) the relation between the dc 
component and the peak current for x > 3 is given by 



Thus in a circuit in which I dc is held constant at 1 mA (and in which resistive drops 
are negligible), a peak sinusoidal base-emitter voltage drive of 260 mV will cause a 
current peak of 7.95 mA, while the fundamental component will have a peak value 
of only 1.90 mA. 

Figure 4.5-5 conveys all sorts of additional interesting information about the 
exponential characteristic. If J dc is presumed constant, so that it is not a function 
of V 1 , then the 2[/ 1 (x)// 0 (x)] curve indicates that a narrowband "linear” amplifier 
for the % component is feasible only for values of x less than unity. From the 
curve one sees that, for wideband linear amplifiers, x must be less than 
0.1 just to keep the second-harmonic distortion below 2.5%. [Note as x 0, 
Mx)//i(x)->x/4: hence x = 0.1 implies / 2 (x)// 1 (x) = 0.025.] Therefore, such a 
characteristic is useful only in an absolutely linear fashion when input voltages are 
below 2.5 mV. (The schemes that one employs to design amplifiers capable of 
handling large-signal inputs without distortion will be discussed in subsequent 
sections.) 

When the exponential characteristic is followed by a tuned circuit which extracts 
ihe fundamental component of i 2 (t), it is again convenient to define a large-signal 
average fundamental transconductance G m (x) as 


G M- 7 * - ; dc 2I l {x)_qI dc 21 i(x) 
v \ K %U) kT x/ 0 (x)' 

With this definition the output voltage tsW can be written as 


(4.5-15) 


r 2 (r) = -GJxjF^coscur, (4.5-16) 

where R r is the resistance of the tuned circuit at resonance. If / dc is independent 
of 1\. then 


dc I 1 — 0 


4/ dc 
kT 


/dc = / 


and 
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Thus G m (x) as given by Eq. (4.5-15) reduces to 

G (x) = g 27 ‘ (X) (4.5-17) 

-t/ 0 (x) 

Table 4.5-2 presents values for G m (x)/g m = 2/ 1 (x)/x/ 0 (x) vs. x. In addition, these 
data are plotted in Fig. 4.5-6. 


Table 4.5-2 Tabulation of 2/ 1 (x)/x/ 0 (x) vs. x 


X 

2/,(.x)_ GJx) 
xl 0 {x) 

0.0 

1.0 

0.2 

0.995 

0.5 

0.970 

1.0 

0.893 

2.0 

0.698 

3.0 

0.540 

4.0 

0.432 

5.0 

0.357 

6.0 

0.304 

7.0 

0.264 

8.0 

0.234 

9.0 

0.210 

10.0 

0.190 

15.0 

0.129 

20 0 

0.0975 
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By the time x — 1, G m (x)fg m is already down by 1 dB; hence we again observe 
that “linear” narrowband AM amplifiers require <26 mV. However, the 

drop in G m (.x) with increasing drive is useful income circuits. For example, it allows 
the output amplitude of a sine-wave oscillator to stabilize. As the oscillations 
begin to grow, the loop gain decreases to the point where a further increase in the 
oscillation amplitude is not possible. 

We should note finally that / 2 (t) given by Eq. (4.5-13), is directly proportional 
to / dc , hence, here again, by controlling I dc we can achieve multiplication or ampli¬ 
tude modulation independent of the value of V t (or x). In Chapter 8 we shall consider 
in detail how this control is accomplished. 


-10 V 



Figure 4.5-7 


Example 4.5-1 For the narrowband amplifier shown in Fig. 4.5-7, determine an 

expression for r„(r). Also determine the peak emitter current and its conduction 
angle. 

Solunon. The base-emitter voltage consists of the input cosine plus whatever dc 
\oltage l dc builds up across the capacitor C l ; hence 


r EB — Kic + i. COS 10't 
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and 


i E = J Ese qV d JkT e 9.6 cos i0 7 t 


^9.6 cos i 0 7 r 

/ -- 

P g 9.6 


= ^y 0 (9.6) 


i + 


2/i(9.6) 

/o(9.6) 


cos 10 7 r + ■ • • 



The 2.6-mA current source must equal the average value of i E ; therefore, 


Vo(9.6) 

e 9.6 ^ dc 


2.6 mA 


and the fundamental component / £1 is equal to 


/ 


£1 


(2.6 mA) 


2/i(9.6) 

7 0 (9.6) 


= (2.6)(1.88) mA = 4.88 mA. 

Since the output-tuned circuit resonates at cu 0 = 1 /y/~LC = 10 7 rad/sec and 
has Q T = oj 0 RC = 20, only the fundamental component of i E contributes to the 
output; therefore, if a % 1, 


v 0 = (- 10 V) + (2 k£2)(a)(4.88 mA) cos 10 7 r = (- 10 V) # (9.8 V) cos 10 7 r. 


In addition, since I p — I dc e 9 ‘ 6 /I 0 (9.6), then by interpolating from Table A-2, or using 
the relationship I p ^ yj2nxI dQ , we obtain 


2.6 mA 
p “ 0.13 " 


20 mA. 


Also, from Eq. (4.5-10) and by noting that x = 9.6, we obtain a conduction angle 
of 96°. 

As an alternative approach to obtaining r 0 , we observe that the small-signal trans¬ 
conductance g m is 


gm = *g in = -JjT * 0.1U. 

Consequently, the large-signal average transconductance (cf. Fig. 4.5-6) is given by 

G m = (0.197)(0.1)U = 0.0197 13. 

Therefore, the output voltage has the value 

t „(r) = l cc - G m (2 kQl[(i- V) cos 10T] = ( - 10 V) + |9.8 V) cos lO'f, 


uhich. of course, agrees with the previous evaluation. 
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6 THE DIFFERENTIAL CHARACTERISTIC 

two transistors with characteristics of the type outlined by Eq. (4.5-1) are con¬ 
ned in a differential configuration so that their total emitter current, /*, is supplied 
y a constant current source (normally another transistor), then a very useful and 
isily integrable circuit results. The differentially connected circuit is shown in 
ig. 4.6-1. This circuit has a distinct nonlinear characteristic that should be added 

> our collection of useful nonlinearities. 

i 



Fig. 4.6-1 Differential configuration. 

To obtain an expression for the nonlinear characteristic of the differentially 
onnected circuit, we note that 


*1 — J S l ^ 


qjkT 


; _ r p^BEiqikT 


(4.6-1) 


Terefore, if I sl = I s2 (which should be true if both transistors are integrated on 
hie same "chip” and are identical in size and construction), then 


- v 2 )qfkT 

1% 


f we now set i\ -f i 2 = / tl we obtain 


i-i = 


and 


1 


h 


(4.6-2) 


(4.6-3) 


/here r = (t^ — r 2 k} ; kT. The normalized nonlinear characteristics i { I k and 
1 il k vs. r are tabulated in Table 4.6-1 and plotted in Fig. 4.6-2, 


.6 


the differential characteristic 


Table 4.6-1 


it/Ik 


+ 294 

0.95 

+ 220 

0.90 

+ 1.10 

0.75 

+ 0.405 

0.60 

0.000 

0.50 

-0.405 

0.40 

-1.10 

0.25 

-220 

0.10 

-294 

0.05 


hih 

Ti — 

0.05 

+ 77 mV 

0.10 

+ 57 mV 

0.25 

+ 28.6 mV 

0.40 

+10.4 mV 

0.50 

0.0 

0.60 

— 10.4 mV 

0.75 

— 28.6 mV 

0.90 

-57 mV 

0.95 

-77 mV 


It is of interest to note that both i 1 
average value IJ2. Specifically, 


*2 




and i 2 possess odd symmetry about their 


1 - er 
1 + e* 


I k .z 
—- tanh -, 
2 2 


(4.6-4) 


from which we observe that i(z) = - i(-z). With the aid of Eq. (4.6-4) we can write 
i 2 in the alternative form 


<2 

h 



(4.6-5) 


and, in a similar fashion, we write 


2\ 


1 + tanh ^ 


(4.6-6) 


If this circuit is operated about its point of symmetry (s = 0), as it normally is. 
then *edc component in either current remains at H 2 for all symmetncal dnvtng 
signals (it. - r,l If. in addition, the driving signals are periods no even harmonics 
are generated.' In particular, iff, - e 3 is a square wave ot zero average value and 
- -- • ■ ■ nauare wave in phase with the input and i, is a square 


amnliuide Vi. then it is a 
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wave 180° out of phase with the input. Both i t and i 2 are symmetric about IJ2 and 
have peak values which can be determined directly from Table 4.6-1 or Fig. 4.6-2. 
For example, if V l = 57 mV (T = 300° K), then the peak-to-peak value of both 
i, and / 2 is equal to 0.8/ k . 

For small values of z (z « 1 or equivalently liq — u 2 | « 26 mV), we may approxi¬ 
mate tanh (z/2) by z/2 to obtain 


and 



yK - v 2 ) 


(4.6-7) 








v 2 X 


where g in = qI u '2kT. Since g in is just the small-signal conductance "seen” looking 
mio the emitter of transistor 1 or 2 with the base grounded and with an emitter 
current o(IJ2. it is clear that Eq. (4.6-7) represents simply the expected small-signal 
transfer for a differential pair of transistors. In addition, the small-signal trans- 


conductance 


is given by 




zi lac - *i Uc 

t’l — 1*2 1 



Sm 



(4.6-8) 


where x is the ratio of collector to emitter current. 

If now — t+ = V\ cos cot and we again define x = qVJkT then 

ij = y + i and i 2 = y — i, (4.6-9) 


where 


i = — tanh 

2 


.X 

- cos cot 
1 


A sketch of i vs. cur, shown in Fig. 4.6-3, indicates how the waveform varies with x. 

It is quite apparent that the Fourier series of i contains no even harmonics; 
hence i may be expanded in the form 


i = I { cos cot + / 3 cos 2cot + I 5 cos Scot + ■ ■ ■ 


= /;. ^ t / 2n _ cos (2 m - 1 kur. 

- 


(4 6-10) 
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Fig. 4.6-3 Sketch of i vs. wt for several values of x. 


where 




1 

* J-v 


4 tanh —cos 0 


cos nO d0 — 

* t 


The coefficients u n (.x) do not appear to be expandable in terms of tabulated functions; 
however, it is a straightforward numerical matter to determine the Fourier co¬ 
efficients a„ for the fundamental and the first several harmonics. Table 4.6-2 presents 
a„(x) = IJI k for n = 1, 3, 5. 


Table 4.6-2 Tabulation of l ni l k vs. x for n = 1, 3. 5 


X 

a,(x) = I v I k 

u 3 (x) = l v I k 

O <( X | - / X 

0.0 

-- 11 

0.0000 

0.0000 

0.0000 

0.5 

0.1231 

— 

— 

1.0 

0.2356 

-0.0046 

— 

1.5 

0.3305 

-0.0136 

— 

2.0 

0.4058 

-0.0271 

— 

2.5 

0.4631 

-0.0435 

0.00226 

3 0 

0.5054 

-0.0611 

0.0097 

4.0 

0.5586 


— 

5.0 

0.5877 

-0.1214 

0,0355 

7.0 

0.6112 

-0.1571 

0 0575 

10.0 

0.6257 

-0.1827 

0.0831 

X 

0.6366 

—0,2122 

+ 0.1273 


Figure 4.6-4 plots a 3 (x), and u 5 (.x)vs. .x and compares the fundamental 

components from the differential characteristic with those of a truncated linear 
characteristic (Fig. 4.3—lb) that has fhe same slope at the point of symmetry and 
the same asymptotic values. The salues for .x = x are obtained from Eq. (4.2-2) 
bv noting that, for very large dri\e voltages, the currents and i z must have the 
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Fig. 4.6-4 Harmonic content from sinusoidally excited differential characteristic. 


loi m ol square waves. In addition, for small values of x we may expand \ tanh 
\(\ 2) cos <ot] in a MacLauren expansion of the form 


4 tanh 


— cos cot 


— cos cot 


24 


cos 



x 3 \ X 3 

— cos tot — —2 cos 3 cot 
ill 96 


Inis, lor small x. a,(x) ^ \(x - x 3 /16) and a 3 {x) * x 3 /192. Clearly, then, a^x) 
is a linear function of x, provided that x 2 /16 « 1. Specifically, if x < 0.63, the non¬ 
linear term in u^x) is less than 2.5 ° 0 of the linear term; that is, x 2 /16 < 0.025. It 
is also apparent that for x < 1, a 3 (x)/a 1 (x) < 0.02; consequently, the limits on 
Imeariiy are determined not by the presence of the third-harmonic current com- 
p< mein but rather b\ the presence of the nonlinear term in a^x). Hence broadband 
is U ell as narrow band linear amplification is possible for values of \i\ — r,| < 16mV. 
Mug iiu lease in input dri\e by a factor of 6.3 over the single-transistor broadband 


4.6 


THE DIFFERENTIAL CHARACTERISTIC 119 


amplifier is due primarily to the symmetry of the differential characteristic and the 
resultant absence of even (principally second) harmonics from the output. In¬ 
tuitively what we are doing is compensating for the nonlinear input characteristic 
of a single transistor by using a second transistor as a nonlinear emitter impedance. 

When a tuned circuit which extracts the fundamental component of current is 
placed in the collector of either transistor, it is convenient to again define a large- 
signal average fundamental transconductance as 


~ \ a/ i 

G m (x) = v 


kT xl k gin x x ’ 


where g m is the small-signal transconductance defined by Eq. (4.6-8). With this 
definition of G m (x), if a high Q T tuned circuit with a resistance R L at resonance is 
placed in the collector of transistor 2, the tuned-circuit voltage v T is given by 


MO = G^xW^ cosot. 


(4.6-11) 


A negative sign would be required if the tuned circuit were placed in the collector 
of transistor 1. A plot of 4aj(x)/x = G m (x)/g m is given in Fig. 4.6-5. 

Finally, it should be noted that the differential characteristic has many of the 
same properties as the exponential characteristic. For small input signals the 
differentially connected circuit operates as a linear amplifier, for large input signals. 



x 


Fig. 4.6-5 Plot of G^txVgm = 4u 1 (x).-x vs. x. 


I 1 /I k approaches a constant and the circuit functions as a limiter. In addition, 
i! and /-> are directlv proportional to I k : therefore, linear gain control or amplitude 
modulation can be achieved by controlling l k . In practice, as v\e shall see in Chapter 
it turns out to be more effective to control I k for the differential pair than I dc for the 
single transistor. 
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^ 7 qi mKR (iKADUAL NONLINEARITIES— PENTODES 

Many practical devices have current-source-like outputs in which the input voltage- 
* ml pu t current relationship is neither exponential nor square law. In many cases, 
'll,is relationship takes the form 


If = < 


l ss 


0. 


i-A 


t'i ^ C 


(4.7-1) 


tn i h is equation t S s the current lowing when v x = 0, while is a cutoff voltage 
[that is, ij 52 d w hen Fj — I zo ). 

In a pcMiiode, for example, for which the plate-to-eathode voltage r B is kept above 
Pie knee of the i' H ~i B characteristic, and for which the screen-to-cathode voltage 
, t md supressor-to-cathode voltage v SF are held constant, the plate current i B may 
be related to the control grid-to-cathode voltage f g by the relationship 

/ v \ 3/1 

1 b — ^ss ^ ~ Tr) r (4.7-2) 

\ K co/ 


I ,,-ure 4.7-1 shows a typical set of v G -i B characteristics for a pentode with the screen 
j[. ll2C as a parameter, along with the corresponding v B -i B characteristic. It should 



w\ 

wy 

Vv\ 


Kig. 4.7-1 Plate current characteristics for a pentode. 


V noted that Vth l ss and V CQ vary with the screen grid voltage. In particular, for 
. - pentode with r s = 150 V. I ss = 16 mA and V eo = -4.6 V; with v s = 

^ V i <s -x ; 2 av -\ and V co = -3.2 V; and with r s = 50 V, I ss = 4 mA and V co = 

M V 

\n such as Eq. (4.7-1) may be derived from theoretical considerations 

a pevjc- ' :: "iav be matched with the appropriate choice of n, I ss , and E„, 
^ v : veil tally measured characteristics. It turns out in practice that 
, v kC10 a r.msistors have experimentally evaluated characteristics that are 


4.7 


OTHER GRADUAL NONLINEARITIES—PENTODES 121 


best matched by Eq. (4.7-1) with values of n ranging from 1.5 to 2.5. The large 
majority of them, however, require n % 2, as we noted previously. 

If we now apply a voltage of the form rdO = V b + i*(f), where fJO > T co , to a 
device described by Eq. (4.7-1) or, as a matter of fact, to any device whose output 
current is a smoothly varying function of its input voltage, then we gain a great deal 
of insight into the limits of linearity, as well as the nature of the nonlinearity, by 
expanding i 2 in a Taylor series about the Q-point. Specifically, 


h = h 


+ 


c\2_ 

dv x 


1 3 2 h i 

v h 2 cv x \ v 


IT + 


1 d 3 if 


2-3 cv\ !, 


v 3 + 


where 


= a 0 4- a x v + a 2 v 2 4- a 2 v 3 + * ■ *. 


1 d n i 2 

a " “ ~\ A.S 


(4.7-3) 


n\ cv x \ Vb 


To describe i 2 accurately we must keep all the terms in the Taylor series; however, 
in practice, if the u x -i 2 characteristic is smoothly varying, we may require only the 
first three or four terms to describe the characteristic within a few percent accuracy. 
Any attempt at further resolution is usually unwarranted because of the lack of pre¬ 
cision of the characteristic itself. (As an alternative to evaluating derivatives at the 
O-point w r e could evaluate a 2 and a 3 so that the series gave exact results at two other 
points spaced about the Q-point. With slowly varying curves the differences between 
the two methods is small. Since this second approach involves taking the difference 
between two almost equal numbers, it must be carried out very carefully or the results 
may be misleading.) 

For the device described by Eq. (4.7-1), if we define V b = NV C0 , where 1 > N > 0, 

then 

tfo = Ml - N)\ 


U{ = -/M(l - AT” 1 , 


n(n — 1) /ec 

a, = —r. -- AT -2 . 


2! V z 


(4.7-4) 


Clearly, for small ac input voltages v, i 2 is given by 

1 2 = / ss (l - N) n - nTl - N) n ~h\ (4.7-5) 

*co 

Hence we observe that the small-signal transconductance is given by 


Since is a negative quantity, we note that is actually positive. 
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If = V\ cos cot such that i' { = V b + V\ cos cot, then i 2 (from Eq. 4.7 3) is 
cn by 

i 2 = a 0 + a x V x cos cot + a 2 Vf cos 2 cot + a 3 V\ cos 3 cot (4.7-7) 

vc assume the higher-order terms to be negligible. By using the trigonometric 
n 1 1 ties 

co’s 2 9 = and cos 3 9 = cos 9 + \ cos 39, 

■ can simplify the expression for i 2 into the Fourier series form 


( 0 


h 


12 


a 0 + Tp. + fJu! + 3 ^ —| cos tot + ^p-cos2cot + cos 3cot. 


(4.7-8) 


From Eq. (4.7-8) it is now apparent that the relative second-harmonic distortion 
simply 


4, F, 



+ 


laSj y 


Inch for small values of V\ reduces to V\a 2 i2a x . With the aid of Eq. (4.7-4) this can 
■ expanded to 


V\a 2 _ F, 1 -_n_ 

^7 = 4F“ T-~N' 


„ = 3 and N = then for less than 1 ° 0 second-harmonic distortion | VJVJ < 0.04. 

/itli 7 0 = —4 V. V\ < 160 mV. . . 

The larae-sienal average fundamental transconductance G m for such a device 

given by 


G 


m 


h 

Vx 


= 1 + 


3Vja 1 \ 
4 ax ) 


-n^l - Nr* 1 


1 + 


V\ (n - l)(ti - 2) 
8lT (N - l) 2 _' 


(4.7-9) 


he c/j-term has made G m a function of a signal level. This leads to distortion in 
arrow band amplifiers. To keep G m constant within 1° 0 , V x must be restricted so 

i.it 


I Tin - 1 )[n - 2) 
l) 2 


< 0 . 01 . 
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US 1 *, iaf'ger'signal' may be applied for 

* 0<1 

triaonometric identities we can express G m in the form 


G 


m 


h 

Vx 


I 3F 2 a 3 , 
i + 4 fll 


3F 2 a 3 \ 
2a i / 


(4.7-10) 


Pi^nrlv if the V'n-ierm were modulated, then a distorted version of this m 

lation would apPW on lht signal '™ lpu ' f !wb”’'h»»n is 

This effect of the transference of modulation from (o^linear) de.rce as a 

cross m 0 d u ( a[ i°n ^^ ^absence oTlhe^ross-modulauon effect. .In a rruesquare- 

imu^deviee^^Od^Thebfirsl ampbfier^tage^f ^^rui^^r^houl^abeai^have^a 

input terminals. 


4 o 8 n 

in many practical cases we find that the 

tied by the inclusion of a resistor in * eries - un ductance of the composite device 
effect of such a resistor is to decrease t e sc _ , . f current that would 

(a larger input voltage is ^ired lo .p^wise-linearize" the composite nonlinear 
exist without the resistor) and to p r exte ndinu the operating 

niqurr-cd ro produce .he Paired 

value of input current. 



Fig. 4.8-1 A PNP transistor with resistance in series wuh the e 
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figure 4.8-1 shows a transistor with a resistor R in series with the emitter, 
though such a resistor is sometimes added deliberately, in other instances it is 
ticrent in the transistor; for example, it may be the bulk emitter resistance or the 
irmsic base resistance, which becomes a significant factor when the transistor 
rncs a high current. Thus in most power amplifiers the transistor must be modeled 
in big. 4.8-1. 

It we assume that the emitter-base junction of the transistor is described by the 
ponential characteristic 

i E = lE S e qVEBikT , (4.8-1) 


l *11 we may relate v t to i Y for the circuit of Fig. 4.8-1 by the expression 

k t / 

Vl =i 1 R + —ln-U (4.8-2) 

4 *ES 

)i small-signal operation the incremental input resistance for the circuit takes the 
i m 


cvi\ 


ci 


= R + r ia . 


1 I i L = / d 


(4-8-3) 


lore = l/g in = fcT'g/ dc and 7 dc is the dc value of i Y . Consequently, on a small- 
mal basis we see that the transconductance g m given by 


gm 



1 + gi n R 


(4.8—4) 


ci cases by a factor of 1 + g in R with increasing R . Specifically, if xg in ^ 0.04 0, 
11 would for 7 dc = 1 mA, then a series resistor of only 10 Q decreases g m to 72% 
iis R = 0 value, while a series resistor of 100 Q decreases g m to 20% of its R = 0 
luc In the limit as g {n R becomes large compared with unity, g m becomes equal to 
/\ and is independent of the change in bias current of the transistor. 

Io observe the “piecewise-linearization'’ effect of the series resistor on the 
i , characteristic, we first rearrange Eq. (4.8-2) in the form 


Vi ~ V 0 = ii& + —In—, 
q ! d C 


(4.8-5) 


icrc / dc is the quiescent value of i x and 

r , kT / dc 
K = — In — 

L I 1 ES 

Ihs.quicsccnt \alue of r, when /, — I Ac .. We then normalize r. — K 0 to 
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and i Y to 7 dc to obtain 

Vi - Cq I ginR \ <1 | ln(ii//dc) (4.8-6) 

c c0 \l+g in Rlhc 1+SiX 

The voltage V QO may be interpreted as the decrease in v\ from V 0 which would be 
required to reduce to zero (i.e., to cut off the transistor) if the slope of the — i L 
characteristic remained constant at its small-signal value of l/(r in + R)- 



Finally we plot i u t ie vs. - V 0 )/K o with g in R as a parameter, asjihown in 
Fig. 4.8-2.' We note from the ligure that as g in R is increased from zero to infinity. the 
characteristic varies uniformly from the exponential = n ) characteristic IO the 

two-segment piecewise-tinear characteristic ig in R = X 4 addition, the - 
characteristic corresponds essentially to the half-way point between the two extremes. 
Thus for g in R « 1 the circuit of Fig 4.8-1 can be modeled by the transistor 
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characteristic alone, while for g in R » 1 the circuit can be modeled by the g n R = oo 
characteristic, or equivalently, 



> 0, 

t'i £ 0. 


(4.8-7) 


It is apparent that Eq. (4.8—7) describes the circuit of Fig. 4.8—3. 
thus provides the model for the circuit of Fig. 4.8-1 when g in R » 1. 



\7 Ideal 



This circuit 


Fig. 4.8-3 Model for the circuit of Fig. 4.8-1 with g in R -+ oo. 

We also observe from Fig. 4.8-2 that, a Eg- 1It R is increased from zero, larger linear 
excursions in i, about I dc are possible without gross distortion. In particular, for 
Kin R -*■ the linear range extends all the way to cutoff (r 1 // dc = 0). 

If the circuit of Fig. 4.8-1 is to be used as a large-signal narrowband amplifier 
the analysis becomes quite difficult for an arbitrary value of g in R. Fortunately, an 
analysis is possible for g in R = 0 (which was accomplished in Section 4.5) and'for 
Kin R = 0C ' In addition, the results of the two analyses are sufficiently close to each 
other that solutions for any value of g in R may be closely approximated 

For the case where g, n $ = co. we modei the transistor-senes resistor combina¬ 
tion as shown in Fig. 4.8-1. The current source I ie fixes the average value of the 


+ 

- K -’ 

~ K - 

--AV- 

4 

$ 

Z 

fi 

F cos a >t ( 

9 «.£ 

D 

4 

^ai £ 

\ 



~ f p 

~T“ 


Fig. 4.8-4 Model for large-signal narrowband transistor amplifier with g, n R — x. 



'it,. 

& 

I 


4.8 


EFFECT OF SERIES RESISTANCE 127 


emitter current, while the infinite coupling capacitor ensures that the entire ac 
voltage reaches the input terminals. (The current source could be placed on the other 
side of the resistor without affecting the results.) Consequently, for this circuit we 
observe that, for V l < I dc R = F co , 

i t = i E = l dc + -j-j- cos cot = I dc 4- I x coscot 
K 


= / dc jl +^-coscof|, (4.8-8) 

\ *co / 

where l x = VJR, or equivalently, IJI dc = V 1 /V co . For i\ > F co the emitter current 
takes the form of a periodic train of sine-wave tip pulses, and thus may be written as 

i E = I 0 + Ii cos cot + 1 2 cos 2cot + ■ • • 

= / dc [ 1 + — cos cot + -j- cos 2cot + ■ ■ • ], (4.8-9) 

where (from the appendix to this chapter) 


V x — V x sin (j> — <i> cos tp 
^ nR 1 — cos (p 

V x — 1 ¥ x <p — cos tp sin (p 
nR 1 — cos <p 

2( F t FJ cos (p sin tup — n sin <p cos tup 

I x _____— f fj 

" nR n(n 2 - 1)11 — eos$) 

(p = cos~ l y, V x = -V c - F 0 , 

and V c is the developed dc capacitor voltage. By noting that 

V t - V x = F t (l - cos (p) and I 0 = / dc , 

we can relate V\ / F co directly to <p by the equation 

Vi _ * 

V co sin <p — (p cos (p 

In addition, IJI 0 can be related to <p in the form 

/ j <p — sin (p cos <p 
I 0 sin (p — (p cos (p ’ 


(4.8-10) 


(4.8-11) 


and in a similar fashion 

l n 2(cos (p sin n<p — n sin (p cos tup) 
[ 0 n(n 2 - Dlsino - (pcos0) 
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( onscqucntly, for any value of 0, a value of VJV CQ and IJI dc may be determined 
from which a unique relationship between VJV co and IJI dc can be established. 
Fable 4 8-1 contains values of IJI 0 = / l // dc vs. VJV co which are plotted in Fig. 
4 8 5 with the designation g in R = oo. On the same set of coordinates is plotted the 
2 in K = 0 curve, which, of course, is just the top curve of Fig. 4.5-5, since with R = 0, 




!I o = 2/ 1 (x)// 0 (x) and V % jV QO = x. We observe that the two limiting curves are 
almost identical; hence the ratio of Ii/I 0 for any value of g in R can be closely estimated 
from Fig. 4.8-5.t For example, if g in R = 1 and VJV co = 10, it is reasonable to 
approximate 1J1 0 as 1.95, which is half-way between the g in R = 0 and the g in R = go 
curves. If, in addition. I dc = 2 mA, then / t = 3.7 mA, from which the output voltage 
may be written as — V cc + / 1 R L cos cot for the case where Z L is a high-Q tuned circuit 
which is resonant at oo with a shunt resistance of R L . 

For the case where the circuit of Fig. 4.8-1 is driven by a sinusoidal voltage of 
amplitude V l and followed by a tuned circuit resonant at the frequency of the input 


t It is not unreasonable for the / 1 7 dt] vs. V u 'V co curves to form a tight set with g in R as a parameter, 
since all the curves have the same asymptotes for both small and large values of V x iV C0 . Clearly, 
for \\ l\ Q « 1 . = 1 . V :o . Therefore, regardless of the value of g in R. the curves approach 

the origin in an identical fashion. In addition, for large values of V\ ,'V co , if the average current is to 
remain constant at / dc , the transistor must remain cut off for most of the cycle. Consequently, 
the current flows in narrow pulses and / (/ / dc —► 2. Again, all the curves approach infinity in the 
vime fashion. 
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Table 4.8-1 


0 

f l/f 0 — f l /f dc 

V V 

V \i K co 

o 

0 

1.88 

28.8 

o 

O 

1.80 

9.17 

0 

o 

oo 

1.65 

4.23 

100° 

1.49 

144 

120° 

1.32 

1.64 

140° 

1.17 

1.25 

160° 

1.05 

1.06 

180° 

1 

1 


sinusoid, it is again convenient to define a large-signal average fundamental trans¬ 
conductance as 


Ct-Ti I\/Idc dc r i/ / dc 

T = C7CT7“ v x ;v eo om ' 


(4.8-13) 


where g m is the small-signal transconductance evaluated at the Q-point. Clearly, 
values for 


Gm _ 1 ljjdc 
g'm K/Ko 


vs. VJV co may be determined directly from Fig. 4.8-5. 


(4.8-14) 



Fig. 4.8-6 Plot of G m I . 
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A plot of GJg m vs. VJV co for g in R = 0 and g in R = cc is shown in Fig. 4.8-6. 
Here again we see that the curves are sufficiently close to permit an accurate estimate 
of GJg m for any value of g in R. It is now quite apparent that the ratio of IJI 0 is 
determined primarily by the ratio of VJV Z0 and is almost independent of g in R. 
However, the value of 

kT 

Ko = + R) = — (1 + g iB R) 

<? 

increases with g in R. Consequently, as g in R is increased, the drive voltage must be 
increased by a factor of 1 4- g in R to maintain the same fundamental output current. 


Example 4.8-1 

vM 


(130 mV) cos 


For the circuit shown in Fig. 4.8-7 determine an expression for 



10 pH 


1 

kTjq = 2b mV 


Solution. Since the tuned circuit in the collector has Q T = 20 and is tuned to 
v) — 10 7 rad/sec, we note that 

r 0 (f) = — 10 V + a(2 kQ)/, cos 10 7 r, 

where I r is the fundamental component of the emitter current. We obtain by 
first noting that, with an average emitter current of 2.6 mA. g jn = 1/(10 Q) and there¬ 
fore g ]n R = 1. In addition. F. n = ikT q)(2 ) = 52 mV and thus \\ V co = 2.5. Conse¬ 
quently. from Fig. 4.S 5 we estimate l : I ^ 1.5; thus /, = 3.9 mA and 

f .in = I - io V) + (7.8 V) cos 104. 
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4.9 CLAMP-BIASED SQUARE-LAW DEVICE 

In many large-signal junction FET circuits the bias is established by clamping the 
positive peaks of the gate to source voltage to zero (or the turn-on voltage of the gate 
to source diode). In particular, most FETs employed in self-limiting oscillators are 
biased in this fashion; hence we shall analyze the large-signal characteristics for this 
type of circuit in this section. 

We begin our analysis with the clamp-biased square-law amplifier model shown 
in Fig. 4.9-1, which is a close first-order approximation to the actual junction FET 
amplifiers shown in Fig. 4.9-2. Clearly, in this model, if the R G C G time constant is 


Q 



Fig. 4.9-1 Large-signal clamp-biased square-law tuned amplifier. 



Fig. 4.9-2 Clamp-biased junction FET circuits 
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much greater than T = 2k/qj , the capacitor voltage charges to the peak value of i7 t (r) 
through the diode and remains constant at that value; hence 

V dc = V t (4.9-1) 

and 

v GS = ^(cos w 0 t - 1). (4.9-2) 

riius we observe that the input voltage v GS has its peaks clamped to zero. Conse¬ 
quently l D (t) has the form shown in Fig. 4.4-3, with I p = I DSS , V x = V 1 4- V p , and 
VJV\ = I f Vp/Vi- Therefore, with the aid of Eq. (4.4-10) (for VJV X < -1 or 
V\ & V p /2) and Fig. 4.4-5 (for —1 < VJV X < 1 or V x > VJ2) we can plot Iq/I^ 
1 1 //,,, and I 2 /I p vs. — VJV p as shown in Fig. 4.9-3, where J 0 , / ls and J 2 are the average, 
l he fundamental, and the second-harmonic components of i n respectively. 



Mr. 4.9 -3 Plot of I JI p vs. V\ / V p for a peak-clamped sine-wave drive to a half-square-law amplifier 
in 0, 1,2). 


lZ 04 

-'j 

it 

M 

- 0.3 
E 

Z, h.2 


Complete operation in 
square-law region 


h /, 


If X, is a high-Q r parallel RLC circuit tuned to the fundamental of i D (t) with a 
icsisiance R t , the output voltage r 0 (r) is given by 


I y 

>lf) — f dd ~ RiJnssy- 

p 


( 4 . 9 - 3 ) 
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where IJI p can be determined from Fig. 4.9-3 once — VJV P is specified. For example, 
if I DSS = 4 mA, V„ = -4 V, V l = 2 V, K DD = 10 V, and R L = 2 kU, then - Vi/V, = i 
and in turn 1JI P = IJhss = 0.5; hence 


u„(t) = (10 V) - (4 V) cos cur. 


In this example the minimum value of v„ — v DS is 6 V; since this is greater than 
_ v , we can be sure that the FET remains within its saturation region, for which 
the square-law model of Fig. 4.9-1 is valid. (In general, an FET remains within its 
saturation region if v DG > — V p , or equivalently, v DS — v as > —V p for all time.) 



G m 

Fia. 4.9—1 Plot of — 
amplifier. 


^ l _ _p_ f or a neak-clamped sine-wave drive to a half-square-law 

2k-Vx,V,) 
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lor the clamp-biased model of Fig. 4.9—1 we may also define a large-signal average 
I inula mental transconductance 


G 


m 



2Ipss{I i / I p ) _ 11 /I p 

- V p (2){ — VJV P ) ~ gm0 2(-jyi/)’ 


(4.9-4) 


where g„ l0 — 21 DSS < — V p is the small-signal transconductance evaluated at r cs = 0 
lei. fq. 4.4-8). A plot of 


_ IJI P 
g m0 2(— VJV p ) 

vs K/ v r obtained directly from Fig. 4.9-3 is shown in Fig. 4.9^1. With G m obtained 
inin fig. 4.9-4, v a (t) may be written in the equivalent form 


V o — VdD ~~ cos (O 0 t. ( 49 _ 5 ) 

1 he effect of a 0.7 V diode turn-on voltage can be included in the previous results 
,v defining the drain current at this turn-on voltage as I% ss and substituting appro- 
ii lalelv. 


:ircct of Drain Resistance 

n i he analysis to this point, we have assumed that i D is a half-square-law function 
*1 r iiS and is independent of v 0 = v Ds . This assumption is justified only if R L is 
mall compared with the effective output resistance of the square-law device. If 
is not small, a more exact model for i D must be employed. 



figure 49-5 illustrates a typical set of drain characteristics for an iV-channel 
motion FET which clearly indicates that no characteristic for constant r GS is 
orizontai ia condition which would have to be satisfied for i D to be independent of 
)S ). On the contrary, each eonstant-% s characteristic has a slope which, when 
ci rape.) la ted, causes ail of the constant-r r;v characteristics to meet at a common 
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point V x on the negative r DS -axis. Thus, if for v DS = — V p , 

\2 

V GS > ^p’ 


ip ~~ 1 pss\ ^ 


then for any other value of r DS we obtain from the geometry of Fig. 4.9-5 

1 'ds + 


— ^ DSS I 1 + 


r 0 IPSS 


1 - 


l gs\ 


(4.9-6) 


(4.9-7) 


where l/r 0 is the slope of the v GS = 0 characteristic. Equation (4.9-7) includes the 
effect of r DS on i D . 

If we now employ the expression for i D given by Eq. (4.9—7) in the model of Fig. 
4.9-1, in which Z L is a high-Qr parallel RLC circuit tuned to the fundamental 
frequency of i D and having a resistance R L , we obtain 

VqD T K ^Dl^L CQS 


( 'd — Ipssl 1 + 


r 0 IPSS 


r 0^L 


I 0 U 

— + — cos w 0 t 4- — cos 2co 0 t + 

I I I 

1 p 1 p p 


(4.9-8) 


where Z 0 /7 p , IJI p , and l 2 /I p are the coefficients presented in Fig. 4.9-3, and I Dl is 
the amplitude of the fundamental component of i D . The fundamental component 
of i D can also be obtained from Eq. (4.9-8) in the form 


ID1 — IpSS\ 1 + 


Vpp + , Jjz 


rJ 


0 1 DSS 


! P + 2/ P / 


(4.9-9) 


Hence Eq. (4.9-9) may be solved for I Dl to obtain 


/d i ~ 


IPSS 1 

1 4 ‘ 

Vpp 4* 

II 

r 0IDSS 1 

k 

Rl 

1 + — 
*0 

f/° m 

k 2/ pj 

1 


(4.9-10) 


= / i 


fj 

L 


ass 


i+ 5 # 


u here 


f dss — IDSS\ ^ 


r 0 \/p -h 


f DO 


( (V DSS ! 

is the value of in obtained with v GS = 0 and r DS = I^d 
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h 

h 


lor values of R{jr 0 of 1, 4 , and 0. The curve for RJr 0 = 0 corresponds to the I x jl v 
curve of Fig. 4.9-3. 

As an example of using the curves of Fig. 4.9-6, we consider the circuit shown in 
Hg. 4.9-7. We observe for this circuit that 

I dss ~ (2 mA)( 1 + - -I = 2.8 mA, —- = and -- — —; 

\ 40 V/ r 0 2 V p 2 

hence from Fig. 4.9-6 we obtain 

/ D1 = (2.8) (0.41) mA = 1.15 mA. 

In addition, since the resonant frequency of the drain circuit is 10 7 rad/sec and the 
circuit Q r = 10. 

r n = (20 V) — 11J 5 V) cos lCf r. 

Smcc r,(M > - F n , the FET remains within its saturation region and the assumed 
M l model is valid. 
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PROBLEMS 


4.1 Assume that u,(f) = 3 V sin a) 0 t in Fig. 4. P-1. Determine the dc, fundamental, and second- 
harmonic components of i 2 (f) for values of V dc of 0, ±2V, and +4V. Sketch the output 
waveshape for each case. 


Ideal diode 

X 



—-o 

Figure 4.P-1 



4.2 Assume that the diodes in Fig. 4.P-2 are ideal. Find the dc, fundamental, second-harmonic, 
and third-harmonic components of i 2 kn(0 i° this circuit. 

4.3 How would the results of Problem 4.2 be changed if the magnitude of the battery in the 
lower branch were increased to 3 V? 

4.4 Assuming that the diodes in Fig. 4. P-3 are ideal, sketch the wa\eshape ol rjMand calculate 
its third-harmonic component. 
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{ V 



2 kn 



i k n 



4.5 Assuming ideal diodes in Fig. 4.P-4, sketch r 0 (t) and determine the dc, fundamental, second- 
harmonic. and third-harmonic components. 



Figure 4.P^4 
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Figure 4.P-5 


4.6 Assume a device with the characteristic shown in Fig. 4.P-5. For this device, 

| K - F Th ) 2 ^, L’l > F Th , 

1 0, t’l < V ThJ 

where V^= +2 V and 0 = 400 /lA/V 2 . Evaluate the large-signal average transconductance 
for this device for the case where 

Vi = V ic + Vi cos cot and V ic > 2 V 

while 

Vl <IKc- ^Thl- 

4.7 Assuming that K dc = 0 and V x = 3 cos cot, find the dc. fundamental, second-harmonic, and 
third-harmonic components of i 2 in the device of Problem 4.6. 

4.8 Sketch the output current waveshape for a device with an exponential current-voltage 
relationship 

j ^ x 10" l V l/o -° 26 A when v^ = 0.520 V cos cot. 

Specifv the "conduction angle.” Find the dc, fundamental, second-harmonic, and 
harmonic components of this current. What is the large-signal average transconductance 

for this device with this driving waveshape? 

4 9 In the circuit of Fig. 4.P-6, the diode conducts the same current as the emitter of the tran- 

4.9 In the circuit r & = , = + 6V, and Z L is a 2.7 kfi resistor, how large 

r’rtSiS&X 27. disunion,» .he output volfpo ,JW VZp is * • 

resonant a. to. and with a rest,,™ term of 27 kO. how hwjj 
be before there is a 2% departure hi linearity between the peak amplitudes 01 utpu 
put ac voltages? (Hint; Note the similarity of this circuit to the differentia P 

sistors.) ... 

4 10 In the circuit of Fig. 4.P-6, assume that a 50 Q resistor is placed both in series with he 
diode ami'directly hi series with the emitter. Plot a curve of collector current vs. base- 
eround voltage over the range 1.95 > i c > 0.05 mA. Compare this curve with the appro- 
nnate data from Fie 4.6-2 and explain the significance of the resistors in extending the 
sienal-handiine capactiy of the amplifier. What are the small-signal voltage gams I*. - 
for the two different cases = 50 Q and R E = 0)? State and explain assumptions. 

4.11 Determine the output-tuned circuit voltage in Fig 4.P-7. The tuned circuit is resonant at 
oj 0 and has Q T = 20. 
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ac short circuit 




12 V 


i 


4.12 The FET in Fig. 4.P-8 is silicon and has an I DSS magnitude of 6 mA and a V p magnitude of 
4 V. What value of V t will make the output dc current equal to 1.8 mA? What value of ac 
voltage will result in this case? What is the circuit’s voltage “gain”? How much power is 
being dissipated in the FET during this operation? The tuned circuit is resonant at 10' rps. 

4.13 a) For the circuit of Fig. 4.P-9, determine an expression for r 0 (t) assuming a high value of 

Qt- 

b) Determine the minimum value of Q T which keeps the total harmonic distortion below 1 %. 


Q 4- 
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4.14 

4.15 

4.16 

4.17 

4.18 


For each of the circuits in Fig. 4.P-10, determine and sketch r„(t) and i^t). 
Vj (t) = (260 mV) cos 10 7 t. 

For the circuit shown in Fig. 4.P-11. determine r„(t) where L = 5 /iH, C = 
p,<t) = (5 V) cos 10 7 f. 


In each case 
2000 pF, and 


eat Problem 4.15 for L = 3.3 /iH and C - 330 pF. 

eat Problem 4.15 with D, removed and with L = \0 fiH and C = 1000 pF. 

r or the circutt of Fig. 4.P-12. determine the small-s.gnal voltage amphficat.on 

4 _ i' /iv 


resistors? 
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Figure 4.P-10 


PROBLEMS 143 



Figure 4.P-11 



Figure 4-P-12 




























































































APPENDIX TO CHAPTER 4 


FOURIER EXPANSIONS 


The general approach to finding the average value or any harmonic component of 
a repetitive pulse train of period T = litjco is to make a Fourier series expansion of 
it. In making such expansions, we choose the time origin so as to minimize terms and 
make use of various trigonometric identities to consolidate terms. The final form 
of the series is quite dependent on the variables chosen to express the waveshape 
and on the particular identities used to simplify the expression. 

Most of the periodic waveforms/(f) that we are interested in result from passing 
a dc-plus-cosine wave through a nonlinear nonmemory (no energy storage) device; 
hence the output waveforms possess symmetry about the t = 0 axis and thus may be 
expanded in a Fourier cosine series of the form 


X 

/(f) = a 0 + a x cos cot + a 2 cos 2cot + - - - = a 0 + £ a n cos ncot , 

n = 1 


where 


and 



(4.A-1) 


2 C T/2 

a n ~ — /(f) cos ncot dt. (4.A-2) 

F J - 772 


It is usually convenient to change the independent variable from time to an 
angle in radians by defining 0 = cot and then, since the waveshapes are symmetric 
about 9 = 0, to multiply by two and integrate from 0 to n. As functions of 9 , a 0 
and a„ take the forms 

I C n I9\ 

a 0 = - f\ — )dO (4.A-3) 

71 J 0 \C0j 


and 


n 



to 

to 


144 


a, 


n 


cos nO dO. 


(4. A-4) 
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Linear Sine-Wave Tips 

For the train of sine-wave tip current pulses shown in Fig. 4.A-1 we observe that 
i 2 = 0 for \6\>\(j)\ (in the interval n < 9 < n), where (p = cos {V x , K); hence the 
fundamental component of i 2 (0 ma y wntten as 



r<t> 1 Q\ 

j - - \ /J— cos 9 dO . 

71 Jq 

(4.A-5) 

However, for 0 < 9 < </>, i 2 (0 h as the value 



i 2 (t) = G(Fj cos coi - K T ): 


therefore. 

/ = - P G(F t cos 9 - V x ) cos 9 <19 
n Jo 




(4.A-6) 

By noting that GV X 
the identity sin 2 <j) 

= / /(I - cos <p) and GV X = 1„ cos <t> ( 1 - cos cp) and employing 
= 2 sin 0 cos 0, we can further simplify the expression for /, to 

obtain 

I p — ^os tp sin o 

11 - ,t 1 - cos c|> 

(4.A-7) 
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In a similar fashion, we obtain 


I p sin 0 — 0 cos 0 
K 1 — COS 0 


md 


2 / p cos 0 sin n(f) — n sin <t> cos n4> 
~n n(n 2 — 1>(1 — cos 01 


n > 2 . 


(4.A-8) 


(4. A-9) 


Normalized plots of IJI p vs. conduction angle (20) are given in Fig. 4.2-3 for values 
>f a from zero to five. Negative values of the coefficients in the plot are indicated 
by a minus sign after the designation of the particular curve; that is n = 4“ implies 
dial the fourth harmonic is negative. 

For small values of 0 we can approximate 


0 3 0 5 

sin 0 ^ 0 - — + yj- 


0 2 <t > 4 

and cos 0 ~ 1 — yj" + 4 T 


lo obtain 


h 

L 


1/20 _0^ 

7i 3 90 



nul 


In 1 40 

— «-, n > 1 . 

/„ 71 3 


(4.A-10) 


Kro.m Eiq, (4A-10) it is apparent that the ratio of / n to I 0 approaches 2 as 0 approaches 
^■rn. This, of course, is a property possessed by any narrow pulse train, 

I or a pulse as wide as 90°. however, / 0 = und I 2 , % — even ior a 

I2tf pulse, / l7 / 0 is 1.80, which is within 10 % of the very narrow pulse ratio value 


Square-Law Sine-Wave Tips 

For the train of square-law sine-wave tip current pulses shown in Fig. 4.A-2, 
we observe that l 2 = 0 for \6\>\<j>\ (in the interval <0 < *), where, as in the 
previous case, 0 = cos -1 (1% F,). In addition, for |0| < |0|, ^(O iS 8 * ven by 

i\(f) = cos cut - V x ) 2 , (4.A-11) 

* n 


oi equivalently. 


( 2 U) = l p 


I \\ COS (01 — % 

1 ” fT- vT 


= I 


COS (Ot — COS 0 
P 1. — COS 0 


(4.A-12) 
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Fig. 4.A-2 Train of square-law sine-wave tip current pulses. 

where 



is ,he peak value of i, and cos 4 , - W ■ Consequently, the fundamental component 
,,of«.) is given h, „ | cos fl-cos costUd 

ii _ ;j 0 u - c ° s 


21 p l sin 0 + T 2 sin 30-0 c° s 0 
(1 - COS 0 ) 2 


In a similar fashion, we obtain 


<f> — - sin 20 + -q- cos 20 
I A 2 

, _ if___■ 

7t (1 — COS 0) 


(4.A-13) 


— — t sin 20 + -rx s > n 40 

27 r 4 6 r 48 

" 7 t (1 - cos 0)' 


(4. A-141 


and 


2 / ,4 - n 2 l sin m 0 + (n - 1 K»» ^ 21 _sin n 0 
-y- _ i)(/r - 41ull - cos 01- 
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Normalized plots of IJI p vs. conduction angle (2 (p) are given in Fig. 4.4-4 for 
n = 0, 1, and 2. 

For small values of </>, we obtain the limiting forms of the Fourier coefficients 
given by 


/0 ~ 7! 15 


and 


7T 15' 


(4.A-15) 


Here, as tin the case of the linear sine-wave tip, the sine and cosine terms are approxi¬ 
mated by the first several terms in their MacLauren expansions. Again we observe 
that, for small values of (p (i.e., a small conduction angle), the ratio of I n to / 0 
approaches 2. In addition, we observe that, when the conduction angle (2<p) is as 
wide as 150°, IJI 0 = 1.83 ; hence for all narrower pulses IJI 0 ^ 2 is a good approx¬ 
imation. 


CHAPTER 5 


REACTIVE ELEMENT AND 
NONLINEAR ELEMENT COMBINATIONS 


In this chapter we study the effect of combining nonlinear components with single 
reactances and with tuned circuits. We begin with the problem of capacitively 
coupling a periodic voltage to a general nonlinear load, and show that such coupling 
normally results in a dc bias shift which is a function of the ac input signal amplitude. 
Such an interrelationship rules out the use of superposition in such circuits. We 
consider both steady-state and transient operations of such circuits. 

We then apply the solution of this general problem to the capacitively coupled 
transistor amplifier, where again we investigate both steady-state operation and 
transient operations. In addition, we obtain results not only for the transistor 
amplifier with a constant current bias but also for the resistively biased transistor 
amplifier. In both cases we obtain universal curves which may be applied to any 

transistor. . 

We then study the effect of nonlinear loading on a tuned circuit. We show that, 
if the circuit Q is sufficiently high, then the nonlinear load functions as an equivalent 
linear load which can be readily determined graphically. 

Finally we consider the case where low-index AM signals are applied to a 
''clampin 2 ”-type circuit, and write a transfer function which is useful in later chapters. 

For the reader who has not previously been exposed to this or similar material 
we recommend that he not try to absorb this chapter completely before proceeding 
to the subsequent chapters. Specifically, if he restricts himself to the steady-state 
phenomena of this chapter as well as the material in Section 5.5. he will be prepared 
to understand most of the material of the remaining chapters. He should then 
return to the transient portion of this chapter when the need arises. 


5.1 CAPACITIVE COUPLING TO NONLINEAR LOAD 

In many applications we must capacitively couple an ac driving source to a nonlinear 
load as shown in Fig. 5.1-1. Such coupling is usually required to block any dc 
component of the driving source from the load. This situation arises if r,(f) represents 
the output of one stage of a large-signal amplifier while the nonlinear load represents 
the input to the subsequent stage. 

The basic difficulty in analyzing the apparently simple circuit ot Fig. ?.1-1 is 
that, because of the nonlinear load, superposition is no longer valid. Thus the time- 
laryina and dc components of the currents and voltages within the circuit are in 
ueneral related. This interrelationship makes a general closed-form solution lor 
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v 0 Ui v c (t\ and i 0 (t) in terms of v^t) practically impossible. However, if we assume 
that r,(t) is periodic and that the series coupling capacitor C is an effective short circuit 
compared with the nonlinear load over the frequency range occupied by [that is, 
that v c (t) contains only a dc component V c , or at worst a slowly varying component 
compared with v^t)], then in principle we may determine the steady-state expressions 
for v c (t), and i 0 (t). In addition, in most cases, we are able to calculate the transient 
build-up to steady state if i;,(f) is applied at t = 0. Fortunately, in most cases of prac¬ 
tical interest, the above assumptions are valid. 

In the time domain the assumption that the capacitor is an effective short circuit 
corresponds to the assumption that the circuit time constants are such that the 
capacitor voltage remains essentially constant over a cycle of i\(t). Consequently, if 
is applied at t — 0, the capacitor voltage slowly adjusts itself to its steady-state 
value v c = V c = — F dc , and in turn i* 0 (r) approaches t\(r) + F dc . Since in the steady 
state the average value of the capacitor current must equal zero, and since the capacitor 
current and nonlinear load current are equal. V c = — V dc may be found as that value 
which causes the average value of the load current to equal zero. 

Piecewise-Linear v 0 -i 0 Characteristic 

If the v 0 -i 0 characteristic is piecew'ise-linear in form. we can determine V c = — V dc 
by the following method We assume a value of V c , apply v 0 (t) = i\{t ) - V c to the 
nonlinear characteristic, and with the techniques of Chapter 4 determine i G (t) and the 
average value of / 0 (r), that is. i 0 = I c . We then repeat this procedure until we obtain 
enough values to plot a smooth curve of V c vs. l c . The point at which the curve 
intersects the I c = 0 axis determines the steady-state value of V c = — F dc , from which 
the steady-state values of v a {t) and i 0 (t) follow directly. 

As an example of this method, consider the nonlinear characteristic to be 
described by the piecewise-linear curve of Fig. 5.1-2 and r,(f) = (3 V) cos an. Figure 
5.1-2 also indicates two additional characteristics which combine in parallel to yield 
the original characteristic. [This superposition of characteristics is performed only 
to focus attention on the structure of i 

If we now assume that the capacitor C is an ac short at w and that its voltage 
is given by V r . then 

r,,(f) = 3 V cos ajt — I c 


5.1 

and 

where 
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U 0 = * o i (0 + *02(0, 

I'oU) - (2 V) < 


' u i(0 = 


Ip — 


2 k Q 
tip pu 
(3 V) — (2 V) — V c 


2kQ 


and conduction angle 


, K c 4- {2 V) 

20 = 2 cos' 


The average capacitor current I c is given by 

f — 7 — 7 . 


co 


and i o2 {t) is a periodic train of sine-wave tip pulses of peak amplitude gj LiJ 
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where, 

- V c - 2 V 
' ol “ 2kQ 

and l o2 is the average value of the train of sine-wave tips, which can be determined 
directly from Fig. 4.2-4 once a value of V c is assumed ( V x = V c -i- 2 V). Table 5.1-1 
tabulates values for i u] , i n2 . and I c for several values of f c . These data are also 
plotted in Fig. 5.1-3. from which it can be observed that I c = 0 for V c = - 1.33 V. 
Consequently, in the steady state 

F c = - 1.33 V and u„(r) = -(3 V) cos (ot + (1.33 V). 



Kig. 5.1 2 Nonlinear charactensUc for the circuit of Fig. 5 1 4 
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Table 5.1-1 Tabulation of i oi , i o2 < and l c vs. V c 


V'c.V 


i o2 .mA 

ic = U + m A 

— 5 

1.5 

1.5 

3 

— 4 

1 

1.09 

2.09 

-3 

0.5 

0.76 

1.26 

_ ■> 

0 

0.48 

0.48 

-1 

-0.5 

0.26 

-0.24 

i 0 

-1 

0.09 

-0.91 

l 

—1.5 

0 

-1.5 


_ i 

0 

-2 



Actually, one should see by inspection that only two points need to be computed 
to solve such a problem. Since the right-hand branch in Fig. 5.1-2 contains an ideal 
diode. l o2 must be positive: hence for J ol (in a branch with only a resistance and a 
battery) to just balance it, the current in the left-hand branch must be negative. 
Therefore, V c must be greater than -2 V to make l oL negative. On the other hand, if 
I c exceeds zero, then l o2 will be zero, so that two reasonable initial choices for V c are 
-2 V and - 1 V. Since / 0 is a relatively slowly varying function of voltage in the 
region of interest, straight-line approximations for both currents will be reasonable: 
hence, a simple interpolation is possible to obtain V c ^ — 1.33 V. 

This problem focuses attention on the clamping phenomenon which occurs in 
capacitheh coupled nonlinear circuits. The term clamping refers to the shift in the 
n\erage \aiue of the load \oltage r„ with dri\e level. With r,-tr) = 0. in the steady 
state r v = 2 Y; hence, as the amplitude of i , increases from 0 to 3 V. the a\erage value 
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of u 0 (t) shifts from 2 V to 1.33 V. A further increase in the level of r.U) causes the 
average value of t? 0 (t) to decrease still further. We thus see dramatically that in such 
a nonlinear circuit the total output voltage cannot be obtained by the superposition 
of independent ac and dc components, as it can be in a linear circuit. 

Analytic v 0 -i 0 Characteristic 

If the v 0 -i 0 characteristic is described by an analytic relationship, it is possible that 
V c , v Q (t\ and i 0 (t) may be obtained without resorting to a graphical analysis. For 
example, consider the circuit shown in Fig. 5.1-4, for which 

i 0 (t) = I s e^ ikT - I dc . (5.1-D 

For this case, if we assume that = V l cos cot and that C is a short circuit at the 
frequency co such that v c (t) = V c = — V dc , then 

i a (t) = I s e qVcikT e xcostJ ' - / dc> (5.1-2) 


where, as usual, x = qV l /kT. In addition, 

l 0 = l c = l s e qVdkT I 0 (x) - J dc , f 5 - 1 ” 3 ) 

where J 0 (x) is the modified Bessel function of order zero. Hence, in steady state, where 
I c = 0. we have 

kT, J dc kT 

V dc = —V c = —In-p-ln/ 0 (x) 

q h q 

= K dcG - y In I 0 (x) = V icQ - AV, (5.1^) 

where V dcQ is the value or % with V 1 (or x) equal to zero and A l ls the bias depression 
(or the variation in damping voltage) induced by the driving voltage. Thus, for the 
given non-linearity and drive function. l Lli; is a simple analytic function ol and 
x (or V x ). 



Fig. 5.1-4 Nonlinear block consisting of a 
current generator and a diode. 
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For values of x larger than 4^ > 104 mV), one may approximate the / 0 (x) 
Bessel function term to within better than 4% (within 6% for the x 2: 3) by 

/ 0 (x)«-£=. (5.1-5) 

^2nx 

from which it follows that 

kT kT 

— ln/o(x) =V X - — In 2** = V x - (23.8 mV) - (13 mV) In x. 

\q 2 q 

Therefore, for x > 4, 

F dc = V dcQ ~ Vi + (23.8 mV) + (13 mV) In x. (5.1-6) 

Since the (13 mV) In x term varies by less than 32 mV as x varies from 5 to 50(130 
to 1300 mV), one sees that V dc will vary almost in a straight-line fashion with V l over 
this region. The value of V dc0 will be a function of both I s (a junction parameter) and 
l dc (a circuit parameter). Since the natural logarithm of 10 is 2.3, a 10 to 1 change in 
one of these quantities will result in only a 60 mV change in V dcQ . Figure 5.1-5 plots 

vs. x and for the case where I s = e~ 30 mA = 1CT 16 A (a typical value for an 
integrated-circuit silicon diode) and for I dc values of 0.1,1.0, and 10.0 mA. 

For I dc = 1.0 mA, 

V dC Q = 30 x 26 = 780 mV. 

Hence for x > 4, one can approximate V dc quite closely as 

(780 + 24 + 26) mV - V x or (830 mV) - V x . 

What this implies is that as far as calculating voltage levels is concerned, the 
constant current source and actual exponential diode combination may be replaced 
bv an ideal diode in series with a battery as shown in Fig. 5.1-6. 

This ideal clamping circuit clamps the top of V\ to the positive battery voltage; 
hence K dc = — V c is always just the battery voltage minus V \. Therefore, to within 
the precision allowed by the approximation, peak values of driving voltage greater 
than 830 mV will result in negative values of F dc , while small values will result in 
positive values of F dc . Once F dc = V c is known, it may be inserted into Eq. (5.1-2) to 
determine i 0 (t). 

As an example of using the model of Fig. 5.1-6, consider the circuit shown in 
Fig. 5.1-7. For this circuit, we first replace the LR combination by a current-source 
approximation and then use the model of Fig. 5.1-6 to arrive, in a simple fashion, at 
the output ac signal voltages and dc output level. Once the output voltages are known, 
one can revert to the basic diode equation or to the curves of Chapter 4 to determine 
the diode or source currents. 

Consider the practical case where the reactance of Lis large with respect both to 
the !oss term and to the equivalent diode impedance, so that the ac current through 
the inductive branch may be assumed to be negligible. 
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Then from the viewpoint of dc current, the inductor-resistor combination may 
be replaced by a constant-current generator. Then the circuit of Fig. 5.1-7 may be 
replaced by the circuit of Fig. 5.1—4 and finally by the model of Fig. 5.1-6. In this 
circuit, the final value of / dc is also constrained by the additional dc circuit relationship 

^dc r = Vc- 

If we assume that I s = F 30 mA (as in Fig. 5.1-5), Lhen with a drive voltage 
\\ = 425 mV an assumption of ! dc = 1 mA would lead to a batter, voltage m the 
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r c 

IP-1 

Ideal diode 


-^r ln *) 

l 

Fig. 5.1-6 Voltage-clamping model for exponential diode and current source combination. 



Fig. 5.1-7 Inductively biased clamping ciruit. 


model of Fig. 5.1-6 of 840 mV. (This is 10 mV more than the value used previously, 
because we used the actual value of x instead of an estimated value.) Since V c = 
840 — 425 = 415 mV, then if r = 500 Q (a possible value for a 1 H torroidal coil) 
the circuit relationship would lead to 7 dc = 415, 500 = 0.83 mA. 

Now the model could be recalculated for the 7 dc =?= 0.83 mA case instead of for 
the 1 mA assumed initially. If this is done, the change in the battery voltage will be 
less than 5 mV out of 840 mV or much less than 1 %; hence such an additional cycle 
of calculation is probably not warranted. 

If r = 50 Q, then our initial calculation would lead to 7 dc = 8.3 mA. A recalcu¬ 
lation would lead to an increase in the battery voltage of 26 ln 8.3 = 55 mV and 
hence in 7 dc of 1.1 mA = (55/50) mA. A further recalculation would only increase the 
battery voltage by 26 ln (9.4/8.3) = 3.2 mV or less than 0.4 ° Q and hence would rarely 
seem necessary. 

In the real world one seldom has the simple case shown in Fig. 5.1-4. In practical 
circuits one often has a driving voltage source with a nonnegligible source impedance 
w hile at the same time the diode (or transistor junction) may have either a deliberately 
added or an inherent series resistive component. 

The circuit that we shall consider is shown in Fig. 5.1-8. (The case of a finite 
source impedance and a resistanceless diode mav be transformed into the form of 
Fie. 5 1-8 bv adding equivalent current sources to “mo\e' ? the 7 dc generator to the 
other end of the source resistance. The amount of the \anation in the dc voltage 
across the capacitor is identical in the two cases.) 
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In this case 


”o(0 = 


kT , 

i 0 {t)R 4- — In 
Q 


‘00 

^dc 




(5.1-7) 


= V 1 cos cot — V c 

Now the capacitor will not pass dc, hence i Q (t) = 0 or equivalently i 0 (t) — 7 dc . 
The circuit will adjust itself to the value of dc capacitor voltage that causes i 0 (t) 7 dc . 

A general relationship between F c and i 0 (t) does not seem possible; however, 
solutions are possible for the two limiting cases where 7 dc .R « kT/q and where 
I dc R » kT/q. (The second case is equivalent to g in R » 1.) 

On the basis of our experience with the curves of Section 4.8, w r e plot the bias 
depression AFfor these two extreme cases, normalized as in Section 4.8, and find 
that they form a tight set. We then conjecture that the I dc R = kT'q case falls halfway 
between the other two; thus we have the wherewithal to estimate F c = V CQ + AF 
for all practical cases. 

When R is zero we revert to Eq. (5.1-4) to form AF = F c - V CQ = (kT/q) ln l 0 (x) 
and normalize it to V co , which is kT/q in the R = 0 case. 

V/hen I dQ R » kT/q, the physical diode resistor combination may be replaced 
by the modef shown in Fig. 4.8-3 to obtain the circuit shown in Fig. 5.1-9. For this 
circuit the quiescent value of — V CQ = f dc ^ is 7 dc 7? + F 0 , and the normalizing voltage 



Figure 5.1 9 
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Ko = / dc *- ^ addition the ideal diode remains forward biased for VjV co < 1, the 
circuit operates linearly, and no bias depression AV = V dcQ - V dc exists. 

For V\jV co > 1, io becomes a periodic train of sine-wave tip pulses and V dc 
adjusts itself to cause/' = 7 dc . This is precisely the problem that was solved in Section 
4 8, from which we obtain that 


V c = V l cos <f> — V 0 = — V iQ (5.1-9) 

and 


Vcuo - 


AV , V l 
— = 1 +— cos4>- 

r CO r CO 


(5.1-10) 


Thus V c and in turn A V/V co can be evaluated in terms of V 1 and V c0 from the 
values of (j> given in Table 4.8-1. 

Now both these curves, normalized with respect to 

kT 

Ko — —— + hcR = hc( r in + ^)» 

n 


are shown in Fig. 5.1-10. The dotted curve halfway between the extreme cases is the 
con lectured curve for I dc R = kT/q or R = r in . 

As an example of the above analysis, let / dc = 2.6 mA, R = 10 ohms, 
I , 520 mV, and V 0 = kT/q In (I d JI ES ) = 0.65 V in the circuit of Fig. 5.1-8. With 

ihose values we observe that V CQ = —0.676 V, g in R = 1, V co = I dc (R + r in ) = 
s 1 mV and VJV C0 = 10; hence from Fig. 5.1-10 we obtain AV/V co x 7, from which 


AV 



Figure 5.1 -10 
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follows 

v c = (-0.676 V) + (7)(52 mV) = -0.312 V 

and 

u 0 (t) = (312 mV) + (520 mV) cos cut. 

With this value of r 0 (f) one can return to the characteristics of Fig. 4.8-2 and 
obtain a reasonably accurate point-by-point plot of the diode-resistor current. For 
example v Q (t) - V 0 has a peak value of 282 mV; thus (v 0 (t) - K 0 ) max /V co % 5.4 in this 
example. This value determines a normalized peak current from Fig. 4.8-2 of 
lop/he * 8.6 or I op % 22.4 mA. 

With R = 0 but with the same drive voltage, and the same 7 dc and I ES , the capaci¬ 
tor dc voltage would be 4-193 mV, while the peak current would be approximately 
29 mA or 30% larger. Hence an apparently small source resistance or series resistor 
can have a reasonably large effect on both dc, ac, and peak values of the circuit's 
voltages and currents. The key to the effect that the resistor will have is the size of 
I dc R with respect to (kT/q) = 26 mV or equivalently the size of g in R with respect to 1. 


5.2 TRANSIENT BUILD-UP TO STEADY STATE 

If ^.(t) in Fig. 5.1-1 is periodic and applied to the circuit at t = 0. we can calculate 
the transient build-up of V c and v 0 (t) to their steady-state values computed above. 
Clearly in this case V c = V c (t) is a function of time; however, in order to obtain a 
reasonable solution, we continue to assume that this function of time is varying 
sufficiently slowly so that V c {t) is essentially constant over any complete cycle of 
r f (r). With this assumption, v n (t\ i 0 (t ), and I c = 7 c (r) can be evaluated directly in 
terms of V c (t) by the same method employed in obtaining their steady-state values. 
In particular, the V c -l c curve obtained to determine the steady-state value of 
V c — V css (cf. Fig. 5.1-3) now relates the slowly varying capacitor current I c (t) to 
the capacitor voltage V c (t) by an expression of the form 

7 c (r) = f(V c ( ())■ (5.2-i) 

The capacitor itself relates 7 c (f) to V c (t) by the expression 


l c (t) — C 


dV c (t) 
dt + 


(5.2-2) 


hence, by eliminating I c (t) from Eqs. (5.2-1) and (5.2-2), we obtain the first-order 
nonlinear differential equation for I c (f) in the form 

C~ c = M;-). 15.2-?) 

tit 

[ f ; i 1' ) is k n o \wi in an a 1 w ic i o rm. \v e can so I \ e F q. 15 2 3' d i reel I y. as u e 1 11 u s i r a te 
in Section 5.3.. On the other hand, we can expand l' i l r ) in tt Ta\igr senes about the 














1) 


REACTIVE AND NONLINEAR ELEMENT COMBINATIONS 


52 


Nidy-state value of V c = Kss t0 obtain 


jlV C stir \ , dJ(VcSs) n/ 
< -T 1 =J (Vcss) + py — 
lit oVc 


^ C5s) 


r-rn-css) (K: “ K css) 2 


rV? 


0 f 


+ 


= — G(K C — V css ) + — ^css)“ 


(52-4) 


icrc /«■,, =/(K css ) = 0. G = -c/(F css ),oF c . and 


b n = 


1 c"/(K css ) 


n! 




for « > 2. 


u- advantage of the Taylor senes expansion is that, in general, only a few terms must 
• kept to closely approximate f(V c ) over the range of interest of V c ; in addition if 
ll ( .) is available only graphically, as in Fig. 5.1-3. the coefficients of the first few 
I Ills of the Taylor series can be determined by standard curve-fitting techniques to 
osclv approximate the V c -I c curve. 

As a first approximation to the transient build-up. we keep only the first nonzero 
ini m the Taylor expansion to obtain 


4.-CH- 

dt 


V c < 


(5.2-5) 


luac -G is the slope of the 7 C -F C curve evaluated at V c - F css . Equation (5.1 5) 
linear, with the solution 


V c (t) = { F css + [F C ((T) - F css > "'lultl, 


(5.2-6) 


""(■.r the'nonlinearity of Fig. 5.1-2, which results in the V c -I c curve shown in 
lo s | t. if r,(t) = (3 V) cos cot is applied at t = 0. then 


l/. ( 0 + )=-2V. V c . 


= -1.33 V. and G = 0.72mQ; 


• |1CC 1 1= [ — (1.33 VI - (0.67 Vk~' "uu) and r„u) = [- F r (r) + (3 V) cos <ot]u{i). 
| im . r (1.39 k£2)C. A sketch of v 0 (t) is shown in Fig. 5.2-1. Since F c (f) varies 
nly between -2V and -1.33 V. the linear approximation for the V c -I c charac- 

■i isiic is quite valid. . 

When terms bevond the first term of the Taylor series expansion lor J (V c ) are 
ept. then the solution to Eq. (5.2-4) is obtained in the following manner. We 
■niiange the equation in the !orm 

— Giit dV c ___ (5 2 - 7 ) 

C ( V c ~ f rs'sI — {b 2 G)( l c ~ K:ss)’ 

c r\p.nul the denominator of the right-hand side in partial fractions, and we integrate 
,. im lu iei m We illustrate this procedure lor the case where/(l c ) may be approxi- 
n.J'bv :lie iii'st two nonzero terms m its Taslor expansion, i.e.. where 


J I, 


- (a 


- i: 


O •! h — 
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Fig. 5.2-1 Output transient when a 3 V peak sine wave 
Fig. 5.1-2. 


suddenly applied to the circuit of 


r or this case. 


Gdt 

~~C~ 


dV r 


(V c - F css )[l - {b 2 ;G)(V c - F css )] 

dV r (b-,/G) dV c 

c + ‘ --—' 


(5.2-9) 


V c - F css 1 - (b 2! G)(V c - F css ) 

Jpon integrating and rearranging terms, we obtain 

, . Ke '' T (5.2-10) 

F c (r) - loss + 

s ck its: r- ~ “i™ s,.... 

ValU A similar' lesffitUn be obtained if f(V c ) consists of a linear plus a cubic term. 
Specifically, if Eq. (5.2-1) has the form 

dVc -/.a ts \ i u m i _ (52-11) 

C 7T 


-G(V C ~ Vcss) + b ^ V c - 'css?. 

hen the solution for V c (t) takes the form 

Kc’ x 

1 1 n.s ^ l tV 2■ : 

x 1 - (h, (/iKc 


(5: i:i 




. , r- . J 1 to limit 
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s sei entirely by r = C/G, as it is for any polynomial approximation, of whatever 
)ider, of /( V v ) or for an exact analytic expression for f(V c ). 

lor the diode nonlinearity of Fig. 5.5-1, I c = f(V c ) is given by Eq. (5.1-3) and 


G = 


t'/(Lss) = ^S e qVcss:kTj = 


aVr 


kT 


kT 


(5.2-13) 


As we shall see 

el l i| 5,3-ID 


in the next section, the transient is governed by the time constant 


t = C/G = 


kTC 




Wnh a knowledge of the rate at which V c varies, we are now in a position to 
leieiimne ihe value of C which justifies our assumption that V c (t) is constant over a 
u le ol i,(/). If the period of iqU) is T, and if r > 20T, then V(t) varies less than 5% 
n i he lime interval T. Consequently, if 


C > 20GT = 


40ti G 


or 


-> 40tt, (5.2-14) 

G 

w liein t•) ----- 2n:T. then our assumptions are justified. In many practical situations 
i lie inequality of Eq. (5.2-14) may be relaxed by a factor of 2 or 3 without any notice- 
ible cHeel on the expressions derived. 


v) < ARACMTVELY COUPLED 

IKANSISTOR AMPLIFIER—CONSTANT CURRENT BIAS 

Smee a great many large-signal ac transistor amplifiers are capacitively coupled, we 
Jiull study thus coupling problem in detail in this section. We begin by analyzing 
he i apacitively coupled amplifier shown in Fig. 5.3-1. which is biased from a constant 
mirni source / dc and driven at its emitter terminal (common base) by the input 
.oliage i,(/}. We then show, in Section 5.4, that the analysis is essentially unchanged 
I ilie drive is applied to the base with the emitter capacitively bypassed (common 
‘muter) or if the bias is developed by the more conventional scheme of resistiveiv 
lo ulmg — \\ c and applying it to the base with a resistor R E placed in the emitter 
:iu mi In all cases, we assume, however, that the input volt-ampere characteristic 
>1 the transistor may be modeled by an exponential relationship of the form 

- I H s^ t FH kT = tEs e ~ qiTiV * T , ( 5 . 3 - 1 ) 

Uni lb'.: collccior-lo-emliter \oltage never reaches zero and saturates the transistor, 
ih.ii ihe collector current mav be modeled by a current source xi E , where x ^ 1, 
•■! ilie cntnc ranee of emitter currents, and that the internal reactances of the 
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Fig. 5.3-1 Capacitively coupled transistor amplifier 

transistor, such as charge storage, may be neglected. These assumptions provide an 
excellent first-order approximation to the performance of many transistor amplifiers 
for values of \Z L \ less than 100 kQ and frequencies up to the tens of megahertz. 

For the circuit of Fig. 5.3-1. we first determine its steady-state behavior with 

a periodic drive and then determine how the circuit builds up to steady state. In 
addition, in Section 5.6 we develop the transfer function of the network for the case 
where r ( -(f) is an AM wave of low modulation index. This transfer function proves 
to be useful for evaluating the steady-state stability of transistor oscillators and the 
output signals of transistor limiters. 

If we assume for the circuit of Fig. 5.3— 1 that the coupling capacitor C is sufficiently 
large that its voltage r c remains constant at V c = — I dc over a cvcle of r,U), then the 
model of Fig. 5.1-6 is immediately applicable. 

For a given input voltage, we determine the value of the battery and hence of 
the clamping level and the capacitor voltage. We then determine the emitter current 
(the diode current in the model) from the known dc value of current. k c . and the 
driving voltage waveshape. 

For example, assume that the waveshape of Fig. 5.3—2 is applied as r,-U) in the 
circuit of Fig. 5.3-1. 

As a reasonable approximation to aid in fixing the battery voltage in the model, 
we might model the input as a 200 mV peak sine wave: hence x ~ > 3. For such an 
.v, the ikT‘2i])\n2xx term becomes approximately 50 mV. If we assume that / dc 
is 1 mA and that I s is 10" 10 A. then 
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Fig. 5.3-2 Plot of and i^t) I P = W(t) vs. r. 


lonce. [o a very good approximation, the emitter voltage will be clamped to a peak 
( ‘Itaae of A 810 mV; thus the capacitor voltage will be —610 mV. (If the 200 mV 
u:ak signal is to reach 810 mV, the capacitor voltage must add 610 mV to it.) 

I lie emitter current can be expected to flow primarily during the most positive 
iienal q! the driving signal.t Since this interval consumes only one-eighth of the 
□ til period, the current during this interval must be eight times the average value, or 
m A 


< )nce the current is known to flow primarily in narrow pulses, it follows from 
hapter 4 that the fundamental component is approximately twice the dc value; 
An is, l hl - 2/ dc . Therefore, if Z L is a high-0 parallel RLC circuit tuned at 
1*2/:/ with a parallel resistor R L , then the output voltage r o (0 may be closely 
ppioximated by 


r 0 U) = — V cc + 2a/ dc K L cos an. 

II ihe stairstep waveshape were replaced by a 200 mV 
mm clamping level and capacitor voltages w r ould exist. 
ic peak current to the average current is 


(5.3-2) 

peak sine wave, then the 
For this case, the ratio of 


(5.3-3) 


I i iK- that (low when the input to the emitter is 810 mV and when it is 710 mV are 

topon; w.u io ~ hl L j 1(1 = 45 Hence the current during the maximum \oltaee 

11,1,1 c Mines the current llow during the adjacent segments. Thus assuming that all the 
ii i '‘in s in one Hat-Lopped pulse will lead at most to about a 2 n (J error. 
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for x > 4. Thus for x = 7.7 and I dQ = 1 mA, l P ~ 1 mA. Figure 4.5-3 indicates 
the general shape of the current pulse, while Fig. 4.5-4 indicates a conduction angle 
of about 104°. Figure 4.5-5 indicates that for this value of x. l x = 1.85/ dc ; hence 
again, if the load is a tuned circuit, the output voltage can be found as 

u o (0 = — V cc 4- 1.85x1 dc R L cos cot. (5.3-4) 

If the load is tuned to some harmonic of the input driving waveshape, then either 
Fig. 45-5 or the tables of 2J n (x)// 0 (x) that appear in the Appendix at the back of 
the book may be used to determine v 0 (t). 

A more general approach to the circuit of Fig. 5.3-1 is to define a waveform 
function W(t) as the ratio of the actual emitter current. i E U), to the peak emitter 
current I P . If the capacitor voltage has reached a steady-state value V c = — F dc , then 

I p = / £ / Kd ^V 1 '- kr , (5.3-5) 

i^t) = I ES e qV ^ !kT e qv ' {t),kT . (5.3-6) 

and 

W(t) = e qv ' {t)ikT ;e q * m ™ kT 

= i E (t)iI P . (5.3-7) 

The waveform function contains the time-variable portion of i E {t): hence if J P 
and Wit) are known, then z E (r) is known. The average or dc value of i E (t) will be I P 
times the average value of W{t)\ 

l dc = TJF) = I F WU). (5.3-8) 

Thus if 7 dc and r,(r) are known, one first evalu ates or p lots Wit), which is only a 
function of r,(f), and finds its average value W(x). If Wit) and I dc are known, then 
I P is fixed. However, fixing I P fixes l dc and completes the solution. 

When an unbypassed series resistance exists in either the base or emitter circuits, 
the results of Sections 4.8 and 5.1 for the added resistance case are again directly 
applicable. 

Transient Buildup 

If the periodic input r,(f) is applied at t = 0 to the circuit of Fig. 5.3-1. during the build¬ 
up to steadv state the slowly varying component of capacitor current is given by 


l = 1,(1) = i t:se -^rv>kT - i dc = c 


:lV c it) 


Hence the differential equation for F k .iO — - I ( lf) lakes thf fort 


(5.3-9) 


c i l ^A n 

</r 


I i / 


w n\- / 


( 5 . 3-101 
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We may integrate Eq. (5.3-10) in a straightforward fashion to obtain 

if f 

rfYacU)/kT _ U dci *ES) € 


(5.3-11) 


\V{i) + Ke ~' 1 

where r = CkT!qI dc = C/g in , K is an arbitrary constant of integration, and 
Vm = qld C jkT\s the small-signal input conductance of the transistor in Fig. 5.3-1. 
If we assume that for t less than zero r f = 0, then 


? 0 . r i ^ 


and 


K = e ~ qr '™* ;kT - W(t). 

With this value of K , Eq. (5.3-11) reduces (for f > 0) to 

UJhs)e~' ,v, "'" lkT 


dcU)lkT _ 


W\i) — [e qv '^^ kT — W(t)]e 


-f/T’ 


or equivalently, 


1 dc 


F dc (r) = -r ; _ + ~ ln=- _ -. 

q XV -§r 


(5.3-12) 


(5.3—13a) 


(5.3—13b) 


Now. in the steady state. W = I d JI p and e~ t!T = 0; thus Eq. (5.3-13) reduces to 


t- a, 7 dc JtT, — 

" V ln 7^ _ V ln (5-3—13c) 

. H l ES H 

v ieQ 

This exact form for K dc also results if the waveform function is employed to evaluate 
the steady-state transistor response in a fashion discussed previously in this section. 
By noting that 

i £ (r) = / Es ^^i't*r ( ,„ jm , > iT M/ ( ( ) 
and employing Eq. (5.3—13a), we may also obtain (for t > 0) 


1 eU) 


himn] 

W + {e-IVi^kT _Jy 


(5.3-14) 


where, of course. W(t) = e ‘ ir ' i,)lkT e qv '— kT . As t — oc, Eq. (5.3-14) reduces to the 
expected form i, = I P W(t). 

For v ,(r) given byjhe staircase waveform of Fig. 5.3-2, W(t) has the form shown 
in the same figure. IV = and r, mjx = 200 mV: hence, for this case, with kT/q = 
26 mV and / dc . 1 KS = 5 x M) 1 -. 


V __ 

1 + (33 x 10' 3 - lk'~ rl 


(5.3— 15a) 
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and 

K dc (r) = (614 mV) - (26 mV) In [1 + (3.7 x 10" 3 - l)e _,/t ]. (5.3-15b) 

Table 5.3-1 presents values for F dc (t) and the peak emitter current I P (c) vs. t/r for 
the expressions given in Eq. (5.3-15). [/p(f) is the coefficient of W(t) in Eq. (5.3-14) 
or Eq. (5.3-15a).] In addition, a sketch of i £ (t), given by Eq. (5.3-15a). is shown in 
pi2_ 5.3-3. 

U is apparent from Fig. 5.3-3 that at t — 0, when r^f) adds directly to “ 
— V C (Q) across the input exponertial characteristic of the transistor, an exceptionally 
large emitter current flows with waveform W(t l The average value or this large 
current, flowing primarily through the coupling capacitor, very rapidly decreases 
X ^ and in turn reduces the peak: value of the emitter current. In particular lor r/i = 1 


Table 5.3-1 Tabulation of values for V dc {t) and 
IM vs. t/x 


t/x 

ip(t) 

F dc (t), mV 

0 

2200J dc 

760 

1 

12.6/ de 

626 

2 

9.25/ dc 

618 

3 

8.43/ dc 

614 

4 

8.15/ dc 

614 

5 

8/ dc 

614 



Fig. 53-3 Sketch of i t U) vs. t for r.m given in fig 5.3-2. 
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the peak value of the emitter current has fallen from 2200/ dc , (f/t = 0) to 12.7/ dc . 
By the time f/r = 4, steady state has been reached for all practical purposes. 

The practical difficulties with this solution are that for any appreciable v^t) 
the turn-on current is so enormous that the bulk of the emitter current transient is 
over by the time t = 0. 10t or less. The practical consequences of the demand for 
this large current are several. First, C must be very large or the assumption of a small 
change of capacitor voltage per cycle is violated. Second, the supposedly very large 
instantaneous currents lead to appreciable voltage drops across internal transistor 
(or diode) resistances, so that we cease to have the true exponential voltage-current 
relationship that was assumed. We have instead a resistor-transistor combination 
ol the type assumed in Section 4.8, The actual transient in a real circuit is somewhere 
between the extreme value suggested by Fig. 5.3-3 and the value obtained from a 
resistor battery model formed by the techniques of Sections 5.1 and 4.8. The reason 
is primarily that the presence of the resistance limits the initial emitter current 
amplitude for 0 < f < O.It without appreciably affecting the remainder of the 
transient. 

For the case where ^(r) = V 1 cos cur, W x (t) has the form shown in Fig. 4.5-3, 

W = —— anc [ e -qvim^)kT _ e - x 

e x 


hence from Eqs. (5.3-13b) and (5.3-14) we obtain 


and 


F dc (r) 


_ kT _ I dc , I ES _ 

q I 0 (xf T[\ - I 0 (x)]e~ tft 


i E (t) = 


I dc [W x {t)]e x 


I 0 (x) + [1 - / 0 (-*)>" 


(5.3-16) 


(5.3-17) 


\ sketch of i K {r) in this case has essentially the same form as the sketch of Fig. 5.3-3. 
except that the pulse shape is given by W x {t). Consequently, here again the emitter 

< iirrent starts with a very large peak value and rapidly decreases toward its steady- 
male level, which it essentially attains for t > 4r, Again the internal transistor re- 

isiance or the generator impedance limits the initial value of the emitter current. 

\t this point, it is apparent that the response time of the circuit of Fig. 5.3-1 is 
governed by the time constant t = C g in . Therefore, if r t (r) is an AM wave and the 
envelope of this AM wave varies slowly compared with t, the circuit essentially 
teaches steady slate for each envelope value. Consequently, any steady-state transfer 
Inaction relating the peak value of r,U) to a current or voltage in the circuit of Fig. 
! I can also be used to relate the time-varying envelope of r,-U) to the corresponding 

< 111 cut or v oltage. 

For example, with rpM = \\eos<ut. the fundamental stead}-state collector 
ui reni; ($ aivfn bv 


f 5.3 m 
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where x = qVJkT. However, if i\(t) = g(f) cos cut and g{t) varies slowly in com¬ 
parison with t, then 


l c i 


2 1,[qg(t)/kT] 

* dc IolqgmT] 


cos cut. 


(5.3-19) 


Aeain we note from Fig, 4.5—5 that if g(f) is large in comparison with kT/q for all 
values of r. Eq. (5.3-19) reduces to 


i ci 2a/ dc cos cot 

and the circuit strips the AM information from / C1 , thus functioning as a limiter. 

Note carefully that if the circuit of Fig. 5.3-1 is used to process AM signals, the 
value of the coupling capacitor C must be arrived at by a compromise. The value 
must be large enough to appear as a short circuit at the fundamental frequency of 
r,(t), and yet it must be small enough so that i = C/g in is small in comparison with the 
time over which the envelope of the AM wave varies. Such a compromise is possible 
only if there is a wide separation (of a factor of at least 100) between the maximum 
modulation frequency and the carrier frequency. 

In Section 5.2 we saw that the coupling capacitor appears as a short circuit at 
the frequency oj if 

r = — > 20 T. 

a 


or equivalently, 

— > 4071. (5.3-201 

a 

^ in 

Thus Eq. (5.3-20) puts a limit on the minimum value of C. 

To obtain an inequality for the maximum coupling capacitor value w r hen using 
the circuit of Fig. 5.3-1 to process input AM signals, it would be desirable to obtain 
a general expression for the capacitor voltage and the emitter current as a function 
of the envelope of v f (t) and the capacitor value. With such a general expression, the 
maximum capacitor value which produces the desired emitter current could readily 
be determined. Unfortunately, a general relationship is mathematically intractable; 
however, a small-signal transfer function relating low-index envelope variations to 
small variations in capacitor voltage and emitter current is possible. In addition, the 
maximum coupling capacitor value obtained from the small-signal analysis again 
provides an excellent estimate of the value required for large-signal operation. This 
small-signal transfer function will be derived in Section 5.6. 


5.4 CAPACITIVELY COUPLED TRANSISTOR AMPLIFIER—RESISTOR BIAS 

In this section we continue our analysis of the large-signal capuciti\eiy coupled 
transistor amplifier by considering the circuit shown in Fig. ^.4—1. which is biased in 
a conventional fashion. Here, in addition to a coupling capacitor C a base bypass 
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Fig. 5.4-1 Capacitively coupled transistor amplifier with conventional bias. 


capacitor is included to ensure that the entire periodic ac signal v f ([) appears across 
the emitter-base junction. We again begin by determining the steady-state behavior 
of the circuit. This analysis is somewhat more involved than the corresponding 
analysis of the circuit of Fig. 5.3-1, because the depression in the dc emitter-base 
voltage caused by the application of r,-(£) results in a change in the average emitter 
current from its quiescent (iv = 0) value. Hence, in addition to the average emitter- 
base voltage, the average emitter current must be determined as a function of 
before the total emitter current and in turn the output voltage can be evaluated. 

Fortunately, as we shall demonstrate, the change in the average emitter current 
u ith input drive level is usually a second-order effect in most well-designed transistor 
amplifiers: hence I EQ merely replaces 7 dc in all previously derived results. For the 
few circuits which are exceptions to the rule, w r e develop the set of universal curves for 
Gjx) g mQ shown in Fig. 4.5-5 which directly replaces the curve of G m (x)/g m of Fig. 
4.5-6 in the analysis of narrowband circuits with sinusoidal drives. 

We determine the steady-state average emitter current I E0 as a function of u f -(r) 
by first computing the depression AV of the emitter-base voltage from its quiescent 
value when is applied, and then we employ AFto compute the shift in I E0 from its 
quiescent value / EQ . 

When x > 4 for sinusoidal drives, the clamping model* of Fig. 5.1-6 may be used 
in two successive approximations to provide a very rapid answer for this circuit. (See 
Problem 5.5 at the end of this chapter for an example.) 

In the analysis of the circuit of Fig. 5.4—1 we again assume that the transistor does 
not saturate, that 

i r = a/ £ or i B = i 1 — al/ £ , 
that internal transistor reactances are nealieible. and that 
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With these assumptions and the Thevenin equivalent of the base circuit shown in 
Fig. 5.4—1, the quiescent emitter-base voltage V dcQ and the quiescent emitter current 
I E q [which exist prior to applying u t -(r)] are related by the equations 


y _ *1 In !m 

” « in 


(5.4-1) 


and 


Uq ~ 


''flfl - ^ tie g 

R E — i 1 — ") R B 


(5.4-2) 


In general, Eqs. (5.4-1) and (5.4-2) are difficult to solve simultaneously; however. 


if we assume 

/ £S = 2 x 10“ 16 A and kTiq = 26 m 


and tabulate V dC Q vs, I E g as shown in Table 5.4-1, we find that V da Q experiences only 
small variations about 760 mV for values of I E q between 0.1 mA and 10 mA. There¬ 
fore, for many practical circuits, V dl .Q may be closely approximated by j V, and with 
this value of K dcU , Eq. (5.4-2) simplifies to 


£Q ' R e + (1 - a)/? B 


(5.4-3) 


The value ot = 2 x 10 ^ A corresponds to a silicon transistoi integrated 
on a "chip.’' For a nonintegralcd silicon transistor. I ys ^ - ■ 10 A and !,j c y 
mav be approximated by 650 mV. For a germanium transistor. I rs - 2 x 10 \ 
and 220 mV provides a reasonable approximation for V dcU . 
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Table 5.4-1 Tabulation of F dcQ vs. 1 EQ with 
kT/q = 26 mV and I ES = 2 x 10“ 16 A 


F dcC .mV 

f EQ ' m A 

700 

0.1 

760 

l 

820 

10 

880 

100 


If we wish the quiescent point to remain fixed, independent of temperature or 
iroduction variations in the transistor parameters, l EQ must be insensitive to these 
variations. If I EQ does not vary, I CQ = zI EQ remains fixed, since a a 1 and in turn 
I \ r q . which is a function of I E q, I C q, and the bias circuitry, is stable. We observe from 
■q[ (5.4—2) that, to keep I EQ independent of transistor parameters, the following 
onditions must be satisfied: 

R e » (1 - ot)R„ (5.4—4a) 

ind \ 

V BB » V dcQ . (5-4^b) 

rhe greater the strength of the above inequalities, the greater the bias stability with 
espect to transistor parameter variations. If R E ^ R B and V BB ^ 10 V dcQ , excellent 
Mas stability is achieved in most applications. 

If now the periodic input v^t) is applied and both C B and C E are assumed to be 
ic short circuits over the frequency range occupied by the emitter current for 
ihe circuit of Fig. 5.4-1 is given by 

i E = i ES e^^ kT e qvAt)ikT 

= l ES e qVdcl kr ^ L '' maA,fcT W(t% (5.4-5) 

where F dc is the dc voltage which develops across the combination of C B and C E . 
We observe here that the emitter current waveform is still determined by e tiL,(l),kT and 
is therefore invariant with changes in bias configuration. In addition, we observe 
that, if — were inserted in series with C B and C £ were returned to ground, Eq. 
(5.4—5) would remain unchanged; hence, if r,-(f) = V\ cos cot, the only difference 
between driving the emitter and driving the base would be the shift in the emitter 
current by half of a carrier cycle. 

If we again define the steady-state emitter-base voltage bias depression AFas 

AF = V dC Q - K dc , (5.4-6) 

then the expression for the emitter current may be rewritten as 

kT c^— kT \VUl (5.4-7) 

wiere I m = I rs S' ^ ijkr - In addition, the average emitter current I EQ is given by 

/ — [ a q k 1 c q ' 

1 !-.\) - 1 hQ L L 



(5.4-8) 


;• *»31 jtt 1 
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In the steady state, I E0 is also constrained by the bias circuitry to have the form 


f EO 


Kb - K.C 

r e + (1 z)Rb 


AF 

R e + ( 1 — oc)R b 




(5.4-9) 


where V k = I EQ [R E + (1 - *)*«,] = V bb ~ V ^Q 1S the sum of the ^ iesce f V0 ' ta f 
which appears across R B and the quiescent voltage which appears across R E Com¬ 
bining Eqs. (5.4-8) and (5.4-9), we obtain an expression for the steady-state bias 

depression AF: 

+ e ^v:tT = e q» lm .*;kT W { t j m (5.4-10) 

Because of the transcendental nature of the expression for AV given m Eq. 
{5 4-10), it is impossible to obtain an explicit solution tor Al in closed form, or u- 
natelv, however, for Y k > 520 mV [which is always true in a well-designed circuit 
cf. Eq. (5.4—lb)], the value of A V satisfying the equation 

e qiVtkT _ e qi'i (5.4-11) 

differs bv less than 5 % from the value of A F satisfying Eq. (5.4-10). and agreement 
is closer with higher values of Consequently, with the approximation for AV 

given in Eq. (5.4-11) we obtain the closed-form expression 


AF = i\- 


LT _ 

+■ — In W(t). 

i max 1 v 


(5.4-12) 


With the aid of Eq. (5.4—9) we also obtain _ 

r (op, kT) + In W 

v “ tmit »-• 


fro — ^ 


EQ 


1 + 


q V } jkT 


(5.4-13) 


By noting [from Eqs. (5.4-7) and (5.4-8)] that i E (r)/7 £0 = WtfIFU). we may finally 


t Assume that AF, satisfies Eq. (5.4-111 Therefore, equating Eqs. (5.4-10) and (5.4-11). we obtain 

/ q AV:kT \ sykT = e ^ V) k T 

\ qVjjkT I 


or equivalently, 

AK q A V \ / 


However, In ( 1 + x) < x: therefore, 

Aii ~ AK < __l_ 
AK q\', kT 


A! - AF 


A 1 


< 1) 05 


and. for qT. kT > 20. 
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~ I £Q 


1 + 


(qv im JkT) + In W 1 

Wit) 

qVJkT \ 

H’U) 


(5.4-14) 


vhere I P = I EOf W. Consequently, by employing Eq. (5.4-14), we can determine the 
teady-state expression for i E (t) for any bias arrangement similar to the one shown 
n Fig. 5.4-1, once the form of v { {t) is known. 

As an example of determining the steady-state value of i £ (t) as well as the steady- 
late output voltage, we consider the circuit shown in Fig. 5.4-2 with u f (r) of the form 
hown in Fig. 5.3-2 applied. We assume that the transistor is silicon and not part of 
in integrated circuit, so that V dcQ ^ 0.65 V, and that a = 0.99. From the bias 
:ircuitry we observe that 


= (5 V)(1.2 kQ)/5.1 k Q = 1.18 V and R B = 1.2 k£l||3.9 kfi = 916 Q; 


icitee 


1.18 V - 0.65 V 
Ieq = 510 n + 9.16 Q 


1.02 mA 


md V } = 1.18 V - 0.65 V = 0.53 V. In addition, since v fmax = 200 mV, kT/q = 
!6mV, and W = we obtain from Eq. (5.4-13) I E0 = 1.02 mA(1.276) = 1.3 mA, 
vhich leads directly to 

i £ (t) = 8(1.3 mA)PV(f) = (10.4 mA)W(t), 

\ here W(t) is the train of narrow pulses shown in Fig. 5.3-2. Since the tuned collector 
arcuit has Q T = 16 and is resonant at co = 10 7 rad; sec. the output voltage is given by 

r 0 (t) % (a)(2)(1.3 mA)(1.6 kQ) cos 10 7 r - (5 V) 

= (4.16 V) cos 10 7 f - (5 V). 

lore again, since the emitter current pulses are narrow, we have approximated the 
implitude of the fundamental component as twice the average value. 

In solving this problem we have assumed that the transistor does not saturate or, 
.■quivalently, that the collector voltage remains more negative than the emitter 
■ oltage at all times. To check this assumption we require, in addition to r 0 , an 
expression for the emitter voltage v E . Clearly, v E contains the dc component — I E0 R E 
ind the ac component y f (r); therefore, 


v E (t)= -(0.662 V) + cfr). 

igure 5.4-3 shows a sketch of r E (f) and r 0 on the same set of coordinates. From this 
.ketch, which also includes i^t), it is apparent that r 0 < at all times and saturation 
loos not occur. 

As a second example, we consider = \\ cos cot applied to the circuit of Fig. 
' i 1 For this drive the bias depression AT obtained from Eq. (5.4—12) is 


kT 

A l = — In / 0 (a). 

q 
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Fig. 5.4-3 Waveforms for the circuit of Fig. 5.4-2. 


Table 5.4-2 


X 

In I 0 (x) * 

X In 1&C) 

0 

0 

8 

6.058 

1 

0.2359 

9 

6.998 

2 

0.8242 

10 

7.943 

3 

1.585 

12 

9.850 

4 

2.425 

14 

11.77 

5 

3.305 

16 

13.70 

6 

4.208 

IS 

15.64 

7 

£ 

| 

20 

17.59 












































REACTIVE AND NONLINEAR ELEMENT COMBINATIONS 


5.4 


Table 5.4—2 includes values of q AV/kT = In I 0 (x) vs. x for values of x between 0 and 
20. In addition, with v t (t) = V x cos cut, the average emitter current reduces to 

(5.4-15) 

as a result, the total emitter current is given by 


f Fd — I 


EQ 


1 + 


In /p(-x) 
qVJkT 


MO — I EQ 


1 + 


In / 0 (jcne Jtcos “ r 
qVJkT_ I 0 (x ) 


= I 


EQ 


j + In /oW 


qV-JkT 


, , , f 7 - (x) 

1 + 2 > cos nan 

.= i4W 


(5.4-16) 


A plot of/ E0 // £Q vs. .y obtained from Eq. (5.4-15) with qVJkT as a parameter is given 
in b ig. 5.4-4. With the aid of Fig. 5.4-4. once the quiescent values of I EQ and V k and 
(he input level T, (or .v) are known, the total emitter current or any of its harmonics 
c;m be determined. 



I 4 4 Hot ol / A;n t I, : o x wnh q l - kTds a parameier. 

obta 11 k tl unli K I if ■- 26 mV 


Values ol V\ shown in brackets are 
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For example, consider = (208 mV) cos 10 7 f applied to the circuit of Fig. 5.4-2. 
Since for this circuit I EQ = 1.02 mA, V x = 0.53 V, and V x = 208 mV, if kT/q = 26 mV, 
then x = 8 and qVJkT % 20. From the curves of Fig. 5.4—4 we obtain 


and in turn 


^=1.3 

* EQ 


(1.33 mA)e 8 “‘”' 

' e(0 “ 7^8) 

= (9.24 mA)W' 8 (f). 

In addition, the fundamental component of i E (t) has the value 

i El (t) = (1.33 cos cot 

4° * 

1.871 

and thus i' 0 (f) = (4.0 V) cos cot — (5.0 V). 

Note carefully that Fig. 5.4-4 provides a set of universal curves that can be used 
when v t = \\ cos cot for any bias circuit values and for either germanium or silicon 
transistors. However, when dealing with narrowband amplifiers and oscillators, it 
is more convenient to develop a similar set of universal curves for the large-signal 
average fundamental transconductance G m (x), wfiere 


G m (x) 


K 


Ic 1 
Vi 


and I El and 7 C1 are the coefficients of the fundamental components of the emitter 
and collector currents respectively. With the aid of Eq. (5.446) we can express Gjx) 
in the form 


Gjx) 


EQ 


i + 


qVJkT_ I 0 (x) 


SmQ 


1 + 


In / 0 (jc) "[ 2/ 1 (.x) 
qVJkT _ xJ 0 (xY 


(5.4-17) 


where g mQ = cd FQ /kT is the small-signal transconductance evaluated at the quiescent 
point. The normalized curves of G m (x)/g mQ vs. x with qV- kT as a parameter are 
given in Fig. 5.4-5. 

Once G m (x) is determined for any particular set of bias values and input voltage 
levels from the universal curves of Fig. 5.4-5, the output voltage r 0 of a narrowfiand 
amplifier ma\ be expressed directly as 


= {\ \ cos ot iG m l x)Rj - i fT 


(5.4-18) 


where R f is the resistance of the collector-tuned circuit at the resonant frequency to. 
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Kig. 5.4-5 Plot of G m {x)!g mQ vs. x with qV-jkT as a parameter. Values of V k in brackets are 
obtained with kTiq — 26 mV. 


For example, if we again consider r,(f) = (208 mV) cos 10 ! t applied to the circuit 
of Fig. 5.4-2. then F- = 530 mV and l EQ = 1.02 mA. If we let kTiq = 26 mV, then 
v = 8. q V } kT ^ 20, and g mQ = qI EQ/ kT = 39.2 mmho. From Fig. 5.4-5 we obtain 
G'J.y) g mQ = 0.307; hence G m U) = 12 mmho. Finally, since R L = 1.6 kQ, r 0 (f) is 
given by 


L 0 U) = —{5 V) + (208 mV)(cos rof)(12 mmhoK1.6 kQ) = —(5 V) + (4 V) cos gjl 

which is in exact agreement with the expression derived by the previous method. 

In most well-designed circuits of the form shown in Fig. 5.4-1, v imaA is much less 
than V A or, equivalently, V BB (cf. Eq. 5.4—4b). For this type of circuit. 


+ |n 

qVJkT 


« 1 


(5.4-19) 


(since In W must be negative and smaller in magnitude than qv ima Jkl] the numerator 
of Eq. (5.4-19) is always less than qv irnmA 'kT) and Eq. (5.4-13) for the average steady- 
stale emitter current simplifies to 

^ EO ~ I EQ- l^.4--_0) 

Equation (5.4-20) is intuitively satisfying, since a small ac input \oltage can at most 
eifect a small dc bias depression, this, when compared with a large F s . has little effect 
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on the average emitter current. In such a circuit the emitter resistor R E can be 
replaced by a current source I EQ with no effect on any of the current or voltage 
waveshapes within the entire circuit; however, with such a current source bias, a 
the results of the previous section, as well as all the results of Section 4.5, are directly 

applicable. . 

For the case where r,(t) = V l cos cuf, the inequality of Eq. (0.4-19) is equivalent to 

(cf. Eq. 5.4-16) 


In / 0 (x) 


« 1 . 


(5.4-21) 


Clearly, then, if 


kT 

V; > 20—In / 0 (.v) 

q 


(5.4-22) 


for a particular drive level and bias configuration. l E0 may be approximated by I EQ 
within 5 0/ Figure 5.4-6 plots V x , given by an equality in Eq. (5.4-22), vs. x. Thus 
for any circuit biased as shown in Fig. 5.4-1 having values of V\ and .x which determine 



54 * pi^i OI - 1 vs. v for the condition where / tl) I EQ = I 05 or I , - 20(47 u ) In 7 ,(.v). 
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IKO 

", !f m " bo y e th " curve of Fi & 54 - 6 - ho may be approximated by I EQ with less than 
; L ' r l )r ln add ' tl0n - G -n(-v)/g m(? may be approximated by 2/,(x)/x7 0 (x) with less 
mail 3 „ error. This approximation corresponds to employing the qV- kT = x 
curve of Fig. 5.4-5 or. equivalently, the curve of Fig. 4.5-6 to determine G (_ x ) - 

a " y g,Ve " Va ‘ ue of x U turns out m practice that the operating points of mo"st 
circuits with stable bias configurations and reasonable drive levels are above the 
curve of Fig. 5.4-6. 

Example 5.4-1 For the circuit shown in Fig. 5.4-7, determine an expression for r 0 (r). 

5Wu/">,i. The first thing to note is that we have an NPN transistor rather than a 
. N transistor and that we are driving the base and not the emitter. However, since 
1 le characteristic for an NPN transistor is identical with the !>„-/, char¬ 

acteristic for a PNP transistor, driving the base of an NPN transistor has the same 
cl ect on the emitter current as driving the emitter of a PNP transistor The main 

d; 11 ere nee between the two cases is that the quiescent value of V EB experiences a 
change m sign. 

At quiescence (r, = 0), if we assume that the transistor is silicon (V dcQ = 0.65 V), 
_ 9 .35 v 

Ieq ~ 5T kQ = 1-83 mA and V - = 9.35 V. 
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Since for this example x = 5, the operating point (x, F-) falls well above the curve of 
Fig. 5.4—6, and thus I E0 a 1 EQ . 

Since the tuned circuit in the collector is resonant at a> = 10 8 rad/sec, which is 
the fundamental frequency component of i E (t), and since for the tuned circuit'^,- = 20, 
only the fundamental component of i^t) contributes appreciably to c 0 (t). Conse¬ 
quently, v 0 may be expressed as (cf. Eq. 5.3-12) 

J / \ 

v oU) — +V CC - j \ v ho^L cos tot 

*o(x) 

= (10 V) - 1.787(1.83 mA)(2kQ) cos 10 8 r 
= (10 V) — (6.5 V) cos 10 8 f. 

Alternatively we can determine g mQ = 70.4 mmho, and from the V } = x curve 
of Fig. 5.4-5 obtain GJ5)/g mQ = 0.359, from which it follows that GJ5) = 25.2 mmho. 
Therefore, 

v oit) = + fee — G m (x)R L V j cos cot 

= (10 V) - (25.2mmho)(2kQ)(130mV)cos 10 8 r 
= (10 V) — (6.5 V) cos 10 8 r 

There is a minus sign in the expression for v 0 (t) because the collector current flows 
downward through the tuned circuit. 

5.5 NONLINEAR LOADING OF TUNED CIRCUITS 

In this section we shift our attention to the properties of a parallel RLC circuit 
wTich is driven by a periodic current source i ; (r) and which is shunted by a nonlinear 
nonreactive load as showm in Fig. i.5-1. The current source i,(t) is assumed to have 
a period T = 2x,oj 0 . where c; 0 is the resonant frequency of the tuned circuit: and 
the loading, although nonlinear, is assumed to maintain the O of the circuit reasonably 
high. With these assumptions, we first show that in the steady state the output 
voltage !■,(!) remains approximately sinusoidal despite the presence of the nonlinear 
load and that the nonlinear load may be modeled by an equivalent linear resistance. 
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Wcr then develop ;i graphical technique for determining the steady-state amplitude 
ill t',,10 as a direct Function of the fundamental component of ij(t). 

('ircuits of the type shown in Fig. 5.5-1 arise when the output of one large- 
sienal narrowband amplifier (or limiter) drives the nonlinear input characteristic of 
,i subsequent large-signal amplifier, or in the case of an oscillator, when the output 
m 1 >i narrowband amplifier dnves its own nonlinear input characteristic. Clearly the 
determination of the relationship between v B U) and i,(r) is a necessary step in the 
calculation of the overall amplification of a chain of narrowband amplifiers or of 
i lie loop gain of a sine-wave oscillator. 

To begin our analyses, we observe that since i,fr) is periodic it may be expanded 
in a I ouner series of the form 


i,(r) = I i0 + I n cosoV + X f, n cos (noj 0 t + 0J, (5.5-1) 

n = 2 


here the time axis has been chosen in such a fashion that the phase angle of the 
fundamental component of i,( f) is equal to zero. In addition, because of the periodicity 
of (,(/), in the steady state all other currents and voltages in the circuit must be periodic 
with period T; in particular, i 0 (t) must be periodic and therefore expressible in the 
form 

i 0 (t) = X ! on cos (mu 0 f + 0 o „). (5.5-2) 

n = 0 


Without affecting the output voltage r 0 (t), the nonlinear load may be replaced 
by the infinite array of harmonically related current sources contained in i 0 (t). as 
shown in Fig. 5.5-2. 

Now the circuit is assumed to have a high value of Q r . where for the nonlinear 
circuit 0 T is defined as the ratio of the total resistance R T seen looking into terminals 
1 / a id. Fig. 5.5-1) at the resonant frequency cu 0 to the reactance of L or C evaluated 
at f.v 0 . that is,i 


Therefore, the resonant circuit presents a low impedance [less than !A"^w 0 )|] at cc 
and all harmonics of w 0 . If, in addition, \i in — i 0 Jmax ^ Ai f° r a ^ n ^ 1 (a condition 
which is satisfied by almost all practical periodic waveforms I, then the dc and har¬ 
monic components of /,■(£) and i a (t) are essentially shunted to ground and contribute 
\ery little to the waveform of r w (f). Thus i jt) may be closely approximated by a 
sinusoid of the form ., , , 

r.tri = V\ cosU-V — 


i 


'.ha.se angle ef rj:i must 



f course be identical with the phas; 
: i. since the noni.near device po* 
>v mce himself oi this IsfcLi 


■nsle 


■.nnc-icni wuh the uefsciuon 


Nxl&'n 1.2. 
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Fig. 5.5-2 Current-source representation of non-linear load. 


A simplified circuit for determining r o (0- from which the dc and harmonic 
components of ij(() and i 0 (ri have been omitted, is shown in He. 5.5—3. 

The problem in determining r 0 |f) in terms of i,it) is now reduced to evaluating 
y t and 0 al . At resonance, however, it is apparent from Fig. 5.5-3 that 

l n cos to 0 t = (H G + J„i )cos (co 0 t + 0„i); (5.5-5) 


hence 0 ol = 0 and 


= I, 


KG. 


(5.5-6) 


To evaluate l \ we employ a method similar to the one used in Section 5.1 to determine 
t'. We assume a value for V\ which, of course, specifies r 0 U) “ I] cos to^t. With 
this value of t’Jf) applied across the nonlinear load, w r e determine ijf) and. either 
analytically or graphically, determine the amplitude oi its fundamental coefficient /„i. 
This procedure is repeated for a sufficient number of different values of V t until a 
smooth curve of ! at vs, \\ is obtained. This curve represents the relationship between 
I \ and l 6l required by the nonlinear load The linear portion of the circuit, however, 
requires that V± and / el be related by Eq. (5.N-6J. Therefore, if the load line of 
Eq. (5,5-6) is plotted on the same set or coordinates as the l cunt, as shown in 
Fis* 5.5—F the intersection of the "'load line and the curve determines the steady -state 
values of \\ and I ol . With V\ known. i 0 (r) can readily be computed. 


v (0” V\ COS (UJo/ - Qn 1 



/ co* Ulrg ^ 0*) 


Fig. 5.5 3 Simplified network for determining tn 
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Kij(. 5.5 4 Graphical method for determining the steady-state values of V { and l ol . 


Ii is desirable to write an expression for Q T in terms of the steady-state values 
I l, 11 iss) and (/.,„) such that, once K 1SS is found, the assumption of high Q T 
be checked. To accomplish this goal, the model of Fig. 5.5-3 is farther simplified 
\ replacing the output current source by an equivalent linear conductance. 


G 


XL 


Li 

V 


e inch maintains the same currents and voltages throughout the network. This 
unplilied model is shown in Fig. 5.5-5, from which it is immediately apparent that 


Qt 


coqC 

g + g slss 


1 _ 

uj 0 L(G + Gjvlss) 


(5.5-7) 


s hci c 


More important, however, is the fact that nonlinear loading across a high-0 tuned 
,10,11 has the same efTect as linear resistive loading. We now demonstrate the above 
method with several examples. 



I m. 5.5 5 Simplified model wun nonlinear load replaced by equivalent linear conductance. 


nonlinear loading of tuned circuits 185 
Example 53-1 For the circuit shown in Fig. 5.5-6, find v„(t). 

amplitude of a. which may be expanded in a Founer sertes of the form 
(,) _ (2 mAMcos 10’t - t cos 3 x 10’t + J cos 5 x 10’r - • • 

The resonant ecu... 

of i,(t), by the tuned-circuit impedance evaluated at to r a ■ se . 

„ o (t) = (4-2 mA)(2 k£2) cos 10 7 t = (4 V) cos 10 7 t. 

„ is apparent ita. the same value of t,(t) would be obtained b, replacing the 
nonlinear load by a resistor of value 

__1_ = _^ss_ 

Kiss 


J XLSS 


2 mA 


= 2W1 


Consequently, 


2 kflOkfl = 2Q 
= (10 7 "rad. sec) (5 /iH) 


and our assumption is justified. 




- -- 


Mil 

, A 1 

i v 







-i- -y mA 


(4 mA) cos 10‘r^J 




NL wD - 


\ J 

2 kO 

2000 pF 

\5 viH 


— 

< 

E 



1- 4 

l —« 

ft- 





Figure 55-6 


Example 53-2 For the circuit shown in Fig. 5.5-7. determine an expression for r 0 (t). 
Solution. We again assume <2 r > 10 and * ms 15 V, 

yoltagetothesCTiesdiode4»ltery^watoreOTihinatKa^ ^ ^ . a ^ train f 

sme-wave t.p pulses of peak'amplitude L = *»' - 'Ki * and induction ang e 


j ;: where 1'. = 15 V and R = Table 

' \ ... \ , T- i. 


2& = 2 cos 

of l P and 7 (#l for values 
includes a plot ol / tF i ^ ^ i ■ 


of F. between 2.5 V ami - ^ 


nciudes values 
i. jnd Fi2. 5,5-8 
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Table 5.5-1 




f.i./W 

15 

0 

0 

3.0 

50 

12 

3.5 

100 

30 

4.0 

150 

52 

4.5 

200 

75 

5.0 

250 

98 





’S? 


In addition, since KirchhofTs current law must hold for currents at the resonant 
frequency <a 0 flowing into the tuned circuit of Fig. 5.5—7. we obtain the load line 


I 


ol 


= (4 mA) — 


Vi 

10kD’ 


which is also plotted in Fig. 5.5-8. The two curves intersect at / 0lS5 = 67 jtA and 
\\ ss = 4.3 V. Consequently. 


= 65 kQ. Q T = 


65 kft!|10kft 
(10 7 rad/sec)(5 /iH) 


= 174 


(which justifies the high-0 assumption! and finally. 


— (4J Vicos 10T. 

Example 5.5—3 For the circuit shown in Fig. 5.5-9. calculate v 0 (t\ 

Soiuium. We note that this example is identical to the previous example except that 
I he resistance in senes with the dioue is equal to zero. Clearly, then, when making a 
table for / ti similar to Table 5 5 l we find that l 4l = x for all values of \\ > 15 V. 
Consequently the curve for I :i \s. I , takes the form shown in Fig. 5.5-10. 
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Again plotting 


hi 


= (i mA) — 


Vi 

10 kQ 


on the same set of coordinates, we obtain 


V tss = 15 V. = 250/iA. 


-J-- = iota 
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Figure 5.5-10 



and 


lOkQHlOkQ 

(10 T rad/sec)(5j/H) 


= 100 . 


Hence the method of solution is justified. 

Note that in this problem, although a battery and diode are placed directly across 
the tuned circuit, the voltage remains sinusoidal of the form v 0 = (2.5 V)cos 10 7 r; 
hence the major effect of the diode is to clamp the peak-to-peak amplitude of the 
resonant circuit voltage to twice the battery value. The diode does not, as is sometimes 
erroneously believed, clip the top of u 0 (r) and leave the bottom unchanged. Such a 
waveform obviously cannot exist, since its average value would be different from zero 
and thus could not be sustained across an inductor. 

The circuit of this example finds application as an FM limiter. Clearly, variations 
of the input current about the \mA point result in the same peak output voltage of 
1 : =2.5 V. Only when the input current drops below { mA does \\ drop below its 
2.5 V level. 


Kxample 5.5-4 For the circuit shown in Fig. 5.5-11. assuming that no collector 
saturation occurs and that both input and output tuned circuits have high values of 
Q t and both resonate at cj 0 , determine an expression for r, If) and r„(r). Also determine 
the effective linear loading the transistor applies to the input parallel resonant circuit. 

Solution . Since 0 T for the input tuned circuit is assumed to be high, 
t'i(f) = V x cosw 0 / and v BE = \\ cos to + V u „ 

I bus if an exponential relationship is assumed to exist between i r and r f£ , is 
given ov 

ijt\ = 

■ '7i he v 'euc>v sia-c the amplitude of the fundamental otMfnment of emitter 
current /r- given h\ 
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Figure 55-11 


Since i c = ii E and i B = (1 - a)i £ , the amplitudes of the fundamental components of 
the collector and base currents are given by 


/ 


ci 


Oil A 


2 /,(*) 

I „(*> 


and 


I B\ 


(1 - *)/ d c 


2/d-v) 

/ o(-X) 


respectively. 

Now to obtain an expression for K (or x) we equate the fundamental components 
of the currents entering the input-tuned circuit to obtain 


or equivalently, 

/ v x i _ * 

(1 — a)/ dl (1 - i 

where g m = ql A JkT. By plotting the "load line" 


/ _ x 

(1 — 3'/,.. il — 2 ! S, n R : 


21,M 

lr,tX> ' 


on :he same set of coordinates as 2/J,x* / I xl vs. v. as shown ffl h’a ! 2. we obtain 
and 2/,ix„) / 0 (.x SJ ) as the coordinates of the intersection or -i "*o funr>. :nu-> 
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kTx ss 

r L =-cos a> 0 L 

Q 

Specifically, if 1/(1 — cc)/ dc = 2 and (1 — 0 L)g in R { = 6, by plotting 2 — v 6 on the 
coordinates of Fig. 4.5-5 we obtain 

21 (2) 

x ss = 2, ~r?n = 1.35, and i ^t) = (52 mV) cos a> 0 t. 

1 OV-J 

With 2/ 1 (x ss ) / 7 0 (x ss ) known and the output-tuned circuit Q assumed to be high, 
r 0 (t) can immediately be written as 

= Cc - Ic\R 2 cos io 0 t 

2/,(x„) 

= V cc — a/ dc —- — R-2 cos (o 0 t. 

Io( x ss> 


The equivalent linear loading on the input-tuned circuit is given by 


^ ^ b 1 _ I a _ G m (x) 


(5:5-8) 


where j5 = a/(l — a) and G m is the large-signal average fundamental transconductance 
of the transistor, which is plotted as a function of x and normalized to g m in Fig. 4.5-6. 
For this bias configuration, g m = ot! dc q/kT ; G jVL may also be expressed in the form 


Gsl = % —, (5.5-9) 

P g m 

where gjft is the small-signal input conductance looking into the base with the 
emitter grounded. 

If the emitter, rather than the base, is driven as shown in Fig. 5.5-13, the equivalent 
linear loading on the input-tuned circuit is 

Gsl = gm—- (5.5-10) 

If either the base or emitter is driven and the bias is developed as shown in Fig. 5.4-1, 
the algebraic expressions for G NL remain unchanged; however, g m = ocI EQ q/kT and 
GJg m must be obtained from Fig. 5.4-5 rather than Fig. 4.5-6. 
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Figure 5.5-13 


Example 5.5-5 For the circuit shown in Fig. 5.5-14. determine the output voltage 
v 0 (t) and the resistance seen b> the input current in the steady state. Assume that 

Qt > 10 . 

Solution. For the circuit of Fig. 5.5-14 we first note that, since Q T is high and the 
circuit is driven by a current source at its resonant frequency, then r,(r) must have 
the form r,(r) = l) cos w 0 r. We then observe that, since C is large, it appears as a 
battery F dc in the steady state. Consequently the ideal diode-battery combination 
limits \\ to ! d , (cf. Example 5.5-3) and in turn 

f 0 (r) = L (cos cu 0 r - 1). 

Now, to evaluate V\ as a function of /, we note that with i 0 (t) clamped to zero 
the diode conducts only at the peak of v 0 (t) and thus i D (t) flows in extremely narrow 
pulses; hence i D (t) may be represented as 

i D (f)' / D dc(l + 2 f cosnw 0 fj. 

(For a periodic train of very narrow pulses, the amplitude of the harmonics is twice 
the average value.) However, since the average value of the capacitor current i o (0 



Figure 5.5-14 
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ins of its MacLauren expansion, that is, 

ioU) = fl 0 + fli i' 0 (f) + fl’WO] 2 + ^W')] 3 + •••• (5.5-14) 

I he /■„-/„ characteristic is known analytically, then the coefficients a n ma> be eval- 
tcd in the form 


(5.5-15) 

r 0 = o 

>wever, if the v 0 -i 0 characteristic is available only graphically, then a polynomial 
the desired order can be fitted to the characteristic by standard curve-fitting 
Imiques. 

Once a polynomial form for the v 0 -i 0 characteristic is obtained, it is a simple 
liter to determine the equivalent linear loading on a high-Q tuned circuit and the 
ullant level of r 0 (r). Specifically, if v 0 (t) = V\ cos co 0 t and we approximate i Q (t) by 
n>Iynomial of order 3, then 

0(0 = a 0 + a \ K cos w 0 / + a i v \ cos ' wo t + a i v \ cos 3 w 0 L (5.5-16) 

nation (5.5-16) may be arranged in Fourier-series form by use of the trigonometric 
nlities 

cos 3 (o 0 t = 3 cos (o 0 t 4- cos 3 (» 0 i and cos 2 co 0 t — § + 4 cos 2co 0 i 

us 

• (O r a 2^ l jr I ,\ 

l o(0 — ^0 d- j -H H—I cos to 0 t 

+ ~ V\ cos 2 to 0 t + ~ V\ cos 3 cb 0 t, (5.5-17) 

m which we observe that 

hi = |lK + (5.5-1 S) 

I 

= l -y = “1 + Kj. (5.5-19) 

1 lence, if 7 (1 and G are known, then 

hi = GV l + +ia 3 Vj) (5.5-20) 

1 a cubic equation for obtaining \\ is obtained which may be solved graphically 
malytically. For example, if 



a { = G = 1 mmho, 




4 mmho 


and I n = 5 mA, 


11 the steady-state value of v 0 (t) is (1 V)cos co 0 t and the equivalent linear loading 
he nonlinear load is G NL = 4 mmho. 
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5.6 TRANSFER FUNCTION FOR LOW-INDEX AM INPUT 
In this analysis we apply a low-index AM signal of the form 

MO = \y% + i’i(0]cosw 0 L 

where i\(t) « \\ 4 to the generalized capacitively coupled input circuit shown in 
Fig. 5.6-1 and determine the resultant AM variations on the envelope of the fun¬ 
damental component of /,(f). We then adapt the analysis to the specific transistor 
amplifier shown in Fig. 5.3-1. 



v,(0 V |(/) cos u)t [V x f V|(0] cos c jt 

i,(r) 7 0 (/) ; /|U) coStot I •• 

4>('h=4k a »d(0 
/i(/) h 1 4(0 
K U) - kL- MO 

Fig. 5.6-1 Generalized capacitively coupled nonlinear input circuit. 


Because of the nonlinear load, variations in the envelope of MO produce varia¬ 
tions not only in the envelope of /,(() but also in V c and the average value of /,(r). 
The form of these variations, which we assume to be small in comparison with the 
quiescent values of the respective parameters [i.e., the values obtained w ith r 1 (r) = 0], 
is shown in Fig. 5.6-1. If small variations are assumed, it is apparent that 


and, in addition. 


where 


MO — 1(0 4" Giot*o(0* 

MO = Gqi^MO "h G 00 r 0 (f). 


MO 


r ^o(0 

dt 


Ch\ 

Q -pi 


Gio 


[h 

cv c Q - P r 




G 0 i — ^ 


V i 


Q -pt 


c v c\q-pi 


(5.6-1) 


(5.6-2) 


and 

















96 


REACTIVE AND NONLINEAR ELEMENT COMBINATIONS 


5.6 


P-pt denotes V c — V dc and V x (t) = V x \ Thus, by expressing Eqs. (5.6-1) and (5.6-2) 
n Laplace transform notation and eliminating i 0 (t ) and v 0 (t), we obtain 


Yx(p) 


/i iP) 


Gi 


P 



G.oGo. i 

Gn / 



(5.6-3) 


/here / x (p) f= ^[/^(t)] and ^(p) = ^[^(r)]. The transfer function Y x (p) permits the 
elcrmination of i x (t) once the form of v y (t) is known, 
or the capacity coupled transistor amplifier of Fig. 5.3-1, 

;.(r) = / £ (f) = i ES e< v <*w T e* v '™ kT co scot 

-'- w { ,+2 slf cos “ + -}' ^ 

here 


x(t) = 


qVx«) 


kT ' 

/e„(0 = I E sIoLme qVci,)lkT , 


id 


r _ 3 [eo 
00 ~ dv: 


i Exit) = / K /,Wt)]f #c<0,1T ; 


G 0 i = 


cl 


£0 


dV, 


0-pi 


Q -pi 


kT 


&in' 


<^E0 


Q-pt 


£in 


Cio — 


G lt = 


/ i(x) 
/oW 


Note:1%^ = /. W 


2K. 


2/ t (x) 
e-p. g ‘" /oW ’ 


31 EX 


<^£1 

- PV, 

0-PI 

rh- 

= 2g in 

1 - 

C(x)' 

x/ 0 (x) 


'0-Pi 


(cf. Eq. A-11). 


(5.6-5a) 


(5.6—5b) 

(5.6—5c) 


(5.6—5d) 
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Consequently, E[(p) is given by 

YxiP) = 2g in 

where x = C/g in and 


1 - 


W 

x/oM 


P + — 


®] 


(5.6-6) 


/-(x) = 1 


p + - 
x 


M-v) 


(5.6-8)) that 


/.(.v) = 



/ 0 (x) 

( 

J#)' 

xf 0 (x) 

,6-2. It can be 

,i 

Ixfl 

(lx 

Vx) 

I - 

TM' 


(5.6-7) 


(5.6-8) 


x/ 0 (x) 

thus, for small values of p (or tu), V,(p) is given by 


E,(P) 5: y,(0) = g in 


</* 


2/,(x) 
/ 0 (x) ’ 


(5.6-9) 


which is, of course, the admittance which relates small static variations in V x to / £1 . 

From the pole-zero diagram for Y x (p) it is apparent that the maximum frequency 
component o m of i*j(f) or V x (t) must be at least an octave below 2(x)/t, for any given 
value of x, to permit the use of the static transfer function relating I El and V y for the 
case of dynamic envelope variations. This restriction may be expressed in terms of the 
inequality 


/(x) 


_wj: 

ginMx) 


< 2 . 


(5.6-10) 


Since /(x) decreases with increasing x, the maximum permissible value of the 
coupling capacitor which satisfies Eq. (5.6-10) also decreases. For example, if 
x = 10," 


;.(.v) = 0.0059 and ^-<0.0118. 

£in 

However, from Eq. (5 3 20), > 40 zr; therefore, for correct operation of the 

circuit of Fig. 5.3-1, we require 

— > 1.06 x 10 4 . 
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u‘ii though this restriction may be relaxed somewhat, we see that if the circuit is to 
iiiK'liun as a narrowband limiter, which necessitates large values of x for its correct 
gelation, there must exist a large separation between the maximum modulation 
irqurncy and the carrier frequency. If this separation is not achieved, the circuit 
uls to limit properly, even though its static transfer characteristic indicates that it 
houkl. C onsequently, in limiter applications, the single-ended transistor is not 
mi iicularly satisfactory and the differential pair, which may be operated without a 
oiiplmg capacitor, finds more widespread use. 
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PROBLEMS 

5.1 Show that a reasonable approximation for the “steady-state values of the source current, 
i s (t), and the output voltage, r 0 (f), for the circuit of Fig. 5,P-t(a) is given by the results 
shown in Fig. 5.P—1(b). Assume that C is an ac short circuit. 

5.2 Find the steady-state value of c Q (t) in Fig. 5.P-2. How much average power is consumed 
in the 1 kO resistor after the capacitor voltage reaches equilibrium? 

5.3 The repetitive waveshape shown is applied to the circuit in Fig. 5.P-3. Find the dc capacitor 
voltage and the shape and amplitude of the silicon diode current. 

5.4 Sketch the collector current waveshape and find the collector voltage and the dc capacitor 
voltage in Fig 4.P-4. 



n_r 

ns : 

-840 mV -J — 1 

~LT 

1 i 

3 psec 

S) 

3 psec 




(b) 



Figure 5.P-1 





Figure 5.P-2 
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5.9 Explain how the results of Problems 5.7 and 5.8 would be modified if the radian frequency 
were reduced to 10 7 rad/sec. 

5.10 Find the output voltage, i> 0 (r), and the fundamental and third-harmonic diode currents 
for the circuit of Fig. 5.P-7. 

5.11 Find the total harmonic distortion in v 0 (t) in the circuit of Fig. 5.4-7. 

5.12 For the circuit shown in Fig. 5.P-8, determine an expression for r(£) and r 0 (£). 




PROBLEMS 203 


5.13 For the circuit shown in Fig. 5.P-9, find r^t) and r 0 (f). Also sketch i £2 (0- 

5.14 For the circuit shown in Fig. 5.P-10, determine an expression for u 0 (£) and the equivalent 
linear loading across the tuned circuit for each of the following nonlinear loads and input 
current levels I x . In each case find the THD present in t* 0 (f): 

a) l x = 4 mA, i D = I s e qv ° (kT (see Fig. 5.P-lla), 

b) I x = 2mA (see Fig 5.P-1 lb), 

c) I x = 2 mA, i 0 = (20^V/V 3 )c o 3 + (10 /*V,/V 5 )r 0 5 , 

d) l v — 2 mA (see Fig. 5.P-llc), 

e) /1 = 1.5 mA (see Fig. 5.P-lld). 

5.15 Find the dc voltage across the input capacitor in the circuit of Fig. 4.P-11. Estimate the 
shape (conduction angle and peak value) of the collector current pulse for this case. Repeat 
for the case in which the source impedance is reduced to 5 fi. What is the form and mag¬ 
nitude of L 0 (r) for this case? Does the transistor saturate? 
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(d) 


Figure 5.P-11 


CHAPTER 6 


SINUSOIDAL OSCILLATORS 


In this chapter we combine the results of all the previous chapters to explore the 
design and analysis of a number of sinusoidal or almost sinusoidal oscillator circuits. 

Once the waveshape of the output of such a circuit is specified as sinusoidal, 
then the two properties that remain to be defined are the operating frequency and 
the output amplitude. A good portion of this chapter will be devoted to examining 
the frequency- and amplitude-determining mechanisms of various circuits, the 
stabilities of these mechanisms w ith variables such as time, temperature, or supply 
voltage, and the interrelationships between amplitude and frequency. 

There are methods of producing sinusoidal signals by filtering separately pro¬ 
duced square waves or impulse chains or by the nonmemory shaping of triangular 
waves; however, the discussion of such circuits will be reserved for Chapter 11. 

Both from the viewpoint of the techniques employed and from that of the prac¬ 
tical division of circuits, it is convenient to consider most of our circuits as belonging 
to one of tw o classes. In the first class we combine a tw o-port active device with a two- 
port passive network in a feedback configuration. In the second type we combine a 
one-port active device in parallel with a one-port passive network. Obviously some 
circuits may be considered from either viewpoint. In spite of this, the division is still 
useful. We shall first consider the feedback type of circuitry. In subsequent sections 
we shall consider the one-port or “negative-resistance" circuits. 

All sine-wave oscillators must, at the minimum, contain 

a) an active device with power gain at the operating frequency (the circuit must 
supply not only an output signal but also its own input driving signal), 

b) a frequency-determining element or network, and 

c) an amplitude-limiting and stabilization mechanism. 

In practical circuits these functions may become quite intermingled. However, 
initially we shall consider these operations separately so that the necessary or desir¬ 
able properties of each one may become evident. 

6.1 OPERATING FREQUENCY AND MINIMUM GAIN 
CONDITIONS FOR LINEAR-FEEDBACK OSCILLATORS 

In order to sustain sinusoidal oscillations, a network must have a pair of complex 
conjugate poles in the right-half complex plane when power is applied at t 0. 
These right-half plane poles, when excited by thermal noise or the step generated 
by closing the power switch, give rise to a sinusoidal output voltage with an expon- 
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entially growing envelope. If such a network has been designed to sustain a constant- 
amplitude sinusoidal output voltage, then, as the envelope of the noise-induced 
sine w r ave increases, it causes a change in the value of one or more of the network 
parameters (usually the amplification) in such a direction that the complex conjugate 
poles move toward the imaginary axis. Finally, at some predetermined amplitude 
of the growing sinusoid, the poles reach the imaginary axis and a constant-amplitude 
sinusoidal output is realized. If for some reason the output increases further, the 
poles move into the left-half plane and the output decreases toward the desired level, 
where again the poles lie on the imaginary axis. 

We now see that the basic requirement for a sinusoidal oscillator consists of a 
pair of small-signal complex conjugate right-half plane poles, which determine the 
frequency of oscillation, plus a mechanism for moving these poles toward the 



Fig. 6.1 -1 Generalized feedback amplifier 

imaginary axis as the envelope of the output waveform increases. This mechanism 
determines the steady-state oscillation amplitude. In order to obtain right-half 
plane poles, we require some form of feedback. Figure 6.1-1 illustrates a generalized 
feedback amplifier whose transfer function is given by 

Vo(P) _ AH X jp) = AH,(p) 

v t (p) i-ah^hM 1 7 A L ( P y 

where A L (p) = AH i (p)H 2 (p) is defined as the “loop gain” of the amplifier. It is 
apparent that the poles of the feedback amplifier are the zeros or roots of 

i -A L (p) = 0. (6.1-2) 

Thus if Eq. (6.1-2) has a pair of complex conjugate roots in the right-half plane, v 0 (t) 
will be a growing sinusoid even with v^t) = 0. 

The process of designing a sinusoidal oscillator now becomes clear. We select 
a suitable pole-zero pattern for 

A L (p) = AH,(p)H 2 (p) 

which causes one pair of complex conjugate roots of Eq. (6.1-2) (and no other roots— 
otherwise unwanted oscillations might occur) to cross the imaginary axis at a pre¬ 
determined frequency oj 0 as A (or — A) is increased. We also determine the minimum 
value T min of A which places the roots on the imaginary axis, and choose A somewhat 
larger than this value to ensure self-starting. We then incorporate some nonlinear 
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mechanism which reduces A to A min as the output oscillation grows toward a desired 
amplitude. Finally, we choose a network having the desired A L (p) and combine with 
it the desired nonlinear amplitude limiting. 

To arrive at pole-zero patterns for 

A L (p) = AH l (p)H 2 (p) 

which are capable of producing oscillations, we start with the simplest pole-zero 
configurations and plot the loci of the roots of Eq. (6.1-2) as A is increased from zero 
to infinity and is decreased from zero to minus infinity. We then increase the com¬ 
plexity of the pole-zero diagram and repeat the root locus plot until a number of 
pole-zero diagrams capable of producing complex conjugate right-half plane roots 
are obtained. This approach immediately indicates that A L (p) must have two or 
more poles to cause Eq. (6.1—2) to have right-half plane complex conjugate roots. 
For example, with 


A L (p) 


Awi(p + cu 2 ) 
C0 2 {p + fU L ) 


the root locus is shown in Fig. 6.1-2 as A is increased (a) and then decreased (b) from 
zero. We see from the figure that a pole does indeed enter the right-half plane as A 
is increased. However, since it is a real-axis pole, the result is a growing exponential 
waveform and not a growing sinusoidal oscillation. 



/(j 

A >0 

A< 0 

— Wj -—■ 1 

^ — u> 2 —IJ i 

& 

Locus with 

Locus with 


increasing A 

decreasing A 



(a) (b) 


Fig. 6.1-2 Root locus of A L (p) with a single pole. 


We also find that if A L (p) has two poles and no zeros, oscillations are impossible. 
The simplest pole-zero combination for A L (p) which is capable of producing right-half 
plane roots in Eq. (6.1-2) is the combination of two poles and one zero. The root 
locus for this case with 


a l (p) 


Aco x p 

(p + Wi ){p + <’h) 


is shown in Fig. 6.1-3, from which we observe that positive feedback, A > 0, is 
required for oscillations. It is apparent that for A > 0 the zero may move somewhat 
into the left-half plane without destroying the possibility of oscillation. 
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To determine the frequency of oscillation co 0 (i.e., the point at which the roots 
cross the imaginary axis) and the minimum gain A for oscillations (i.e., the value of 
A which just places the roots on the imaginary axis), we assume A — A m]n . With 
A = A min ,p = jco 0 must be a solution of Eq. (6.1-2). Hence 

A L (jto 0 ) = 1, (6.1-3) 

or equivalently, 

<#eA L {jco 0 )= 1, (6.1 —4a) 

^AjJJcoq) = 0. (6.1—'4b) 

Equations (6. l-4a and b) provide a necessary condition for oscillation (this condition 
is known as the Barkhausen criterion) and thus a set of two equations for solving 
for 4 min and co 0 . The Barkhausen criterion makes sense intuitively, since it states that 
at the frequency of oscillation co 0 the signal must traverse the loop with no attenua¬ 
tion and with no phase shift. 

With A L (p) = Aco x p/(p + co^ip + <o 2 \ 


A L (ja ) 0 ) 


^min^l^o(^1^2 ~ Q>o) 

cO q(co l + co 2 ) 2 + (coiCo 2 ~ col) 


= o, 


fr om wh ich it is apparent that co 0 = In addition, Eq. (6.l^ta), with co 0 = 

v / oj 1 co 2 , yields 


(Me A l (Joj 0 ) 


^min^ i 

C0 1 + CO 2 


CO x + CO 2 
COi 


from which we obtain 
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Figure 6.1-4 illustrates a small-signal or linear model for a circuit with the pole- 
zero diagram shown in Fig. 6.1-3. For this circuit A L (p) is given by 


A 2 

(fi 

k 

lt-1 



thus A = 4' 2 , Wl = R/U and cu 2 = 1 /RC. If l/RC = R/L, then we have the special 

case whcic co i — co 2 — co 0 — 1/y EC and 4 min = 2 oi 4 min — v-■ 

Another way to consider the circuit of Fig. 6.1-3 is to ask at what sinusoidal 
frequency the phase shift around the loop is zero. The first stage has a single pole at 
— R j L \ hence its phase goes from zero to —90° as co goes from zero to infinity. The 
second stage has a zero at the origin and a pole at - l/RC ; hence its phase goes from 
+ 90° to zero as to goes from zero to infinity. If 1 /RC = R/L, then the overall zero 
phase-shift point is at w = l/RC. (At this point the magnitude of the phase shift 
from each circuit is 45°.) At this frequency each network has an attenuation of 3 dB; 
hence a gain per stage of v /2 is required to raise the loop gain back to unity. This 
gain does not have to be spread through the circuit, but can be concentrated in one 

point. 

Instead of two real-axis poles and a zero at the origin, A L (p) can be chosen to have 
a pair of complex conjugate left-half plane poles and a zero at or near the origin. 
The root locus for this case with 


4l(p) = 


Apto' 0 

p 2 + 2 y.p + (0q 


(6.1-5) 


is shown in Fig. 6.1-5. Here again we observe that oscillations are possible only for 
A > 0. However, this pole-zero configuration has two advantages over the con- 
figuration with real-axis poles First, a smaller A m - m is required to produce oscilla¬ 
tions. Specifically, for this pole-zero pattern we find, employing the Barkhausen 
criterion, that 


2a 1 
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kliorc Q r is the Q of the passive circuit within the feedback loop. Clearly, then, 
s Qi increases, the required amplification of the active element within the feedback 
top decreases. 

A second advantage of the complex conjugate poles of A L (p) is increased fre- 
[uency stability. If spurious poles and zeros should appear in the pole-zero pattern 
,f Aj(p) because of parasitic capacitance and inductance, the root locus is modified 
o mew hat. However, if the poles of A L (p) are sufficiently close to the imaginary axis 
o start with, then the modified loci arc still constrained to cross the imaginary axis 
datively close to co' 0 . 

This frequency stability may be observed from a different point of view. If the 
missive network has a high Q T , its phase shift varies rapidly with frequency in the 
icinity of ci/ 0 (cf. Fig. 2.2-7). Therefore, spurious phase shifts introduced by parasitic 
■lements within the feedback loop require only a small change in frequency from (o 0 
o produce a compensating phase shift from the high-Q r network and a net zero 
diase shift around the loop. Thus the higher the value of Q r , the smaller the devia- 
ion from a/ 0 to the frequency tu 0 at which zero loop phase shift exists and oscillations 
ire possible. 

For example, w ith A L (p) given by Eq. (6.1-5), the phase (p of A L {jto) in the vicinity 
>f oj'q is given by 


(/> = —tan 


-St( w a>o) 

cq ' 0 


( 6 . 1 - 6 ) 


md 


d<j> 2 Q r 

dto V)b to 0 

rhus, with Q = 10 4 (typical of a quartz crystal), a 1° (0.0176-rad) shift in the overall 
oop phase shift leads to only an 87 rad/sec or a 13.8 Hz shift in frequency in an w 0 = 
10 8 rad/sec oscillator. 
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Fig. 6.1-6 Oscillator circuit with A L ip) having a pair of complex conjugate poles and a zero at 
the origin. 


Figure 6.1—6 illustrates one of many small-signal oscillator circuits whose loop 
transfer A r {p) contains a pair of complex conjugate poles and a zero at the origin. 
For this circuit, A L {p) is given by 


A L (p) = 


(g m n/G T )(2zp) 
p 2 + lap + oj'q 


(6.1-7) 


where Wo = 1 /\/LC, a = G r /C, and G T =G L + n 2 G in . This circuit could be realized 
by any of the transformerlike networks shown in Table 2.5-1 cascaded with a common 
base transistor, a common grid triode, or a common gate FET. Regardless of how 
the circuit of Fig. 6.1-6 is implemented, the minimum g m required for oscillation at 
a )o = (jj o is 



which decreases with decreasing G T or, equivalently, with increasing Q T — co 0 C/G T . 

Figure 6.1-7 illustrates the root loci for several other pole-zero patterns for 
A L (p) which are capable of oscillations. Included in the figure are the corresponding 
values of to 0 and The networks which yield loop gains with such pole-zero 

diagrams are explored in subsequent sections and in the problems at the end of the 
chapter. It should be noted in passing, however, that because of the closeness of the 
pole and zero in Fig, 6T-7(b) (the Meacham bridge), spurious poles and zeros have 
very little effect on the _/-axis crossing of ihe roots; thus this configuration should 
surpass the others in its ability to maintain a stable frequency. 

In no case is the root locus plot necessary to solve an oscillator problem. It does 
help in understanding the action of the circuit and also in determining whether it is 
possible for a circuit to oscillate at a second undesired frequency. An alternative 
method of exploring the oscillating potential of a circuit is to plot the phase angle of 
Ai(jco) vs, to and to determine whether 0 or +27: of phase exists at a frequency where 
\A L (ja>)\ exceeds unity (cf. Eq. 6.1-3). 
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Fig. 6. 1-7 Root loci for several A L (p) capable of producing oscillations. 


AMPLITUDE-LIMITING MECHANISMS 

lar we have ignored the problem of the determination of the amplitude at which 
' oscillations stabilize. At least four different methods or combinations of methods 
amplitude stabilization are employed in practical circuits. 

One or more temperature-sensitive resistors (a thermistor, a low-voltage light 
11\ or a semiconductor resistor) are used to build an attenuator. This power- 
isitive attenuator is constructed so that its attentuation k increases with increasing 
ve level. It is inserted in the feedback loop in which the small-signal amplification 
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A -\{V\)A 0 




Fig. 6.2-1 “Nonlinear” attenuator as loop amplitude stabilizer. 

exceeds the minimum required for oscillation. The result is a curve of loop gain 
scale factor A vs. attenuator input drive such as the one shown in Fig. 6.2-1. 

The thermal time constant of the attenuator is made long in comparison with the 
period of the lowest frequency expected from the oscillator; hence in the steady state 
the attenuator is “linear." If, in addition, the signal levels in the active device are 
kept within the linear range of the device, low-distortion sinusoidal signals exist 
throughout the loop 

The long thermal time constant imposes a limitation both on the lowest fre¬ 
quency of operation and on the rate at w hich such oscillators can be sw r ept or changed 
in frequency. This approach is widely used in audio- and video-frequency laboratory 
signal generators, particularly those of the RC network types. It is particularly 
applicable for adjusting R , and/or R 3 in the Wien bridge and Meacham bridge oscil¬ 
lators show r n in later sections and in the problems at the end of the chapter.! 
b) A second technique, which also produces low-distortion sinusoidal oscillations 
at all points throughout the feedback loop is the use of an amplitude detector (any 
of the types discussed in Section 10.2 or Section 10.4) to provide a control signal, 
proportional to the amplitude of the sinusoidal output, to inversely control the gain 
of some amplifier within the oscillator loop. Again the gain should decrease with 
increasing amplitude, so that a characteristic similar to Fig. 6.2-1 results. There is 


t Hundreds of commercial thermistors (negative-temperature-coefficient resistors) exist. Resist¬ 
ance values for 25°C are available from 1 £1 or less up to 1 MQ, with thermal time constants 
from 2 sec up to 200 sec or more. Not all combinations are available, nor are all units satisfactory 
from the reactive viewpoint for blind insertion into any network. Many units have only 20% 
tolerance and all are subject to variations with ambient temperature. 

Any tungsten filament lamp with a rating of 6 W or less may be used as a positive-temperature- 
cocfTieient resistor. Hot resistances may be ten times as great as cold resistances If the operating 
temperature is considerably above the ambient (but below incandescence), then the ambient 
variations will be much less significant than for a thermistor. Cold resistance (25°C) values range 
from below r 1 Cl for 1 V flashlight bulbs to perhaps 400 Q for a 3 W, 120 V light bulb. 

Several of the references in Section 6.7 contain extensive data on such units. Later examples 
will contain illustrative data on some units. 
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no necessity for either the amplitude detector or the gain-controlled amplifier to have 
a linear characteristic with respect to the envelope of the detector drive signal. The 
gain-controlled amplifier, however, must have a linear transfer characteristic if the 
oscillations throughout the loop are to have low distortion. As in case (a), the more 
steeply the variable-gain curve cuts through the required gain line, the better the 
amplitude stability will be. 

c) A third and very common form of amplitude stabilization uses the nonlinearity 
of the active device to provide the amplitude-limiting feature for the circuit. In such 
cases the active device must be followed by a narrowband filter, which passes only 
the oscillation frequency, in order to remove the harmonics generated by the non¬ 
linear active element and thus maintain a sinusoidal output signal. Most tuned 
oscillators similar to the one shown in Fig. 6.1-6 do provide the necessary filtering 
al the output of the active device. 

If the nonlinear device is a common base transistor, then its effective trans¬ 
conductance at the oscillation frequency is G m (x), which is plotted vs. x in Fig. 4.5-6. 
Clearly, if for x = 0 (V x = 0) and G m (.x) = g mQ the small-signal value of A l (Joj 0 ) is 
some number M which is greater than unity, then when power is applied to the oscil¬ 
lator at x = 0 the amplitude V x of the sinusoidal input to the transistor grows until it 
reaches a value F 10 (or x 0 ) for which A L (jcj 0 ) [or equivalently, G m (x)] has decreased 



by a factor of M from its small-signal value. Therefore, x 0 and in turn V ]0 = kTxJq 
may be obtained by determining at what point G m (x)jg mQ = 1/M as illustrated in 
Fig. 6.2-2. For example, if M = 2, then from Fig. 4.5-6 x 0 — 3.3. 

As we shall see, any of the nonlinear characteristics of fundamental current vs. 
sinusoidal drive voltage of Chapter 4 may be used as the basis for an amplitude 
stabilization scheme. 

d) A fourth means of amplitude stabilization is presented by the problem of Example 
5.5-3, where a diode-battery combination is used to limit the output sine wave from 
a tuned circuit. 

While it is always possible to add an external diode and power supply, such 
additional circuitry may become available naturally in transistor or junction FET 
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circuits when the collector-base or drain-gate diode is driven to the edge of con¬ 
duction once per cycle. Figure 6.2-3 illustrates the situation. 

From Eq. (4.5-13) and Table 4.5-1 we can evaluate the peak amplitude of the 
fundamental component of the collector current, 7 lt in terms of 7 dc and the peak 
amplitude of r,-(f). In this case, 

I x % 0.98 x 1.79 = 1.75 mA. 

Now if V cc were large enough we would have a peak tank voltage of R r I x = 17.5 V. 
Since V cc < 17.5 V, the collector-base diode of the upper transistory conducts when 
v t (t) exceeds 12.7 V; this limits the output tank voltage to a sinusoidal peak amplitude 
of 12.7 V provided that Q r > 10. Note that for the oscillator r f (r) is derived from 
v t (t)\ lienee, once limiting from collector saturation occurs, we know the peak tuned- 
circuit voltage V t , and in turn the feedback network yields the value of t^f). With 
this value of v^t) we can then determine I x . The ratio VJI X yields the equivalent 
linear loading of the tuned-collector circuit, from which we can determine Q T and, 
in turn, the distortion of the output sinusoid. 
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<».3 I Ki yiJI NCY SI ABILITY 

Oik* of I ho more important attributes of an oscillator is its ability to maintain an 
on 1 pi 1 1 frequency which is independent of changes in temperature, supply voltage, 
eueuit loading, humidity, etc. Undesired frequency variations can, in general, be 
broken into two broad categories: “direct” frequency variations and “indirect” 
Ircquency variations. Direct frequency variations result from changes in the param- 
eleis which directl y co ntrol w 0 . For example, for the oscillator of Fig. 6.1-6 w 0 is 
given by w 0 = I/ V /LC; hence, if L or C varies with temperature, w 0 also varies with 
temperature. Quantitatively this variation in w 0 may be expressed in the form 


Aw 

o> 0 


±%° al + *£ac 

wo \ cL cC 


1/A L AC 

"2 T + ~c 


(6.3-1) 


where Aw is the variation of the oscillation frequency resulting from variations of 
AL and AC in the inductance and capacitance respectively. Clearly a 1 % increase 
in L or C results in a j% decrease in co 0 . Therefore, for the case of an LC oscillator 
of the form of Fig. 6.1-6, the main frequency-determining elements, the inductance 
and the capacitance, must be stabilized against temperature variations, stray loading, 
etc. 

Temperature stability is usually accomplished by trying to choose an inductor 
and capacitor (or resistors and capacitors in an RC oscillator) with equal and opposite 
temperature coefficients, thereby causing the variations to cancel in Eq. (6.3-1 ).t 
Stray capacitive or inductive loading is usually minimized by coupling the LC 
tuned circuit to the active element by means of a step-down transformer, as shown 
in Fig. 6.4-9. Still further frequency stability against temperature may be accom¬ 
plished by placing the main frequency-determining elements in an oven. This is often 
done when a crystal is employed in lieu of the LC tuiled circuit in the oscillator. 

In general, direct frequency variation of co 0 may be expressed as 


Aco 

co 0 


1 ^ CO ) 0 

— X i—Aoq 

i=i da ; 


(6.3-2) 


where the a f ’s are the various circuit parameters on which co 0 depends. Clearly the 
highest direct frequency stability is achieved by choosing an oscillator configuration 
for which co 0 depends on the fewest number of parameters (cq) and then stabilizing 
these parameters against environmental changes. Alternatively the parameters may 
be chosen in such a way that their net variation with ambient changes results in a 
small value Aro. 


t Typical L and C temperature coefficients are tabulated by Eisenberg: B. R. Eisenberg, ''Fre¬ 
quency Stability of a Clapp VCO,“ IEEE Transactions on Instrumentation and Measurement 
IM-18, No. 3, pp. 221 ff. (Sept. 1969). 
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The oscillator whose pole-zero diagram is shown in Fig. 6.1-5 and the Meacham 
bridge oscillator (Fig. 6.1—7b) are two examples of oscillators with values of to 0 
which depend on a small number of parameters. Consequently these pole-zero 
diagrams represent optimum configurations for achieving a high direct frequenc\ 
stability. 

Indirect frequency variations are a result of parasitic reactances which introduce 
additional poles and zeros, with unknown locations, into the pole-zero diagram of 
A L (p), thereby changing the frequency of oscillation. Unfortunately many of these 
reactances are functions of temperature and supply voltage (e.g., output capacitance 
of a transistor is a function of the collector-to-emitter voltage and therefore the suppl) 
voltage). 

To see how these parasitic poles and zeros affect w 0 , we recall that w 0 is the radian 
frequency at which the net phase shift of A L (p) is zero. Since the parasitic poles and 
zeros introduce additional phase shift (let us say A (f>), the frequency of oscillation 
must shift by an amount Aw which causes the main frequency-determining elements 
of A L (p) (the known poles and zeros) to supply a phase shift of — A0 and thus main¬ 
tain zero phase shift around the feedback loop. 

For example, if we have a crystal oscillator that operates near the nominal series 
resonant frequency, w 0 , of the crystal, then if the rest of the circuit suddenly intro¬ 
duces an additional phase shift of -F 1 deg, the operating frequency shifts until the 
transmission through the crystal pioduccs an additional compensating —1 deg of 
phase shift. It is apparent that if the crystal has a variation of phase angle with fre¬ 
quency of 1 deg/Hz, then only a 1 Hz shift in frequency results. 

Thus the greater the phase variation A <j> of A L (jco) for a change in frequency 
Aw from w 0 , the greater the indirect frequency stability. Consequently we define 
the indirect frequency stability S F as 


A <f> ^ dtf> 

Aw/w 0 0 dco 


(6.3-3) 


where A<fi is the phase variation of A L (Jco) due to a change in frequency Aw from w 0 . 
The larger the value of S F , the better the circuit functions in combating parasitic 
changes in frequency. Specifically, if parasitic elements in the feedback loop change 
the phase by A</>, the resultant change in frequency from w 0 is given by 


Aw = — 


w 0 A (f> 

S F 


(6.3-4) 


Note, however, that S F predicts variations in w 0 only for those cases where the main 
frequency-determining poles and zeros of A L (p) are stable; i.e., direct frequency 
stability has been accomplished. 

In order to compare circuits, it is instructive to evaluate S F for the several oscil¬ 
lators for which the pole-zero diagrams of A L (p) were presented in Section 6.1. In 
each case we must evaluate 


d(j) 
5 doo 
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wcver, since 

i = 1 

ere 0,'s are the angles contributed by the individual poles and zeros of A L (p), 
;n 


mscquently, by evaluating 


" W 0 1 "i 
.■=1 ^CO 


(6.3-5) 


e _ 

S fi - co 0 — 


(JO 


a single real-axis pole and zero, a pair of complex conjugate poles, and a pair of 
inplex conjugate zeros, we may apply superposition to obtain S F for any of the 
le-zero diagrams for A L (p). 




. 6.3-1 Pole-zero diagrams of a single real-axis zero and a pair of complex conjugate zeros. 


The phase angle for the real-axis zero at — co l shown in Fig. 6.3— 1 (a) is given by 

, co 

</> l = tan 1 —; (6.3-6) 

co l 


s 


C _ Wl 

b F l ~ 0J Q—, 

a co 


co 0 /co L 


+ {(Oo/dh) 


(6.3-7) 


eal-axis pole — co l would have the same magnitude of S Fl but a negative sign, 
s apparent that, if the real-axis pole or zero lies at the origin (cu x = 0), its net 
itribution to the indirect frequency stability is zero. This is so because the phase 
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of the pole or zero remains constant at + tt/ 2 or —n/2 respectively, independent of 
the variation in co. In addition, it is apparent that if co x is close to infinity its contribu¬ 
tion to S F is small. 

The phase angle cj> 3 of the pair of complex conjugate zeros shown in Fig. 6.3-l(b) 
is given by 


thus 


, , , _ , to - /? _ , CO + /? 

<j> 3 = 0i + = t^n 1 -(- tan 1 -; 


■5/- 3 — L'Jq 


#3 

do 


2aLto 0 {co£ 4- ol) 
(co'o 2 - col) 2 + 4 x 2 ° J o 


(6.3-8) 


(6.3-9) 


where co' 0 2 = or + [i 2 . For the usual case where co' 0 = co 0 (the Wien bridge and the 
Meacham bridge), S F3 simplifies to 


3 



2Qr = , 


(6.3-10) 


where Q r . = a/ 0 J 2a is the effective Q of the zeros. Again, for a pair of complex con¬ 
jugate poles, the magnitude of S F3 is unchanged but the sign is reversed. Similarly 
the sign would be reversed if the zeros were in the right-half complex plane with the 
same Q Tz . 

If we apply the above results to the oscillator for which A L (p) consists of two 
negative real-axis poles at — co t and — co 2 and a zero at the origin as shown in Fig. 
6.1-3, we obtain 




<’>o/o>i 

1 + (coo/cOj) - 


<’> 0 / 0*1 

1 + ( o> 0 /a>2) 2 


+ 0. 


If we introduce the fact that col = o) v to 2 , then S F simplifies to 


(6.3-11) 


2 v /qj 1 aj 2 = IsfaoJwj 

OJ j ~h CO j 1 "h CO\j CO 2 


(6.3-12) 


The minus sign merely implies that </> is decreasing with increasing co; hence a 
positive A0 from the rest of the circuit requires a negative A</> from the frequency- 
determining elements and a positive shift in frequency. A plot of — S F vs. cojco 2 
is given in Fig. 6.3-2; from this we observe that S F reaches its maximum value of — 1 
when the two poles of A L (p) lie at the same point. In addition, the maximum is 
sufficiently broad so that even if the pole positions differ by a factor of 14, S F has 
decreased only by a factor of 2 from its maximum value. 

For the oscillator for which A l {j>) has a pair of complex conjugate poles at 
— a + jfi (where a 2 + ft 2 = coq = col) and a zero at the origin, S F may be written 
directly from Eq. (6.3-10) as 


S F — —2Q t , 


(6.3-13) 
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oj z 

Fig. 6.3-2 Plot of —S F vs. ojJoji for A L (p) = Atoj)/(p + (o l )(p + co 2 ) 

where Q T is the Q of the passive network yielding A L (p). Clearly, as anticipated in the 
previous section, the higher the value of O r , the greater the immunity to changes in 
Irequency due to parasitic elements. 

For the Wien bridge oscillator for which A L (p) is shown in Fig. 6.1—7(a) and for 
which col = OJ 'o = CO[C0 2 , S F may be written directly as the superposition of Eqs. 
(6.3-10) (with a negative sign) and (6.3-12); thus 

S F = _ 2Q Tz . (6.3-14) 

It is quite apparent that the indirect frequency stability of the Wien bridge oscillator 
exceeds that of the oscillator with two negative real-axis poles by 2 Q Tz , while its 
frequency stability is essentially the same as that of the parallel RLC oscillator with 
comparable Q T . 

For the Meacham bridge oscillator for which A L (p) is shown in Fig. 6.1—7(b) 
and for which co 0 = cOq, S f may be immediately written as 

S F = -2{Q T + Q Tz ), (6.3-15) 

where Q T and Q Jz are the Q's of the poles and zeros respectively. As we shall see, in 
many cases 



where A is the voltage amplification of the active device within the oscillator loop. 
Ffence with A — 100 we can obtain an S F 26 times that of the pole pair alone. Thus, 


6.3 


FREQUENCY STABILITY 


221 


if the poles of A L (p) are the result of an RLC network with Q T = 100, then S f ^ — 5200. 
If the poles are due to a crystal with Q T = 5000, S F can be increased to S F % 260,000. 

For either of the phase shift oscillators for which A L (p) is given in Fig. 6.1-7 
(c and d), S F may be immediately written as 


Sf = -E 


OJq/CO; 


1 + (cOo/cD,)' 


(6.3-16) 


which, for the special casef where 

co { — co 2 = co 2 = —= or aq = co 2 = co 3 = */3 co 0 

X 3 

[Figs. 6.1—7(c) and (d) respectively], reduces to 



This value is significantly less than that obtainable with the Wien bridge or Meacham 
bridge oscillator or with the oscillator shown in Fig. 6.1-6 with a high value of Q T . 
In addition, for the phase shift oscillators w 0 depends on co 1 , o> 2 , and co 3 ; hence these 
oscillators have pooudirect frequency stability. 

Internal phase shifts are caused not only by reactances within active devices 
or amplifiers but by dc blocking capacitors, by transformer couplings, and by the 
presence of harmonic terms in the active device voltage or current ouput. In all 
cases, the higher the S F , the less troublesome these effects will be. 

As we proceed through this chapter it will be useful to bear in mind that it is 
generally desirable in any oscillator circuit to provide the maximum possible isola¬ 
tion between the device and the network. For one thing, this isolation will increase 
the circuit's frequency stability, since the frequency-affecting device reactances are 
normally functions both of the Q-point and of temperature. Most useful oscillator 
circuits achieve this isolation by what amounts to a gross impedance mismatching 
between the device input and the network output impedance and between the net¬ 
work input impedance and the device output impedance. 

From this point of view oscillator circuits can be classified into the four forms 
shown in Fig. 6.3-3. In this figure the device is shown as driving the network, which 
in turn works into the input impedance of the device. The term "current-driven" 
implies that the network input impedance is small in comparison to the output 
impedance of the device; the term “voltage-driven" implies that the network input 
impedance is large in comparison to the output impedance of the device. 

All such classifications are relative. Thus a 50 Q device input impedance may be 
considered as an open circuit if the network has an output impedance of 5 Q. 

Most of the circuits of the next three sections will be of the type shown in Fig. 
6 3 3(a). The bridge circuits of Section 6.8 are normally of the form shown in Fig. 
6.3-3(c), while certain of the crystal oscillators, as well as some of the circuits of 
Section 6.10, illustrate the other two forms. 


| This case results in the maximum value of S F . 
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(a) 


(b) 


(c) 


(d) 


Fig, 6.3-3 (a) Current-driven network work¬ 
ing into an ‘‘open’’ circuit, (b) Current-driven 
network working into a “short” circuit, (c) 

Voltage-driven network working into an 
“open” circuit, (d) Voltage-driven network 
working into a “short” circuit. 

This general classification is often useful when one is considering the use of a 
sw device in an oscillator circuit or when one is considering a possible new circuit 
>nfiguration. In such cases it is usually desirable to go back.to the basic principles 
ither than merely to try to “convert” some existing circuit. 

4 SELF-LIMITING SINGLE-TRANSISTOR OSCILLATOR 

he majority of actual oscillators in common application are self-limiting single- 
ansistor oscillators of the form shown in Fig* 6.4—1. In this section we shall examine 
le properties of this type of oscillator, and in subsequent sections we shall extend 
ur analysis to the cases where the active element is replaced by a differential pair or a 
motion field effect transistor. 
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Fig. 6.4-1 Prototype single-transistor Colpitts oscillator. 
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Although the frequency-determining network in this (Colpitts) oscillator is a 
tapped capacitive transformer, any of the transformerlike networks shown in Table 
2.5—1 can be employed without altering the analysis. Some of the other configurations 
are shown in Fig. 6.4-2. 

For the circuit of Fig. 6.4-1 the quiescent emitter current is given by 

j Vee — Vbeq _ Kt 

/£Q ' Re “ Re 

where V BEQ x 0.65 V for a silicon transistor and 0.22 V for a germanium transistor. 
Thus the small-signal input conductance at the emitter is given by 


SinQ 


kT ’ 



Fig. 6.4-2 Other configurations for single-transistor oscillators, (a) Hartley oscillator, (b) Tuned- 
collector oscillator. 
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nQr'Q c > 100 C- C,C 2 /(C, t C 2 ) n C,/(C, I C,) 
£?f > 10 gm=gja ^ 0 -\l\TC 


Fig. 6.4-3 Small-signal model for single-transistor oscillator. 


nd the small-signal transconductance has the form 


gmQ ^£>in Q m 


I'we assume Q T > 10, Q E > 10, and nQ T <Q E > 100, then the capacitive transformer 
nay be replaced by the transformer model of Table 2.5-1 to yield the small-signal 
oscillator circuit shown in Fig. 6.4-3. Clearly the small-signal model is identical to 
he model shown in Fig. 6.1-6, from which we observe that growing oscillations 
►ccur with a frequency of co 0 = provided that 


r equivalently. 


a > e _ + » 2 < G E + gmg „ 


fa) 

IV r 


niin 


G l + n 2 G E 

«{1 — ti/a) ' 


(6.4-1) 


(6.4-2) 


the inequality of Eq. (6.4-2) is satisfied, the oscillation grows until the transistor 
onlinearities reduce A L (jco 0 ) to unity, at which level the oscillation stabilizes. 

To determine at what amplitude (V t ) the ac collector voltage r,(r) stabilizes, we 
ssume 


) that collector saturation does not occur and 

) that the passive circuit Q T is sufficiently high so that for large-signal operation 
the second and higher harmonics of r f (r) and v t (t) are negligible, and consequently 
the capacitive transformer can be replaced by its ideal transformer model given 
in Table 2.5-1. 


vhth these assumptions, on a large-signal basis, 


nd 


i\(t) = V t cos co 0 t 


Vi (t) = V l cos co 0 t + F dc , 


(6.4-3) 
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Fig. 6.4 4 Large-signal model for the circuit of Fig. 6.4-1. 


where \\ = n\\ and V dc is the average value of the emitter-to-base voltage. In addi¬ 
tion, the circuit for obtaining r,(f) may be modeled as shown in Fig. 6.4-4. In this 
model the nonlinear transistor input characteristic has been replaced by its equivalent 
linear conductance GJx) a(cf. Example 5.5-4) and only the fundamental component 
of collector current GJx)V x cos aj 0 t has been retained, since all other harmonic 
components are effectively shunted to ground by the high-Q 7 tuned circuit. The 
transconductancc C MI (.v) is given by Eq. (5.4-17). 

It is apparent that the large-signal model of Fig. 6.4-4 is identical to the small- 
signal model of Fig. 6.4-3 except that G m (.v) replaces g mQ ; therefore, A L (jco 0 ) = 1 for 
that value of x = qVJkT for which 


G,„(-v) 


+ II ~0 E 
n{ 1 — «.'at)* 


or equivalently. 


GJx) 21 Ax) 


gmQ XI 0 {.X) 

By plotting the constant 


1 + 


lit IJx)! _ G l 4- n-G E 
qVJkl\ ~ i - nja)~ 


(6.4-4) 


(6.4—5) 


G l + n~G E 
g mQ n(\ ~ nfa) 


on the characteristic of Fig. 5.4-5, we obtain (with the appropriate value of V-) the 
value of A', and in turn V lt for which the oscillation stabilizes. With V l and n know r n, 
V t = V x fn is readily determined and the problem is solved. 

In almost all self-limiting oscillators, Q T is high (to keep the output voltage 
sinusoidal) and n « 1 (since the output voltage amplitude is usually required to be 
large in comparison with V { \ With these two conditions (Q T » 1 and n « 1), certain 
simplifications result. The first is that Eq. (6.4—5) may be closely approximated as 


GJx)^ G l 

gmQ gmQ ^ 


(6.4-6) 
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I lie second is that the total conductance G T shunting the tuned circuit of Fig. 6.4 4 
nay he approximated by G L . The total conductance G T is given by 

G t = G l + n 2 G E + n 2 G m (x)/ct. (6.4-7) 


With the substitution of G m (x) given by Eq. (6.4-4) into Eq. (6.4-7), G T simplifies to 

= G^+jSG, ^ Gl ( 6 . 4 - 8 ) 

1 — n/a 

which is the desired result. The implication here is that if n « 1 the total loss reflected 
Ihi ough the transformer is negligible in comparison with G L . Similarly, 

= <£ o £ _ ^o£ (6.4-9) 

G T ~~ G, ' 

In addition, for n « 1 it is readily demonstrated that 

Qe * Qt * nQ r , (6.4-1°) 


where 


co 0 (Ci + C 2 ) 
G e + G m {x)/a 


and 


wQt' 


_ {!) qG _. 

n[G E + G m (x)/ a] ’ 


lienee Q T » 1 and n « 1 ensures not only that c t (f) and r f (0 are sinusoidal but also 
that the capacitive transformer may be replaced by its ideal transformer model. 
[The reader should convince himself of the validity of Eq. (6.4-10).] 


Example 6.4-1 For the Colpitts oscillator shown in Fig. 6.4-5, determine an expres¬ 
sion for i’ 0 (f). 



Figure 6.4-5 
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Solution. For the oscillator shown in Fig. 6.4-5 we note that 


C 


Wo 


n 

h.Q 


C ‘ C2 - = 1000 pF, 

c, + c, 

—-L=r= = 10 7 rad/sec, 

sfLC 
C, _ 1 
C, + C, 80’ 

9.3 V, 


9.3 V 

20 kQ 


0.465 mA, 


_ Oho 1 ^ 

01,12 kT 56n" SmQ ’ 

and 

Qt a w 0 CR l = 100. 

Since Q T » 1 and n « 1, r,(r) and f,(f) are sinusoidal and the model of Fig. 6.4-4 is 
valid • thus the oscillation grows at m 0 = 10 7 rad/sec and stabilizes at that value oFy 
for which GJx)/g mQ = 0.448 [cf. Eq. (6.44) or Eq. (6.4 -6)]. Therefore, from Fig. 
5.4-5 (V\ = 9.3 V ^ cc), we obtain x ^ 3.5 and in turn V l = 99 mV, V t - V x in - 
7.9 V, and finally 

r„ = (10 V) + (7.9 V) cos 10 7 t, 


which does not saturate the transistor. 


Total Harmonic Output Distortion 

To obtain an expression for the total harmonic distortion (THD) of r,(f), we assume 
that the distortion of i,(t) and r^f) is sufficiently small so that i £ (r) in the circuit of 
Fig. 6.4-1 has the form 


IeM — ^EO 


1+ z 


2/„(-*) 


cos a) 0 t 


We then replace the transistor input by a current source i E (t) and reflect / f (r) through 
the capacitive transformer [by taking a Norton equivalent of the circuit to the right 
of G l and assuming that G E is negligible in comparison with w(C t + C 2 ) over the 
frequency range, a> > co 0 , occupied by i E (t) - I E0 ] to obtain the circuit model 
shown in Fig. 6.4-6. For this circuit the amplitude of the fundamental component 
of v,(t) is given by 


1 


K, = 


<i\ 2/,(x) 
ol) 1 0 ( x ) 


G £ -t u G e 


(6.4-11) 



































S1NIJSOIIMI OSCILLATORS 


6.4 




( 



Art nln) 


lu-rciis the amplitude of the fcth harmonic component of i* r (f) is given by 

n\ 2/ fc (x) 


V, k =<xI Fn \ 1 - -| ^ 7 jZ„(jfarj 0 ). 
I the Q t of the circuit of Fig. 6.4-7 is high, then 

k 

Z lt {jk(D 0 ) s 

cf. Fq. 3.4-11). In addition, for n « 1, 


(6.4-12) 




G, + n 2 G E ~ G ,; 


herefore (cf. Section 3.5). 


™ D ' It, (£)’ * M (fH" IW := t 


(6.4-13) 


a he re 


“-ssnii 


A plot of D{x) vs. obtained by numerical evaluation of the significant terms of D(x) 
is presented in Fig. 6.4-7. For large values of x, 

h(x) 


7 iM 


1 


and thus £>(x) approaches the upper asymptote 


D ^> - Ni6 + T-; = 0 - 94 
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For small values of x, 


/ 2 (x) _ a ^ 7t(x) 

/,(-*) ~ 4 ?> /,(x) 


for k = 3,4,... 


(cf. Appendix at back of book); therefore, D(x) approaches the lower asymptote 


D l (x) 


2 / 2 (x) 

3 I x (x) 


X 

6 ' 


These asymptotes are also illustrated in Fig. 6.4-7. 

From Fig. 6.4-7 it is apparent that, if the oscillator stabilizes with x = 10 
ty = 260 mV), then THD = 0.642/<2 r . Consequently Q T must exceed 64.2 to keep 
the harmonic distortion below 1%. Clearly the smaller the value of x at which the 
oscillator stabilizes, the smaller the distortion. Unfortunately, a small steady-state 
value of x often results in poor amplitude stability, as we shall see in the following 

paragraphs. 
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Amplitude Stability 

The amplitude stability of an oscillator is the sensitivity of the output oscillation 
amplitude V t to variations in supply voltage, temperature, etc. In particular, the 
amplitude sensitivity factor is defined quantitatively as 


S 




A VJV t 
A/i//i ’ 


(6.4-14) 


where ft is the parameter within the oscillator which is subject to variation, A ft is 
the amount of the parameter variation, and AV t is the correspond!^ variation in V f . 
Small values of S u are desirable; the smaller the value of S M , the smaller the change in 
V t with changes in ft. 

With this definition we may evaluate the various amplitude stability factors for 
the oscillator of Fig. 6.4-1 by first writing the output voltage in the form 


i'oU) = - Vcc + K cos (O 0 [, 


(6.4-15) 


where V t = VJn = kTx/qn and x is the solution of the equation 


G m (x) 21 Ax) 


1 + 


ln/ 0 (x)' 


g mQ x/ 0 (x)l_ qVJkT J w(l - n/x)g, 


G l + n~G E 


imQ 


We then vary the parameter of interest (ft) the desired amount (Aft) and determine 
the resultant value x from Eq. (6.4-5) or Fig. 5.4-5. This value of x immediately yields 
the new value of V t = kTx/qn from which may be computed and in turn S M 
evaluated. 

Consider, for example, the evaluation of S n for the oscillator of Example 6.4-1 
as replacement of C 2 causes the transformer ratio n to increase from 1/80 to 3/160 
(an increase of 50 %—that is, A n/n = £)■ With the new value of n = 3/160, 


SmQ HSmQ 

therefore, from Fig. 5.4—5 (V x ^ oo) we obtain x ^ 6.1, from which it follows that 
V t = 8.45 V, AV t = 0.55 V, and S n = 0.13. 

On the other hand, if G L is increased from 100 ftl3 to 150 ftl3 in Example 6.4—1 
(again a change of 50%), then V t = 4.7 V, AF r = 3.2 V, and S G ^ = —0.81. 

Several facts become apparent at this point. If we wish to minimize S Ge or 
S Ieq = S grnQ , we must minimize the variations of x with G L or I EQ . We accomplish 
this by choosing the parameters of the oscillator so that the oscillation amplitude 
stabilizes in the vicinity of x ^ 2, at which value the slope of the G m (x)/g mQ curve 
is steepest. 

On the other hand, if we wish to minimize S n for n « 1 and V- A ^ oo, we choose 
the parameters of the oscillator so that the oscillation amplitude stabilizes for the 
largest possible value of x such that 2/ 1 (x)// 0 (x) ^ 2. For this condition, 


GJx) _ 2 _ G l 

SmQ X H&mQ 
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and 


^ 2l-Tg me = 2 lee 

‘ ' qG L G, ’ 
which is independent of n ; thus S n —> 0. 

Similarly, if we assume that g mQ = ql EQ !kT is the primary source of parameter 
variation with temperature, we obtain S T -> 0 if the parameters of the oscillator are 
chosen so that the oscillation amplitude stabilizes for ,v as large as possible. 

Let us now try to consolidate the above information in the form of an example 
dealing with the design of an oscillator. 



Example 6.4-2 Design a Colpitts oscillator which provides an 18-V peak-to-peak, 
10 7 rad/sec sine wave, having a total harmonic distortion of 1 %, to a load resistor 
of 3 kQ. The oscillator should make use of available +10-V power supplies and 
provide reasonable first-order amplitude stability with temperature variations. 

Solution. We first draw the schematic diagram of the Colpitts oscillator we intend 
to employ, as shown in Fig. 6.4 S. The design entails the choice nt C,, C 2 , L, R E , 
and the appropriate transistor to meet the required specifications. 

To achieve good amplitude stability with temperature variations, we require the 
oscillator to stabilize with a large value of.x or |1',). On the other hand, a very large 
value of x requires a very large value of Qj to achieve the desired THD, thus we 
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compromise by designing the oscillator to stabilize for x = 10, 
(cf. Fig. 5.4-5 with V k = 9.3 V) 

c-(10) G L + n 2 G E =0]9 

gmQ ng mQ (l - n/a.) 


which is achieved if 


(6.4—16) 


With x = 10, from Fig. 6.4-8 we obtain D(x) = 0.642; thus to obtain THD = 0.01, 
we must have 


\ 

or equivalently 


Q t ^ coqCRj = 64.2, 


C t C 2 _ 64.2 

C[ + Ci (3 kQ)(10 7 rad/sec) 


2140 pF. 


I herefore, L = 1 /oqC = 4.67 /zH. (Slug tuning of L is usually necessary to obtain 
ilie exact required value of ca 0 .) In addition, 


K __ c L 
V, n c, + c 2 


(26 mV)(10) 
9V 


= 0.029 


(which ensures V, = 9 V with x = 10). From the above values of C and n we obtain 


C, = - = 0.074 /<F 
n 


and 


Ci = 


c 


- 2200 pF. 


With a value for n, with G L specified, and with the knowledge that a ^ 1 and 
ir (i L « G l , we finally observe from Eq. (6.4-16) that 


qho qiVJR E ) 


1 EQ 

kT 


kT 


= 0.0625 U, 


or equivalently, 

R e = 5.75 kQ. 

At first glance the choice of the dc bias resistor R E might seem unimportant; however, 
ihis is not the case, since it directly determines I EQ , which in turn sets the value of 
Z mQ and thus the steady-state operating point of the oscillator. 

In choosing a transistor, two key factors must be considered: (1) the collector- 
lo-base breakdown voltage and (2) the inherent frequency-limiting parameters of the 
iransistor. In this example the maximum value of v CB is 19 V; thus a transistor 
with a breakdown voltage in excess of 19 V must be chosen. 

In general, if the transistor is chosen with an output capacitance small in com¬ 
parison with Cj and an input capacitance small in comparison w'ith C 2 , the transistor 
ias little cfiecl on the oscillator design. In general, low-power transistors can be 
ound with sufficiently small values of input and output capacity so that designs 
iimilar to the one in this example are valid for oscillation frequencies in excess 
>f J 00 MHz. 
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Variable-Frequency Oscillator 

If a single^trunsistor oscillator is to be used as a local oscillator or a local oscillator- 
mixer combination in a superheterodyne (AM, f M. or TV) receiver, lhe oscillator 
is usually constructed in the form shown in Fig. 6,4 9. The basic reason lor this 
three-winding transformer configuration is to isolate the input and output capacity 
of the transistor from the tuning capacitor C by providing a step-down transformer 
turns ratio both to the collector and to the emitter from the L 2 -C tuned circuit. Such 
an arrangement prevents changes in the transistor capacitance, which is quite 
sensitive to small variations in supply \oltage, from affecting the frequency of oscilla¬ 
tion, particularly at the high-frequency end of the tuning range where C is usually 
quite small. 



Fig. 6.4-9 Schematic diagram of local oscillator. 


If the Q r of the tuned circu’t is assumed to be high, the oscillator of Fig. 6.4-9 
has the large-signal model for determining t\{t) as show n in Fig. 6.4-10; therefore, 
the oscillation has a radian frequency of to 0 = \/J L 2 C and stabilizes at that value 
of x = qVJkT for which 

(M [2 /L 2 ) nG m (x) = { 

Gj + n 2 [GJx)/a + G E ] ’ 

or equivalently, 

G m (x) _ Gl + n 2 G E 

g mQ ng mQ {M i2 /L 2 - n/ct) 


(6.4-18) 
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: n 


COS C4Jnf 



QJx) 

a 


Fig. 6.4-10 Large-signal local oscillator model. 


Again \ is determined from Fig. 5.4—5, and in turn V { is obtained as V t = kTx/qn. 
Although r,(f) and r,-(r) are reasonably sinusoidal, we should recall that the collector 
voltage is not sinusoidal because of the presence of the series inductor (1 — A:^ 2 )L 1 
(cf. Section 2.5). 

Collector Saturation 

If the value calculated for the amplitude of the fundamental component of collector 
current I CI on the assumption of no collector saturation exceeds VJRt = 
{V (( + 0J)/R r (in Fig. 6.4—1), then collector saturation does occur and the tuned- 
circuit voltage is limited to V cc + 0.7. In this case the emitter-base driving voltage 
is n times the known tuned-circuit voltage and the amplitude of the fundamental 
collector current is 


lc\ = G m (x)V,n = <xI E0 — , 

/oW 

where x = qn(V cc + 0.1)!kT in the saturation case. The difference between this 
current and the allowable net fundamental current into the tuned circuit is the com¬ 
ponent removed by the collector-base saturation pulse train. 

It is apparent that, if the loaded Q T of the tuned circuit is high, the effect of 
collector saturation may be represented as an equivalent linear conductance shunting 
Ihe tuned circuit to yield a total shunt conductance G TS given by G TS = V tS fI c i, 
which for the circuit of Fig. 6.4-1 reduces to 


^ ^E0 21 i(x) 

V cc + 0.7 7^0 * 


(6.4-19) 


Note that this equation is valid when G TS > G T , that is, only so long as satura- 
I ion lines occur on the peak of each cycle. 

i luis, if collector saturation occurs, the output amplitude is directly proportional 
to V cc , while the effective loaded Q of the circuit depends on F cc , ! EQ , and n. 
Specifically, Q T = oj q C/G ts . 
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Example 6.4—3 For the Colpitts oscillator shown in Fig. 6.4—11, determine an expres¬ 
sion for v Q {t). 



Solution. For the oscillator shown in Fig. 6.4-11, we note that 

c = C ‘ C — = 1000 pF. 

C, + c 2 

w 0 = —i= = 10 7 rad/sec. 

/LC 

C, _ 1 
" C, + c 2 80’ 

V, = 9.3 V, 

Ieq - 0.93 mA, 

^ mQ = V 28 Q. 


and 
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identical to the large-signal model of Example 6.4-3 (except for two compensating 
phase inv ersio ns), we conclude that oscillations occur at a radian frequency of 
(t> {) = 1/y/LiC and stabilize at that value of x for which| 

GJx) _ 4a,(x) _ G l _ G l (g . ^ n 

/i / ^ ■ (6.51) 

gm X g m n(l - n/p) ng m 


In this case, x is found by plotting GJg m n( 1 — n/P) on the curve of Fig. 4.6-5. With 
the resultant value of x, we obtain V 1 = kTx/q and V t = VJn. 

For the self-limiting differential-pair oscillator, the total harmonic distortion 
(THD) is readily found, by methods similar to those used for the single-transistor 
oscillator, to be of the form 


™ D 

Qtu Qt 


(6.5-2) 


where Q TU = a> 0 C/G L and £>(x) is given by 


/£ 

4 n — 2 

2 n - 1 

2 

~a 2n -i(x) 

_(2 n - l) 2 - 1_ 


«iM 


(6.5-3) 


The Fourier coefficients a n (x) are defined by Eq. (4.6-10). A plot ofD(x) vs. x obtained 
by numerical evaluation of the significant terms of D(x) is presented in Fig. 6.5-3. 
Note that, for a given value of x, D(x) for the differential-pair oscillatoi is lowci, 
by more than a factor of 7, than the corresponding D(x) for the single-transistor 
oscillator. This, of course, is an anticipated result. 

The upper asymptote D v (x) shown in Fig. 6.5-3 is obtained by noting that as 
x ->■ oo, i EL and i E2 approach square waves and thus 


Therefore, 


0((x) 


1 

(2« - n r 


D v {x) 



(2 n - l) 2 - 1 



0.135. 


(6.5-4) 


For small values of x, 

^ Q 2 n -l(*) 

AtW ~ 48 >:> a t (x) 


for n = 3,4, 5,... 


t The approximation of GJg m n( 1 — n/p) by GJg m n is valid even if n is not much less than 1, pro¬ 
vided that p is large. This is a direct result of the fact that the base, rather than the emitter, is being 
driven and thus the reflected loading across G L is reduced by a factor of p from that obtained 
with a corresponding emitter drive. Therefore, in the differential pair, Q T xz oj 0 C/G l » 1 and 
p » 1 replace the conditions of Q T » 1 and n « 1 required of a single transistor as sufficient 
conditions to ensure the validity of the ideal transformer model, to ensure the validity of assuming 
v t (t) to be sinusoidal, and to ensure G T a G L . 


r 
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(cf. Section 4.6); therefore, D(x) approaches the lower asymptote 


3 a 2 x 2 
“ 8 48 _ i28’ 


(6.5-5) 


which is also plotted in Fig. 6.5-3. 

Example 6.5-1 For the oscillator shown in Fig. 6.5-4, determine an expression for 
v 0 (t). Also determine the THD of i 0 (f). 

Solution . For the circuit of Fig. 6.5-4, 

M 

n = — = 0.02 « 1, co Q = 10 7 rad/sec, 

Ei 


and 


Qt ^ Qtu ~ co oGR l — 50 ; 

therefore, if we assume that neither transistor saturates, then the large-signal model of 
Fig. 6.5-2 may be employed. With the use of the model we conclude that the oscilla¬ 
tion frequency is 10 7 rad/sec and that the oscillation amplitude stabilizes for that 
value of x = qfkT for which 

G m (x) = 4fl t (x) = G l ^ Gj^ 
g m a- n(l - n/P)g m ~~ ng m 

























































240 


SINUSOIDAL OSCILLATORS 


6.5 



For the circuit of Fig. 6.5-4, 


u here 

_ EQ _ 1 C l^k _ U 

gin - Jjr - 2 kf~ 26Q' 

lienee OJx)/g m = 0.52, which, with the aid of Fig. 4.6-5, yields a* = 4.2 and in turn 

(26mV){4.2) _ 

' 0.02 

('imsCQuently, 

i' B (t) = (10 V) + (5.45 V) cos 10 7; 

this v; 1 1 11 c of r„ does not saturate the collector of transistor 2. 

Sun. c 4 2, from Fig. 6.5-3 we obtain D(x ) = 0.065 and in turn 

0.065 

THD = ^ r = 0.0013 (0.13%); 


tins value is quite small, as expected. 
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6.6 SELF-LIMITING JUNCTION FIELD EFFECT TRANSISTOR OSCILLATORS 
Like the differential pair, the junction field effect transistor may be used as the active 
element in any of the self-limiting oscillators discussed in Section 6.4. In addition, 
the FET may be employed as the active element of the tuned-gate oscillator shown 
in Fig. 6.6-1. 



The tuned-gate oscillator is probably the most logical conliguration for a self- 
limiting FET oscillator, since in this configuration the tuned circuit is virtually not 
loaded'at all by the FET and therefore it is possible to maintain a high value of Q T 
with its accompanying good frequency stability. Obviously J? {; . which is usually 
chosen anywhere between 1 MQ and 10 MU does not appreciably load the tuned 
circuit. In addition, with A//L, « 1. only an exceptionally small amount of loading 
due to the output impedance (both capacitive and resistive) oT the f E. T is reflected 
through the transformer. The ac component of v DS is also kept small with M>L 2 « 1. 
the result being a negligibly small "Miller effect ; therefore, the capacitive loading 
of the FET input directly across the tuned circuit is minimized. The Colpitis, 
Hartley, and tuned-drain configurations possess none of these advantages and 
therefore do not find as wide application as does the oscillator shown in Fig. 6.6-1. 

Note that the FET oscillator or Fig. 6.6-1 is damp biasedi.e., the combination 
of the capacitor C G (which is an ac short circuit at the oscillation frequency) and the 
gate-to-source junction diode clamps the positive peak of the gate-lo-source voltage 
essentially to zero.! Thus if v, = fj cos «) 0 t, then v GS = fj(cos ts 0 f - 1). This form 

t Actually r cs is clamped to K„,the turn-on bias of the diode. Since F 0 is a function of the average 
diode current let Fig. 5.1-6) and since an R G of several megohms requires the average diode 
current to be quite small (-^jnA or less), 1 0 is usually required to be less than j V. even for silicon, 
thus as a good first approximation we may usually assume t 0 ^0. 
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>1 I>i.i s, in conirast with that obtained by inserting a negative voltage source in series 
villi R (i , thus applying a fixed gate-to-source bias, has the advantage that the oscilla- 
mn amplilnde may be stabilized with the FET operating completely within its 
tpiare law region. This property is quite desirable when the circuit of Fig. 6.6-1 is 
mploycd as an “oscillating mixer” (Chapter 7), in which case square-law operation 
nmmu/es undcsired intermodulation products. With a clamped bias, the FET 
i ans( (uulnciancc decreases with increasing sinusoidal input voltage amplitude 
vilhin the square-law region (a necessary condition for amplitude stabilization—cf. 
ig I o 4); with a fixed bias, on the other hand, the FET transconductance remains 
ndependeni of input voltage amplitude for operation completely within the square- 
iw legion (cf. Eq. 4.4-6). 

Note also that the transformer in Fig. 6.6-1 with M/L 2 « 1 keeps the reflected 
mpedance in the drain cricuit quite small; hence the output resistance r 0 of the FET 
na\ be neglected*iribbtairiing the FET model, or equivalently the drain current i D 
nav be expressed in the form 

1 d — ^dss | ^ ^ T "| * ( 6 . 6 - 1 ) 

v lieie I hSS is the value of i D when v GS = 0 and v DS — V DD , and V p is the pinch-off 
oliage of the FET. In addition, M/L 2 « 1 ensures that the ac drain voltage is quite 
mall causing, in general, operation complete!)' within the saturation region of the 

I I 

I rom the above considerations and the assumption that Q T of the tuned circuit 
* sufficiently high to keep r ; (f) sinusoidal (that is, r f (f) = V l cosm 0 r), we may obtain 
he large-signal model shown in Fig. 6.6-2 for the oscillator of Fig. 6.6-1. In this 
lodel, because of the assumed high Q Tj only the fundamental component of drain 
m rent is reflected through the transformer, in the fashion of Fig. 2.5-7, to obtain the 
i ivmg current source 

M 

—G m V x cos co 0 t, 

here G m is the large-signal fundamental transconductance of the clamp-biased 
I T. (A plot of GJg m0 vs. — VJVp is shown in Fig. 4.9-4.) In addition, because of 



Fig. 6.6-2 Large-signal model for the tuned-gate FET oscillator. 
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the assumption of high Q r , the clamp-biasing circuit is replaced by its equivalent 
conductance G jVL = 3 /R G , which is developed in Example 5.5-5. 

With the model of Fig. 6.6-2, we observe that 

A l (joj 0 ) = 0 for co 0 = - 

v ^2 G 


and that 


St A L {jco 0 ) 


M 

G 2 


G l + 3G C 


= 1 


( 6 . 6 - 2 ) 


for that value of V\ for which 

Gl + 3Gg ( 6 . 6 - 3 ) 

SmO M bmO 

where g m0 = 2I DSS /~ V p is the small-signal transconductance of the FET with 
r GS = 0. Clearly, once V p , I DSS , G L , and G c are specified, - VJV P , and in turn V x , 
may be determined from Fig. 4.9-4. 

As an example, consider 


L 2 — 10 /ill, 
R g = 3 MQ, 


M 


/<H, 


10 pF = C G 


R l = 50 kO, V p = -4 V, 


and 


/ nc<: — 4 m A. 


Therefore, 


oj 0 = 10 s rad/sec, Q r = 47.5 > 10, 
g m0 = 2000//mho, and —— = 0.105. 

^/mO 


From Fig. 4.9-4 we obtain — V\ V p = 1.67; hence V] = 6.67 V and 

r .(r) = (6.67 V) cos 10 8 r. 


6.7 CRYSTAL OSCILLATORS 

Since 1921 there have been hundreds of articles, tens of chapters in textbooks, and 
several books about crystal oscillators and piezoelectric resonators. Gerber and 
Sykesf have provided a recent summary of the state of the art with respect to crystals, 
while llafneri has written extensivcl) on crystal unit models and the measurement 

t E. A. Gerber and R. A. Sykes, “State of the Art—Quartz Crystal Units and Oscillators,” Proc. 
IEEE, pp. 103-116 (Feb. 1966). Summary of data and characteristics; 63-item bibliography. 

+ E. Hafner, “The Piezoelectric Crystal Unit—Definitions and Methods of Measurement,” 
Proc . IEEE , pp. 179-201 (Feb. 1969). Includes a 46-item bibliography. 
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nodd p;irameters. Sections 6.12 and 6.13 and Chapter 9 of Edson+ and Sections 
K 2, and 8 3 of GroszkowskiJ provide textbook summaries of many quartz crystal 
pci ties and also discuss vacuum-tube crystal oscillator circuits in detail. 

11 is not our purpose here either to provide design information about piezo- 
Inc resonators or to catalog all possible crystal oscillator circuits. We wish 
ply to point out the basic properties of these resonators and to explain how they 
y be exploited to produce satisfactory circuits. 

1 lie reason why one employs a piezoelectric resonator in place of a conventional 
combination is that the available Q in these mechanical vibration devices may 
up to 1000 times greater than that available with conventional elements. As we 
e seen, indirect frequency stability is directly proportional to Q\ hence crystal 
illators are used as fixed-frequency, highly stable frequency or timing sources. 

I lie principal material used as a mechanical resonator for oscillators is crystalline 
nt/, The properties of this material differ in different directions through the 
si a I. in addition, each different “cut" may be mounted and vibrated in several 
erent ways. These different “cuts" have different temperature properties, different 
iges of possible operation, and different relations between their dimensions and 
u mechanical and electrical properties. 

Table 6.5 in Edson summarizes the properties of twelve of the more useful “cuts.” 
me "cuts,” for example the GT cut, have frequency shifts of considerably less 
>n one part per million per degree Celsius over a 100°C range. Other "cuts” 



Fig. 6.7-1 Electrical model for a quartz crystal resonator. 

vc less desirable temperature properties but may have higher Q's, lower series 
istances, or more desirable properties at harmonics. The basic electrical model 
a properly mounted quartz crystal and its holder is shown in Fig. 6.7-1. 

As we shall see, the crystal is normally operated within 1 % of the series resonant 
quency of one of the shunt branches; hence the circuit normally is reduced to C 0 
shunt with a single series resonant circuit. The multiple branches result from 

/. A. Edson, Vacuum Tube Oscillators. John Wiley, New York (1953). 

Groszkowski, Frequency of Self Oscillations. Macmillan, New York (1964). 
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mechanical vibrations at approximately the odd harmonics (usually called overtones) 
of the fundamental frequency. Since the mechanical frequency of the fundamental 
vibration is proportional to the crystal dimensions, practical considerations usually 
limit fundamental operation to the neighborhood of 20 MHz or less. By operating 
on an “overtone" frequency, crystal oscillators up to the neighborhood of 200 MHz 
are possible. For higher frequencies we must employ harmonic multiplication from 
a lower-frequency circuit. 

IT operation at a particular overtone is desired, then this should be specified 
when ordering the crystal If a "cut” and mounting are used that minimize overtone 
effects, then sinusoidal operation may be possible in circuits with no filtering elements 
except the crystal itself. 
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Fig. 6.7-2 Model for a crystal, its admittance equation, and its pole-zero diagram. 


Figure 6.7-2 repeats the simplified version of the model together with its admit¬ 
tance relationship and pole-zero pattern. 

In order to understand the particular properties of crystals it is useful to consider 
typical numerical values for the crystal parameters, for example, 

c 0 q = 10 7 rad/sec, 

C/C 0 = 1/100, 

C 0 = 4pF, 

and 

Q l = 20,000, 

which lead to C = 0.04 pF, L = 250 mH, and r = 125 Q. For this typical case, the 
vertical spacing between the pole and the zero in the vicinity of oj 0 is approximately 
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w|20(), while (he hori/onlal distance from the j-axis to a complex pole or to a 
implex /ero is m o /40,000, or 1/200 times the vertical spacing between the complex 
>lc and zero locations. Thus near a complex pole one has in effect an isolated very 
j'h ( t ) pole, while near a complex zero one has in effect an isolated very high-Q zero. 

I wo choices remain before we can select a circuit configuration. We must 
;i ule whether we want to use the crystal as a low impedance [near a zero in Z(p) 
a pole in Y(p)] or as a high impedance [near a pole in Z(p) or a zero in Y{p)], 
id ue liave to choose a method of amplitude limiting for the circuit. 

Series resonant modes of operation usually place the crystal directly in the feed- 
u k path or use it to shunt a bias resistor. In both cases, the object is to keep the 
►op gain below the minimum required for oscillation except at the series resonant 
equency of the crystal. Since the pole of Y(p) [zero of Z(p)] is independent of C 0 
t< h circuits should not be effected by circuit-caused cariations in the crystal's shunt 
iptu nance. 

A capacitance C x in series with the crystal modifies the scale factor of Y(p) from 

'<•) 

C 0 C X 
C 0 + C x 

id shifts the poles of Y(p) from cu 0 to 

C + C 0 + C x 

— - OJ rj . 

C 0 + C, 

/hen C 0 » C, this capacitance changes the approximate vertical pole-zero spacing 
om Co) 0 /2C 0 to 


Cojq C x 
2C 0 C 0 + C x ' 

hus the possibility of a slight adjustment of the series resonant frequency is purchased 
1 the expense of a narrowing of the pole-zero spacing. 

If C 0 = 100C and C x varies from C 0 to C 0 /5, it is possible to have a frequency 
ming of 0.166% of oj 0 while reducing the minimum pole-zero spacing by only % 

A great many vacuum-tube oscillators employ the crystal operating in a high- 
npedance mode. Field effect transistor oscillators tend to follow this same pattern 
i all these circuits the operating frequency tends to be below the zero of Y(p) [pole 
Z(p)] at a distance oj 0 /Q l or less from it. At these frequencies the crystal looks 
<e a parallel inductance-resistance combination and is used to replace an inductance 
i a Colpitts-Iike or Hartley-like configuration. Such arrangements can be “tuned" 
y varying the shunt capacitance, C 0 

For operation at higher frequencies and higher overtones, the pole-zero spacing 
iay be increased by adding a shunt inductance L s that resonates with C 0 at the 
perating frequency. With such an arrangement a new pair of complex poles in 
(/>) is formed ; these poles lie between the complex zeros of Z[p) and the origin. For 
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C 0 L S = LC and C 0 » C, the approximate vertical spacings of the two complex poles 
about the unchanged zero position is 



which for C 0 = 100C leads to + (21/400)« o and -(19/400)w o - We should note that 
these spacings are ten times the spacing for the unshunted case. Since CfC 0 tends 
to decrease as the square of the overtone multiple, the shunt inductance allows us to 
keep a nearly constant percentage pole-zero spacing at the higher frequencies. 

Varying C 0 (or the shunt inductance) provides a means of varying both of the 
complex poles. Operation of the crystal as an “inductance" is possible just below 
either pole, but is not in general desirable, since the pole positions depend strongly 
on the external shunt inductance. 

A well-designed crystal oscillator circuit should stop oscillating if the crystal is 
removed and should minimize the crystal driving voltage and current. The last 
requirement is desirable not only to avoid physical damage through overdriving, but 
also to minimize temperature shifts due to self-heating. For example, if the thermal 
resistance of the mounted' unit is 500° C/W, then an internal dissipation of 2 mW 
leads to a 1 °C temperature rise; this temperature rise may lead, in some crystal 
“cuts" at some ambient temperatures, to frequency shifts of several parts per million, 

Most very high-quality crystal oscillator circuits separate the frequency genera¬ 
tion and the amplitude limiting functions by employing a separate control mechanism. 
Section 6.9 discusses several such circuits. In this section we concentrate on simple 
self-limiting circuits, beginning with the use of a single bipolar transistor as both the 
amplifying and the limiting device. 

As an example of a single-transistor series mode circuit we consider adding a 
crystal between r,(0 and the emitter in the circuit of Example 6,4 1, as shown in 
Fig. 6.7-3. Here the tuned circuit is tuned to the pole of the crystal admittance Y(p) 
to ensure operation at the correct overtone. Clearly the loop gain will be insufficient 
for operation at all other overtones because of the low' tuned-circuit impedance. 

Intuitively we see that, if the crystal is series resonant and acts like a resistor, 
then this resistor and the transistor input act like an attenuator and reduce the loop 
gain. Hence it is likely that, if the circuit is to operate at all, w r e will have to restore 
the loop gain either by increasing n or by increasing the load resistor. 

If the crystal acts merely as a resistor, then we could calculate the new operating 
amplitude using Eq. (6.4—3) and Pig. 4.8-6. However, since the crystal is acting like a 
high-Q series resonant circuit, it restricts the current through itself to a fundamental 
component.t If we assume a current source drive of I E q for the dc transistor bias, 
then this ac crystal current is equal to the ac emitter current of the transistor; that is. 


t This is the dual of a high-Q parallel resonant circuit where only the fundamental voltage exists. 
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r = series-resonant resistance of crystal, 
oj 0 - = series resonance of crystal. 


n=C,/(C, + C 2 ), C=C,C 2 /(C, + C 2 ) 

Fig. 6.7 -3 Series mode crystal oscillator. 


where V EBl is the amplitude of the fundamental emittef-base voltage. Now V EBl is 
a function of I El and I EQ which can be found by assuming that an ac current source 
and a dc current source drive the emitter-base junction and calculating the funda¬ 
mental component of the emitter voltage. [Note that the emitter-base voltage is no 
longer sinusoidal, since the crystal separates the junction from the assumed sinusoidal 
voltage v/(t)-] 

If 

*£ = IFS e ' EUq kT — I EQ + lEl COS (Jit, (6.7—2) 

then 

kT I EQ kT , / /,. \ 

v EB = —ln-p + —In 1 + -^-cos cot . (6.7-3) 

Q hs Q \ Ieq I 

Hence, if the last term in Eq. (6.7-3) is expanded in a Fourier series, we may determine 
I'm, to be of the form 



: d - v i - r> 


(6.7-4) 
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where y = I E i/I EQ ; in addition. 


kT 

<7 



-2 + 2 n /I - r> 


(6.7-5) 


For this case we define a large-signal average fundamental transistor input 
conductance as 


G in (y) = ^ 


r EB 1 


Lex 

I 


1 eq 


EQ y EB 1 

,,2 


£in Q 


2(1 - 


qjjQ _ y^_ _ 

kT 2(1 - V /1 - y 2 ) 


for y < 0.6. A plot of G in (y)/g inQ is shown in Fig. 6.7-4. If we now assume that the 
reflected loading of the crystal resistance r in series with the transistor input resistance 



y 

[ ?m Q 

0.0 

1.000 

0.2 

0.990 

0.3 

0.977 

0.4 

0.961 

0.5 

0.937 

0.6 

0.900 

0.8 

0.800 

0.9 

0.725 

1.0 

0.500 


Fig. 6.7-4 Normalized input conductance for a current-driven junction. 


1/G in (y) across R L is negligible, then the loop gain for the circuit of Fig. 6.4-3 may 
be written as 


. , v a niKt 

• 4l0 " o) " (6 ' 7 - 6) 

hence the oscillation stabilizes for that value ofy = I E x/I E q for which A L (jco 0 ) = 1, 
or equivalently, 


G,n(.V) = _ 1_ 

gin Q (<xnR L -r)g in o’ 


where r is the series resistance of the crystal, R L is the load resistance, and 

/? = Ci/{Ci + C2X 
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11 is appaicut li om Fig. 6.4-4 that for reasonable amplitude stability I El should 
■ between 0 4 and I times / £Q or that 


0.50 <---— 

g inQ (cmR L - r) 


< 0.95. 


(6.7-8) 


In order to calculate the operating amplitude, one calculates G in (>’)/g inQ from 
i (t> 7 7) and uses Fig. 6.7-4 to find y. Then, since V, = olI ei R l , one finds that 


V t — ayI EQ R L . 

As an example, we might modify the circuit of Fig. 6.4—5 to include the crystal, 
m Fig, 6 7 3. If we increase n from 1/80 to 1/50 while maintaining all the other 
'■'"'lilies at their previous values, then for a = 0.98 and r = 125 fi, 




GJy) 

£in Q 

Irom big. 6.7-4, y = 0.82, so that / 


56 

= - = 0 . 79 ; 

£i = 0.82 1 EQ 


and V, = 3.7 V or 


v 0 {t) = (10 V) + 3.7 V cos cot. 


ie elleclive loaded Q of the crystal is co 0 L divided by r + R in = 125 + 71 196Q; 

"ce l he crystal Q has been reduced from 20,000 to 12,800. 

Ihe crystal dissipation for this case is t r/2 = 8.5 /i IF; this amount of dissipation 
II CC11 a inly not cause excessive frequency shifts. 

In making the previous calculations we assumed that the tuned circuit consisting 
/., K,. and C l C 2 /(C l + C 2 ) was tuned to the series resonant frequency of the 
/Mai | the pole of Y(p)] in Fig. 6.7-2. We might ask what happens to the amplitude 
d licquency of the oscillations as the tuned circuit is detuned or mistimed. 

(>n a small-signal basis, in the vicinity of the pole in Y(p) of the crystal, Y(jco) 
loscly approximated by 


ere 


Y(jto) * 


_ (Qq£ __ 

2(jSco + to 0 /2Q' L ) 


Oo) = to — co 0 , co 0 + co x 2co 0 , and Q L = ----. 

r + 1/g , nQ 

c 11,11 "Lilized form of the variations in the magnitude and phase of this function 
j'.iien by the Q = co curves of Figs. 2.2-7 and 2.2-8. The same normalized curves 
also valid for the impedance of the tuned circuit near to: 


Z(jco), 


1 

2 C, 0>5m + co 0 /2Q T )' 


Qt ~ (OqRi.C,, 


(6.7-9) 


a e I lie subscript t is used to differentiate the parameters of the tuned circuit from 
■sc of llie crystal. 
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If we detune the tuned circuit by co 0 /8Q T (2 kHz in the example where Q T = 100 
and oj 0 = 10 7 ), we reduce the magnitude of Z(jco) from R l to 0.970 R L and introduce 
a phase shift of 14°. To cause a return to zero net phase shift, the operating frequency 
must shift until the crystal phase shift supplies the compensating 14°. Since the 
effective crystal Q is much higher than the tuned-circuit Q , the frequency need only 
shift by Sto = to 0 /8Q’ L (16 Hz when co 0 = 10 7 and Q L = 12, 800)t; however, this fre¬ 
quency shift causes an equivalent normalized decrease in the magnitude of Y(jto). 
Thus, if we let 

, r 1 

A = (6.7-10) 

which is the normalized decrease in the magnitude of the tuned-circuit impedance 
as well as the decrease in the magnitude of the crystal admittance, then Eq. (6.7-7) 
becomes 


GJ.v) 

l N l 1 

Sin Q 

\ctnN 2 R L - rjg inQ 


If Sco, is excessive, then G in (>’)/g, Q exceeds unity and oscillations cease (cf. 
Fig. 6.7-4). Thus detuning the tuned circuit causes only a small shift in frequency 
but may cause an appreciable change in amplitude. With N = 0.97. 

G in (v) 54 

V " = W' >' * °' 58 ' and V < = *Y J £Q NR l ~ 2.5 V; 

6 i n Q 

with proper tuning V t ^ 3.7 V. Thus good amplitude stability in this circuit demands 
reasonable frequency stability in the tuned circuit. If we assume that transistor 
reactances are negligible, then tuning the tuned circuit for maximum output 
amplitude yields operation at the series resonant frequency and thus minimizes the 
effects of mistuning on the amplitude. 

Numerous variations of this basic circuit are apparent. For example, if we 
isolate the crystal from the emitter by an emitter follower and then use the same 
emitter resistor for both the oscillator transistor and the emitter follower, then a 
differential-pair oscillator results. Figure 6.7-5 illustrates such a circuit. 

In such circuits it will often be true that R B is small with respect to the “average” 
large-signal input impedance of Q 2 . When this is the case, the driving voltage will 
still be sinusoidal and, except for the need to account for loss in gain through the 
R B,r crysiai attenuator, the amplitude calculation will be identical to that of Section 6.5. 

If R B becomes too large then an exact calculation will require an expansion 
similar to Eq. (6.7-4) for the differential pair. While such a calculation is quite 
possible, it seldom appears to be necessarji, and hence the results are not presented 
here. 


t We assume here that Sco is negligible in comparison with Sco n so that the effect of on the 
magnitude and phase of the tuned circuit may be neglected. 
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Fig. 6. 7-5 Differential-pair crystal oscillator. 



iokn 


L == 10 jiH 
A/ = O.I56pH 
L^ \ nH 


II l he ci ystal overtone frequencies are properly suppressed, then operation of this 
cuil is possible with commercial integrated-circuit differential pairs in which a 
id i esislor replaces the tuned circuit and the combination of the crystal series 
iisior and the base input resistor replaces the capacitive attenuator. 
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C Inductive 



Fig. 6.7-7 (a} Pierce circuit (Colpitts-like). (b) Miller circuit (Hartley-like). 

It is apparent that, for satisfactory operation in such a circuit, we require a much 
higher crystal series resistance than in the previous cases. This is true because the 
effective Q' L is reduced to r/{R L + R B + r) of its initial value, where r is the crystal 
series resistance and R L and R B are the circuit output and input resistances respec- 
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ivdy If R l = 4kD, = 500and r = 10 kQ, then only a \ degradation of 
results. 

Another variation of the single-ended circuit is shown in Fig. 6.7-6. If 
i M L = 1/50 and r = 125 Q, then this circuit has the same output amplitude as 
he circuit of Fig. 6.7-3. The calculation of this amplitude is performed in exactly 
lie fashion outlined previously. Intuitively we see that the circuit can have adequate 
oop gain to cause oscillations only when co is near the series resonant frequency of 
lie crystal (i.e., when the low series crystal resistance bypasses the large emitter 
mpedance). 

Figure 6.7-7 illustrates two possible high-impedance mode FET (or vacuum-tube) 
rrystal oscillator circuits. In both circuits the crystal behaves like an inductor and 
he operating frequency is near, but slightly below, the pole in Z(p). For the Pierce 
II cuit. 

G m «^G c +^G D , (6.7-12) 

A hich for C D ^ C G and R G » R D leads to G m ^ l/R D . where R D is the load resistor. 

I he required G m is much smaller than for the series mode transistor; however, since 
he available G m from an FET or vacuum tube is also much smaller, the combination 
s reasonable. That the operating frequency must lie slightly below the pole frequency 
seen by considering the crystal as an equivalent inductance which resonates with 
lie series combination of C D and C G . Only within several multiples of co po JO L 
>elow <y pole will the crystal have a sufficient inductive reactance. 



Fig. 6.7 -8 Series mode FET crystal oscillator. 
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Similar arguments hold for the Miller circuit, where C resonates with an 
equivalent inductance from the crystal in series with an equivalent inductance from 
the drain-tuned circuit. The algebra is more complicated in this case and lends little 
insight into the circuit operation; hence it is not presented here. 

"Figure 6.7-8 shows a series mode crystal oscillator circuit which is a variation 
of the FET circuit of Fig. 6.6-1. In this case the small-signal g m , with the crystal 
removed, is reduced to g m /(l + g m R s \ If is sufficiently large so that Eq. (6.6-3) 
cannot be satisfied even for zero gate bias, then, with the crystal replaced, oscillations 
can occur only near the crystal’s series resonant frequency. 

As in the bipolar case, the source current is forced to be sinusoidal; hence again 
a complete calculation necessitates finding the fundamental source voltage as a 
function of the ac and dc currents. 

6.8 SQUEGGING 

In self-limiting sine-wave oscillators where the feedback loop is closed with a coupling 
capacitor, it is possible to have an interaction between the time constants of the bias 
and coupling circuits of the loop and the time constants of the high-frequency tuned 
circuits of the loop such that a self-produced amplitude modulation of the high- 
frequency oscillation occurs. Such self-modulated behavior is known as squegging. 
The low-frequency v ariations of the envelope of the high frequency may be sinusoidal 
or exponential. 

In this section we indicate an approach that either allows us to design for 
deliberate squegging or, as is more often the case, guarantees that it will not occur. 
First we shall outline a general method, and then we shall apply it to a specific 
transistor circuit to obtain definite numerical results. 

In our analysis we assume that conditions exist for normal high-frequency 
oscillations to occur and that these oscillations have been set up. We then examine 
the small-signal low-pass transfer function that governs the amplitude of the envelope 
of these oscillations. If the low-pass transfer function has only left-half plane poles, 
then after an initial transient at t = 0, the amplitude remains constant at its desired 
value. However, if this low-pass transfer function has right-half plane complex 
conjugate poles, then sinusoidal oscillations of the amplitude occur; and if it has a 
right-half plane real-axis pole, then exponential buildups and decays of the amplitude 
occur. 

Since we want some information about the onset of squegging, we are interested 
in the perturbation of the parameters relating to the envelope around their normal 
steady-state values. Consider first the generalized self-limiting capacitively coupled 
oscillator shown in Fig. 6.8-1, for which the self-limiting transistor oscillator shown 
in Fig. 6.8-2 is a special case. If for the circuit of Fig. 6.8-1 we assume a small 
perturbation r^f) on the envelope of r,(t) that is, 

i’i(t) = [Vi + tqjt)] cos co 0 t, 

then a small perturbation t L (r) results in the envelope of the fundamental component 
of 1,(0. We note, however, that the right-half portion of the circuit of Fig. 6.8-1 is 
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;.sc 


ulcnt ic;»l lo the circuit of Fig. 5.6-1; thus i { (t) may be related to ^(f) by the admittance 
V',(/>) given by Eq. (5.6-3). In addition, if Z 12 (p) is a symmetric narrowband filter 
centered about to 0 (which it almost always is), then the results of Section 3.3 tell us 
tlint r,(/) is related to the envelope variation of the fundamental component of the 



Z l2 ijiii)j 

|L 


UJ 




Nonlinear 

load 


/,(0 = /o + /i COS ov + / 2 cos 2 oj 0 / 4- ■ • • 
A L (jw 0 )=i 


Fig. 6.8-1 Generalized self-limiting capacitively coupled oscillator (nonlinear load). 



Fig. 6.8-2 Transistor oscillator. (It is assumed that collector saturation does not occur and that 
normal high-frequency oscillations are possible.) 
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Z ]2L (p) ~ low-pass equivalent of Z i2 {p) 


Yi(p) 


G n 


r*%-° 


Gm G m \1 
gn )\ 


A f , n , ip) = ayi(p)Z]2,(p) 

Fig. 6.8-3 Envelope feedback circuit. 


current drivins the filter by the low-pass equivalent transfer function Zu^ip) of the 
filter. The complete low-frequency feedback circuit relating ^(O and is shown 
in Fig. 6.8-3, from which it is apparent that 

A Lt Jp) = xY r (p)Z 12 Jpy (6.8-1) 

If 1 - A Len ,(p) = 0 contains roots in the right-half complex plane, then squegging 
results. Even if no right-half plane roots exist, the positions of the left-half plane roots 
give us a good idea of the envelope transients when power is applied to the oscillator 
at t = 0. 

To carry the analysis further, we require expressions for Y t (p) and Z 12 Jp). For 
the transistor oscillator of Fig. 6.8-2 (or any of the self-limiting transistor oscillators 
discussed in Section 6.4), Y,(p ) is given by (cf. Eq. 5.6-6) 



I Axil 

;.(x)l 

2g in 

1 

L v/ 0 (.\)J 

r-J 


p + - 
T 

where r = C r Jg in , g in = qlJkT, and /(x) is given by Eq. (5.6-7) and plotted vs. x in 
Fig. 5.6-2. In addition, if Q r = w 0 CR T > 10, then 

nR T 


z 12l (p) = 

p + - 


( 6 . 8 - 2 ) 


where r^ — 2Rj(7, Rj is the total loading across the tuned-collector circuit, and 
n = M/Li . As is required of a low-pass equivalent, Z 12 J 0) = Z 12 (;co 0 ) = nR T . 
Now with the specific values for Z l2l (p) and Y 1 (p) 1 A Lsny (p) reduces to 


IgjiR, 

Mv)' 

2(xfl 

L' “J 

If. 

x/ D (xj 


(/’ + ——1 f p + -1 


\ l u \ 

l f 




(6.8-3) 
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wcvcr, since the circuit is assumed to be oscillating at o> 0 , A L (jaj 0 ) - 
ivalcntly, 


(>„,( cl'i Rj — gm 


2/ 1 (x) 

x/ 0 W 


nR T = 1 


or 


gm nR T 


■xf 0 (x) 

2/iW 


1, or 


111 this additional restriction, A Lcnv (p) may be expressed as 



(6.8—4) 


ere 

,. „ N i n t nresented in Fig. 6.8-4, in which the root locus of 

P ‘t!S» = 0»W^“wis' n ^ c a. e d. Clear, y ,h=pos S ihi,U y ofs TO ,n g 

' St | he roots of 1 - A, ( p ) = 0 reach the imaginary axis when the coefficient of 
, zero. Thermic, to keep .he rocs in .he left-half plane and thus lo 

event squegging, we require 


1 1 A(x) 

- + — > - 

t r L x l 


(6.8—5a) 


2 e, 


2 R r c 


C E /gi n &>oC E /g\ n 


> 4(x) — 1 


(6.8—5b) 


— > - 1 ]. 
C E 28 j'gin 


(6.8—5c) 


l designed'io^a, a given , with a given 
med eircui. enpaci.ance C and load R,. and at a given de bias which lives*,,, then 
iere will be a maximum value of C E at which squegging may be avoided. ^ ^ 

From Fig. 6 8-5 we see that for small x, say less than then l 
nd C E may be relatively large without any danger of squegging_ Asi x 
lowever. we may have difficulty in simultaneously sat f^ 
ondition m 0 C £ /g in > 10. (The latter condition is necessary if C E is to be 

is an ac short circuit.) 
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For example, if co 0 C E /g in = 20 and Q T = 50, then from Eq. (6.8-5b) and Fig. 
6 8-5 we see that a design value of x = 6.4 will cause squegging or proper n 
squegging operation of such a circuit, either x must be kept small (below 6.4), or Q T 

must be increased. ... . • 

If squegging is allowed to occur, then its initial frequency of sinusoidal variation 

M PC O .... r a A ( Pi ^ T- o r i It o i.QYK QT 




OJ 


sci 


1 - 4(xU(x) 


T,T 


WqJ 1 - 4(x)/ (x) 

^J2Q e u> 0 C E /g w 


( 6 . 8 - 6 ) 
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Hy combining terms we can write 

1 - A(x)X(x) = 2 + 

/<>(-*) 

l;ihlc6.S I lists several values of 1 — /1(.y)/.(.y). 


xIo{x) 
/i( -v) ' 


Table 6.8-1 


X 

x /l - A(x)Ax) 

0.0 

0.00 

1.0 

0.46 

2.0 

0.73 

3.0 

0.86 

6.0 

0.95 

10.0 

0.97 

co 

1.00 


By using the large-x expansions for / 1 (.x) and / 0 (x), one can show that, to within 
s for x > 3, 

G - MO'IO - 1 - 7^ 


I hciclore, since the exact frequency of squegging is seldom of great importance and 
since squegging is most likely for x > 3, it seems reasonable to rewrite Eq. (6.8-6) as 


co 


sq ^ 


cuq( 1 - 5/16.x) 
\/ 2Q t (oj 0 C E / g in ) 


(6.8-7) 


For the previous example, where Q r = 50, co 0 C E /g in = 20, and x = 6.4, we find 

I h;i 1 

cu sq ^ co o/47.5. 

In actual circuits the values to be used for C and for C E are usually obvious from 
inspection. For example, in the Colpitts-type circuit C = C 1 C 2 /(C l + C 2 ) and 
( | C'| + C 2 . If a bypass capacitor C B is placed from the base to ground (as shown 

m 1 ig. 5.4 I), then C B /( 1 — a) must be added in series with C E to determine the total 
t, oupling capacitor. 

A similar technique, starting with the results of Fig. 6.8-3 and evaluating the four 
partial derivatives, either analytically or experimentally, will lead to a similar set of 
irsiihs for vacuum-tubet or FET oscillators. In all cases squegging can be stopped, 


I lun sources that consider squegging in the \acuum tube case in some detail are: (1) W. R 
Mm I ,tan. '(riteria for the Amplitude Stability of a Power Oscillator," Proc. IRE , 42, pp. 1784- 
I fj.l 11 )n 192-1); and (2) B G. Dammeis, J Uaaiitjej, J. Olte. and 11 Van Suclilelen, "Squegging 
< )>;i, ill.ilors, in Application of the Electronic Valve in Radio Receivers and Amplifiers, Book IV. 
N 11 Philip’s (iloeilampenfabrieken, Eindhoven, Netherlands (1950). Chapter II E, pp. 227-250. 
In ilu* vacuum tube case, it is not possible to arrive at nearly such a compact nor universal result 
u\ \u; have obtained here for the transistor. 
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if it occurs, by some combination of 

a) reducing the size of the coupling capacitor (if other restrictions will allow 
this reduction), 

b) raising the tuned-circuit Q, and 

c) reducing the active-element driving voltage. 

6.9 BRIDGE OSCILLATORS 

Bridge oscillators utilize the transfer function of a bridge network to produce a pair 
of high-Q right-half plane complex zeros. As was pointed out in Section 6.3, such a 
set of zeros contributes directly to the indirect frequency stability of the circuit. 

In this section two basic bridge circuits are discussed. The first is the fixed- 
frequency Meacham bridge, in which the already high Q of a crystal resonator is 
multiplied by several additional orders of magnitude to yield a very stable circuit. 
The second is the wide-range variable-frequency circuit known as the Wien bridge 
oscillator.t In the Wien bridge oscillator the aim is not to achieve extreme frequency 
stability, but rather to achieve the stability and waveform purity of an LC circuit of 
reasonable Q while retaining the wideband tuning capability of RC networks.^ 

A bridge oscillator consists of three main elements: 

a) the bridge circuit, 

b) a linear amplifier, and 

c) a bridge-balancing circuit or element. 

As we shall see, the desirable properties of the bridge oscillators are obtained 
only if the bridge is operated as close to balance as is possible. Since the amplifier 
gain times the bridge error signal must be a constant if stable operation is to be 
achieved, and since the amplifier gain A cannot be assumed to be a constant, we 
achieve amplitude control by sampling the output amplitude and using this signal to 
provide exactly the necessary bridge unbalance. 

Figure 6.9-1 illustrates both bridge circuits under discussion. With vacuum-tube 
circuitry the self-balancing effect is often achieved with a positive-temperature- 
coefficient resistor (a light bulb) in the upper half of the negative feedback arm 
(element R 3 ). In addition to being somewhat sensitive to ambient temperature, such 
elements often require more power for their operation than the total pow r er available 
from a small semiconductor operational amplifier; hence in semiconductor circuitry 
it is usually more reasonable to obtain the self-balancing effect with an FET, a light- 
sensitive resistor, or perhaps a diode acting as a controlled resistor. 

While we could operate a bridge oscillator with a simple differential-pair circuit 
as an amplifier, the desirable properties of the circuit require high voltage gains; 

|The literature is full of RC feedback oscillators that are misnamed Wien bridge circuits; these 
circuits do not contain any bridge structure and hence do not have the properties described here 
J Wien hi idge oscillators are common with 10/1 variations in frequenc> per dial turn and overall 
coverage of 10 6 /1, say from 2 FIz to 2 MHz. With an RC network a 10/1 \ariation of R or C 
gives a 10/1 variation of frequency, while in the LC case it yields only a 3.16/1 variation. In 
addition, for frequencies below several kilohertz, linear inductors become both unwieldy and 
expensive. 
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(a) 


(b) 


Fig. 6.9-1 (a) Meacham bridge, (b) Wien bridge. 


■iicc wc assume an ideal operational amplifier with a sufficiently high-impedance 
llciential input that bridge loading may be neglected and with a sufficiently low 
it pul impedance that the bridge does not load the amplifier. So long as we restrict 
ic output signal level to several volts and the frequency range to below, say, 10 MHz, 
icii such amplifiers are widely available at relatively low prices. In practical circuits, 
ulicularly at low frequencies where impedance levels are high, one often uses an 
I I pair at the input to the differential amplifier to further reduce the effect of 
siding 


lc;iclinm Bridge 


there is zero phase shift through the amplifier, then the Meacham bridge oscillator 
I ig, (>.9 la operates extremely close to the series resonant frequency of the crystal, 
ul thus Aj( jco 0 ) is given by 


A L (jco 0 ) = 


I 

+a \TCTr > 


- i. 

*2 + >1 


(6.9-1) 


Wc dclinc N = R 2 /r, M = R 3 /r , and S = NM - Rjr. If (N + l)M » |<5|, then 
able oscillations occur [A L (jco 0 ) = 1] when 


5 


(n +1 y-M 
A~ 


(6.9-2) 


sliik:: t> 0 corresponds to perfect bridge balance, while a slightly negative value 
I i■, , 1111 .■ lined when r,(t) is a small negative voltage relative to its defined polarity.] 
I oi example, if the bridge arms are nearly equal, so that M = N = 1, then 
l/.-l ; henee if A > 100, certainly |d| « (N + l)M and our assumption is 
islilied ll will be the job of our bridge-balancing circuitry to adjust <5 so that 
<1 (fi ‘> 2) is always satisfied regardless of variations in A. 
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The complete expression for the loop gain of the Meacham 

RiA p 2 - 2 oqp + cup 2 
l(P) - + + p 2 + 2x 2 p + co'o’ 


bridge is given by 


(6.9-3) 


where 


1 



«i 


1 (^ 2^3 

2L\ R l 


and a 2 = + ^ 2 )- 


The pole-zero diagram of A L (p) is given in Fig. 6.1-7(b). [The reader should convince 
himself that the equation for /l min in the figure is identical to Eq. (6.9-2).] It is 
apparent that the effective Q of the zeros of A L (p) has the form 


Q-.= 


mb 

2 «i’ 


while the Q of the poles is given by 


If we define the Q of the crystals as Q L = co' 0 L/r, then we obtain the following inter- 
esting ratios: 


a) 


Q : _ a, _ R,(K, + r) _ (NM - 6)(N + 1) ^ MN(N + 1) 


Q p x, R,R 3 -rR i 
NA 


N + 1 


for A > 100, 


which is completely independent of the purely resistive side of the bridge, and 


Q : R,r NM - S NM NA (( , q ^ 

b) Q L ~R 2 R3-rR, S ^6 ( N+l) 2 ' 

Clearly, for a given crystal, the greater the ratio QJQ L , the greater the indirect 
frequency stability (see Eq. 6.3-15). 

The ratio Q-jQ L is a function of N which is geometrically symmetrical about 
N = l, where it obtains its maximum value of M/4. By making JV = 4 or 5 , we 
reduce Q-/Q L to 64% of its maximum value; by making N = 10 or we reduce 
the ratio to 33 % of its maximum value. 

If we wish to vary N from unity, we suspect that it would be desirable to increase 
it, since this would raise the bridge impedance level; a higher impedance level would 
in turn make the bridge easier to drive, reduce the crystal current, and reduce the 
crystal dissipation. 

From Eq. (6.9M) we see that for N = 1 a 60 dB amplifier gain can lead to a 
frequency stability enhancement 250 times that obtainable with the crystal alone. 
Of course, to benefit from this increased indirect frequency stability we must ensure 
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i degree of direct frequency stability; i.e., we must make sure that oj ' 0 of the 
1 remains stable. This is usually accomplished by placing the crystal in an 
a Inch maintains its temperature constant within a few degrees Celsius, 
beautiful feature of the Meacham and Wien bridge oscillators is that the same 
s which lead to a large indirect frequency stability factor also cause the output 
111 1>11 amplitude V, to be insensitive to variations in the amplifier gain A ; that is. 
ause the amplitude sensitivity function to be small (cf. Section 6.4). Specifi- 


S A 


(iV + l ) 2 
NA 


(6.9-5) 


.S' , IS minimized with N = 1 and A as large as possible. 

o demonstrate the validity of Eq. (6.9-5), we assume that R x is the bridge- 
nue element which decreases with increasing output voltage amplitude V x . 
nvn m 1'ig. 6.9-2. Although a hyperbolic relationship is shown between V, and 
ie same results may be obtained for any similar relationship between V t and R x . 
• vei , ii is apparent that such a voltage resistance relationship does lead to 
lude stability. If V x should decrease for some reason, R x increases and in turn 
s . I,(/(’),,) [given by Eq. 6.9-1)] to increase, thus restoring the output oscillation 
hide 



i Relationship between the bridge balancing resistor R v and the output voltage ampli- 


he amplitude K lss at which V x stabilizes may be found directly from the curve 
r,«) l | f we assume that A is large (which it must be for a well-designed circuit). 


( > i, small, since Eq. (6.9-2) must be satisfied in the steady state. A small value 
iiiijih bridge Haiti lice or, equivalently, Rxgg a ^ 2 ^ 3 /V; hence the value ol \ j 
i i' .tills in R , ^ R 2 R 2 /r on the curve of Fig. 6.9-2 is F 1SS . Clearly, if we desire 
intic Kiitpul amplitude, we must choose our voltage-controlled resistance to be 
I n> R.R , / for the desired oiltpul amplitude. Or. equivalently, for a given 
, i hanicieristic, R , must be chosen such that R 2 — R X /N for the desired output 
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amplitude. For the optimum case of N = 1, R 3 * R lS s • From the above reasoning 
it is apparent that, if A is sufficiently large to keep the bridge balanced and R 2 , r, 
and the K,-F, characteristic are stable, then the output amplitude is quite stable. 

We now evaluate S A quantitatively by noting that 


dV x A A dV x cR x 

dA 

Since V x = 1/£R,, 

cV x _ _1_ 

dR[~ ~CRY 

In addition since R x = r(NM — f>), 

™I=-r; 

dd 

and, from Eq. (6.9-2), 

dS _ (N + 1 ) 2 M 
c A A 2 


Consequently, 


(6.9-6) 
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2 
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{N + 1) 2 Mr _ (/V + 21! 
AR X ^ AN 


(for large A). 


Since C drops out of the expression for S A . we see that the exact form ol the 
V X -R X characteristic is not critical so long as Riss produces the desired V us- 

Two practical Meacham bridge oscillator circuits in which R, is controlled 
inversely with the output amplitude are shown in Mgs. 6.9-3 and 6.9-4. In Fig. 6.9- 2 
the output voltage drives a small light source which illuminates a light-sensitive 



Fig. 6.9-3 Meacham bridge controlled by light-sensitive resistor. 


































SINUSOIDAL OSCILLATORS 


6,9 


!f>0 



I ig. 6.9-4 Meacham bridge controlled by enhancement mode insulated-gate FET. 

semiconductor resistor. As the output voltage and, in turn, the power to the light 
soi 11 cc increase, the semiconductor resistance decreases. Many sealed units con¬ 
taining both the light source and the semiconductor resistor are available com¬ 
mercially with nominal resistance values (with no illumination) from several hundreds 
ol ohms to several hundreds of kilohms. The Raytheon Corporation produces a line 
o! such elements under the trade name of Raysistors.t 

In Fig. 6 . 9-4 the output voltage drives a peak envelope detector of the form 
discussed in Section 10.5 to develop a dc voltage proportional to \\. This dc voltage 
in turn inversely controls the drain-source resistance of the enhancement mode 
insulated-gate FET. Since the drain-source resistance in this circuit remains linear 
only for drain-source voltages under 200 mV, there will be some distortion in the 
voltage across the FET if \\ is designed to stabilize at too high a level. Fortunately, 
however, the Meacham and Wien bridge circuits possess a large amount of negative 
feedback (as the interested reader may calculate) at the harmonics of cu 0 ; therefore, 
very little of the harmonic components appearing across the FET appear at the 
output, especially if A is large. Thus, for large A, nonlinearities introduced by R x 
do not appreciably destroy the sinusoidal purity of the output. 

Although maximum indirect frequency stability and minimum amplitude 
sensitivity both demand that N = R 2 /r = F the permissible crystal dissipation 
sometimes requires us to select an N different from 1 and make up the deficiency in 
and S A with increased amplifier gain. 

Excessive crystal current may cause the crystal to fracture. Flat statements about 
the size of a destructive current are difficult to make, since it may exceed 25 mA for 
a physically robust low-frequency unit and it may be less than 1 mA for a fragile 


I A possible disadvantage of the Raysistor as a control element is that it requires a relatively large 
.imount of input current and also tends to be somewhat expensive. 
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high-frequency unit. Even without approaching the level of destruction, one normally 
wishes to keep the crystal dissipation below one milliwatt so as to minimize internal 
heating. Such heating usually causes shifts in frequency of the crystal resonances. 
The amount and directions of such shifts will be a function of the "cut" of the crystal. 

For operation at series resonance, the crystal power is V]j2r{\ 4 - N) 2 \ hence, 
for r = 100 Q and a maximum allowable crystal power of 1 mW, we have 

——— < 0.445 (6.9-7) 

1 4- N ~ 


or 


Kl.v 

Amin 

. 1 

1.25 

7 

3.5 

4 

8.0 


Smaller values of r will place even more severe limitations on N. 


Wien Bridge 

For the Wien bridge circuit of Fig. 6,9 1(b) the loop gain is given by 


A L (p) = 


R t A 

R } + R 3 


p 2 + pj 

M l R> 

\+ 1 

1 R*C 4 R 2 C, R\R+Ci 

) ' R±R 2 C a C 2 

p 2 + /’I 

f I 1 , ! | 

1 ] 1 

1 

[R+C 4 R 2 C, R 4 C 2 J 

1 r 4 r 2 c 4 c. 


(6.9-8) 


The pole-zero diagram of A L {p) is shown in Fig. 6 .1—7(a). 

Though there may be cases where the RC arms should not be identical, it is 
usually desirable to impose this restriction. With the special case where R 2 C 2 = 
R+C+ = R a C 2 = 1 / gj'o and the definition of R 3 as R 3 = (2 + <5)R t , Eq. (6.9-8) 


reduces to 

A p- - pSfa a + ojq- 
, P ~ 3 + 6 p 2 + 3/Wo + a$’ 


(6.9-9) 


This oscillator has j-axis poles at co 0 = to 0 when 

9 . 9 

/4 = - + 3 or d = - -- 

d A - 3 


This value for S leads to a "que” for the complex zeros of 


Q-. = 




(6.9-10) 


(6.9-11) 


when A » 3 ; hence, to achieve S F % 20, = 100 , we must have A = 450. 
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Iii this case the limits on the allowable impedance levels for the bridge are set by 
■ maximum desirable capacitance and the problerp of the amplifier input impedance 
iding the bridge. These problems become extreme at low frequencies; at high 
quencies, amplifier output impedance and input shunt capacitance may be limiting 
tors. 

In general, the bridge input impedance can be kept to the order of several 
lulreds of ohms; hence the ordinary operational amplifier should drive it without 
licully. Any of the control circuits discussed for the Meacham bridge case is an 
piopriate replacement for R x in the Wien bridge. 


0 Tin: ONE-PORT APPROACH TO OSCILLATORS 

this section we examine another approach to the analysis and design of sine-wave 
cillators. Consider the four circuits in Fig. 6.10-1. As we shall see, all of them have 
potential to produce nearly sine-wave oscillations. They are representative of a 
iss of circuits—or of a way of looking at circuits—in which the amplifying device 
d its nonlinearition are lumped into a single, reactance-free, controlled source. 




Fig. 6.10-1 Four “one-port” oscillators. 


All of these circuits contain a filter, an ac energy source, and some form of positive 
ztlhack ; hence, if the loop gain is high enough, all of them are potential oscillators. 

In this section we are interested not in proving that oscillation is possible, or in 
■u-i mining the exact frequency or waveshape of oscillation, but in seeing how 
>ssiblc nonlinearities in the controlled source may limit the amplitude of the 
.cillnl ions. 

I i >t the purposes of our basic explanation it is immaterial whether the nonlinear 
■ v k c is constructed of separate elements such as FET’s or transistors or whether 
is a single one-port device such as a tunnel diode. For example, the voltage- 
mi rolled current source in Fig. 6.10—1(d) might be a single bipolar or FET transistor. 
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Fig. 6.10-2 Possible implementation of Fig. 6.10-1 (a). 



while the current-controlled voltage source in Fig. 6.10-l(a) might be constructed of 
a current-sensing resistor and an operational amplifier as illustrated in Fig. 6.10-2. 
Figure 6.10-3 shows one of many ways to construct a circuit of the type shown 

in Fig. 6.10—1 (b). u . • 

It is not our purpose at this point to develop the nonlinear characteristics 

of the various active “devices,” but rather to calculate the oscillator performance 
given a calculated or measured “device” characteristic. 

As a first example consider the circuit of Fig. 6.10-2, where the combination of 
operational amplifier and r 2 is assumed to have a characteristic of the form shown in 
Fig. 6.10-4. 
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Fig. 6.10-4 Assumed characteristic for device in Fig. 6.10-1 (a) or Fig. 6.10-2 


First consider the small-signal situation, where the controlled source always 
operates in its linear region, |/| < 1 mA. In this region/(/) may be replaced by a 
linear voltage source, R D /.t With this source the loop gain A L (p) becomes 


__^dp£_ 

p 2 LC + prC + 1 


A l (p). 


\\ here r = r , + r 2 - 

When R d = r, the circuit has j-axis poles at oj 0 = ± 1/yfLC; hence sinusoidal 
oscillations build up at this frequency. When R D < r, the poles are in the left-half 
[dano and, while transients may cause ringing, free oscillations do not occur. For 
R n * r the poles are in the right-half plane and the oscillations grow. In fact, in 
I ig. 6.10 1(a), if we merely replace the generator/(/) by the negative resistor —R D 
(which is permissible, since the voltage source is linearly related to the current 
through it), we can perceive the previous results in an even more straightforward 
manner. When the net circuit series resistance is positive, the oscillations decay; 
when this resistance is negative, they grow. (Since for |/| < 1 mA any increase in i 
causes an increase in f(i\ the equivalent resistance — R D must indeed be negative.) 

If initially R D = Ar 2 > r t + r 2 , then certainly oscillations build up until even¬ 
tually at least the peaks of i exceed the linear region in Fig. 6.10-4. For the given 
i haiacteristic, when |/| > 1 mA the /(/) generator ceases to be a negative resistance 
and becomes a 6 V battery whose polarity depends on /. This action causes limiting 
in the buildup of /, and eventually an equilibrium condition is reached. It is this 
equilibrium state that we shall now find. 

In general, when operation of the circuit shown in Fig. 6.10-2 extends beyond 
I he linear region, /(/) becomes a distorted sinusoidal voltage which may be written 
in Ihe form 


/'(/) = V 0 4- V] cos co 0 t + F 2 cos co 0 t + ■••+. 

I lowevei , if (he () , of the tuned circuit is high enough that even the distorted v oltage 
/(/) Mill produces an almost sinusoidal current through r, then we may assume 
sinusoidal input currents of the form F, cos co 0 t for several values for J l and utilize 


I In Ili$ i ircull oi l In 6 10-2. R n = Ar 2 . 
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Slope ^R d = 6 kO s 

Xi ~r\ 

“7 

\ i r 

A 

1 ! ' 

fp 

-J 

! 

i-2 mA 

l 

2 mA 

-hi mA 


12 V 


- * — 6 V 

/ 

J - 12 V 



-12 V 




6 V 

Pulses to be subtracted 
Fig. 6.10-5 Sinusoidal current drive. 


Fig. 4.2-3 to calculate the harmonics in the subtracted sine-wave tips in order to 
calculate the output fundamental voltage V y . Figure 6.10-5 illustrates the technique. 

The fundamental output voltage equals the extrapolated linear transfer value 
(neglecting the break points) minus the fundamental components in the sine-wave 
tip pulses that must be removed from the extrapolated value to obtain the actual 
characteristic. For the case show n. 


V l = [12 — 6 x 0.39 — 6 x 0.39] V = 7.32 V, 

where 0.39 is the function of 20 read from the n = 1 curve of Fig. 4.2-3 for 20 = 120°. 
By applying this technique several times we obtain a plot of vs. / 1 for the device. 
Now since the passive circuit also imposes a relationship between V t and of the 
form I ! = VJr, we see that, as in previous sections, the operating amplitude is fixed 
by the simultaneous satisfaction of the active device and of the passive circuit require¬ 
ments. Figure 6 .10 —6 illustrates several ways to present the results of this calculation. 

The (4 ,'n) x 6 limit of V y in Fig. 6.10-6(a) is the limit of the fundamental value 
of a square wave (see Eq. 4.2—2). With r = 2 kO, this circuit will stabilize at about 
3.8 mA = I ly for which \\ = I t r = 7.6 V. Now for this amplitude we can return to 
Fig. 4.2-3 and calculate the amplitudes of the first several harmonics in order to see 
how high Q must be for the assumption of a sinusoidal current to be valid in the 
first place. In this symmetric case, the second-harmonic voltage is zero, while the 
third-harmonic voltage is 2.4 V; hence, to reduce the third-harmonic current to 1 % 
of the fundamental current, we must have 


2.4 

T6 


n 

(n 2 - l) 0 r 


= 0.01 


or Q t > 12. 


As r is increased toward 6 kfi the overdrive becomes smaller and the Q require¬ 
ment relaxes. If r > 6 kQ, then no intersection occurs in Fig. 6.10-6 and operation 
ceases. In this case the net circuit resistance is always positive. 
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/,, mA /1, mA 

(a) (b) 

Fig. 6.10-6 (a) Vj vs. / t (from Fig. 6.10-5). (b) VJl x (from Fig. 6.10-5). 

As vvc pointed out previously, Fig. 6.10—6(b) allows us to visualize the nonlinear 
controlled source as a negative resistor [remember that i flows up through/(/) hence 
I he generator is supplying rather than consuming ac power]. From this viewpoint 
the circuit will stabilize when the passive circuit resistance just balances the “average” 
negative resistance — R D = VJl x from the active circuit. Note that since all 
^negative-resistance” oscillators may be approached from the controlled-source 
viewpoint, there is no need to isolate them as a special case. 

In this approach the feedback loop employed previously does not always appear 
explicitly; hence the previously employed criteria for oscillation (the loop gain 
being one) have been replaced by the criterion of zero net resistance [or j = axis 
poles which is, of course, exactly what was achieved when A L (jco 0 ) reached unity]. 

A number of questions may arise at this point. What does one do when Q is 
not high? What sort of transients occur during the buildup of oscillations? What is 
the actual frequency of oscillation? (It will not be 1 / V /LC in Fig. 6.10—2, for example.) 

I low does one deal with the case of smoothly varying device characteristics? 

When the Q is not high enough to remove essentially all the harmonics, two 
approaches are possible. One is a perturbation technique whereby we initially 
assume a sine-wave drive and then find an approximate level of operation. Then, 
near ilia l level, we determine the first several harmonics assuming a sine-wave drive, 
amj lifter filtering these harmonics through the circuit we use the approximation to 
the actual output waveshape as a new driving function. With piecewise-linear 
i ha i acteristics this approach is not appealing. 

For the smoothly varying case, we may approximate the function over what is 
esi i ma led to be the useful region by as low an order of polynomial as appears plausible, 
and proceed. The iterative technique is more reasonable in this case. 

Amithei approach which attacks the low-g problem directly and which also 
vield? results for transient buildups is the phase plane method described in Section 
(> I I Sect ion 6. 1 2 then considers the effect of harmonic components on the operating 

I I n 11 icriey and thus relates waveshape distortion to variations in operating frequency. 
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6.11 THE PHASE PLANE APPROACH 


Though the literature is full of presentations of the “phase plane” method, most of 
these general approaches turn out not to be easily applicable to practical oscillator 
problems of the type presented in Section 6.10. 

This section presents a modified version of the Lienard method that leads to 
rapid solution of this type of problem. The specific method presented here is appli¬ 
cable to all second-order systems with nonlinear damping, that is, to systems in 
which the small-signal transfer function from the controlled source to the controlling 
variable has a single zero at the origin and only two poles (real or complex). Though 
the method as presented will not work directly for such circuits as the Meacham 
bridge, it is directly applicable to all the circuits of the previous section. 

Chapter 2 of Hayashit outlines more sophisticated graphical methods that are 
applicable to more complicated circuits. 

The method presented here provides a graphical solution for the initial transient 
buildup and for the final operating waveshape of the oscillator. Its use implies that 
the reactances of the controlled-source (if any) have been separated out and combined 
with the circuit reactances. It also assumes that the circuit’s dc (9-point is known and 
that it does not shift appreciably between the no-oscillation and full-oscillation cases. 
Once the output waveshape has been determined, it will be clear whether an average 
value of current or voltage does exist. If so, and if such an average value will have 
caused a ( 9 -point shift (this will be a function of the bias circuitry), then the result is 
only an approximation. In such cases it is possible to pursue a perturbation approach 
through several steps tow ard a better estimate of the result. This is seldom under¬ 
taken, since the main purpose of the phase plane method is to provide rapid insight 
into the type of distortion likely to occur in oscillator circuits with “low-(?” filters. 

The initial estimate, even if not exact, is usually sufficient for design purposes. 
The method handles both piecewise-linear and gradual nonlinearities with equal ease. 
In circuits with highly selective filters, however, one of the analytic methods described 
previously will give both quicker and more accurate results. 

The result to be achieved is a graphical construction of a contour in a “phase 
plane” that will indicate whether oscillations are possible (a small-signal calculation 
will, of course, indicate this fact also) and, if so, how they build up from any particular 
set of initial conditions. A further construction derived from the first one gives a 
reasonable estimate of the circuit’s waveshape and fundamental frequency. 

In order to achieve these aims, a certain set of algebraic and trigonometric 
manipulations must be presented. The new reader would probably do well to skim 
through these once to see the conclusion and then return to unravel the details. 

Basically what we are trying to do is obtain a solution of a nonlinear differential, 
equation of the form 


d 2 .\(t) 

dt 2 


+ a 


M0 

dt 


+ M0 


4, m 


( 6 . 11 - 1 ) 


t Chihiro Hayashi, Nonlinear Oscillations in Physical Systems. McGraw-Hill. New York (1964). 
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c v may be a voltage or a current and f(x) is some known single-valued function 
The method involves the manipulation of the equation so as to remove time as 
Kplicit variable and so as to obtain a relationship for dy/dx or dy/drj, where y\ is 
: linear multiple of x and y = (b/c)j l x{r) di or equivalently x = (c/b)(dy/dt). 

In obtaining Eq. (6.11-1) from a specific circuit, it is often convenient from the 
point of manipulation to write the small-signal transfer function from the 
rolled-source output, say X 2 (p\ to the controlling variable, say X x (p\ and then, 
multiplying out, to convert this to its equivalent large-signal nonlinear differ- 
il equation. A subsequent illustrative example will make this point clear. This 
slcr function should have the form 


X l (p) = X 2 (p) 


pc 

p 2 + ap + b 


( 6 . 11 - 2 ) 


p 2 X x (p) + apX x (p) + bX x (p) = cpX 2 {p\ 

re A | (p) = &[x(t)] and X 2 (p) = J?[f(x)]. Taking the inverse Laplace transform 
mmcdiately obtain Eq. (6.11-1). 

Once Eq. (6.11-1) is obtained, we integrate once and divide through by c, the 
ipliei of /'(.v), to obtain 


1 dx 
“ —E 
c dt 


a b r 
-x + - 
c c J 


X dx = j (x\ 


(6.11-3) 


We now remove the integral term by defining a new variable, 


b f dy 

y = — x dz or ||§1 

c J dt 

1 he dxfdt term is now removed by noting that 

dx _ dx dy _ dx bx 
dt dy dt dy c 


bx 

c 


( 6 . 11 ^ 4 ) 


(6.11-5) 


efore. 

(4 + -X + v = f(x). (6.11-6) 

\c z /dy c 

Now unless b/c 2 = 1, we define a new' variable yj 2 = {b/c 2 )x 2 so that the slope 
i lus a unity multiplier and so that rj and y have the same dimensions. We now 
e I he modified version of Eq. (6.11-6) as a solution for dy/dr /, 


dfj )' ~ [/(-v) - (a/c)x]' 

With I his method it is convenient always to factor out a minus sign and to place 
show n in I q (6 1 I 7). 
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Now Eq. (6.11-7) presents the incremental change in y for an incremental change 
in tj in terms of 17 , y, x, and f(x). Since t] is a linear function of x and v is an integral 
of x, we have as variables the controlling variable (or a linear multiple of it) and the 
integral of this variable (or a multiple of it). The two final variables are always 
connected via an integration or a differentiation and always have identical units. 

At this point we lay out a set of axes with v as the ordinate and f/ as the abscissa 
and with cquitl increments in each direction. The coordinate system is known as the 
"phase plane.” Now and y in Eq, (6.11-7) are merely distances in this plane. If 
we assume values for x (and hence q), we may find a corresponding value for 
f(x) _ ( a /c)x treated as a function of rj. This function may be plotted in the y vs. r\ 
plane. Figure 6.11-1 illustrates Eq. ( 6 .11-7). 



From any arbitrary point (a/ x , y 1 ) in the phase plane, say P x in Fig. 6.11-1, we 
drop a perpendicular until it crosses the f(x) — (tt/c)x curve. At this point we travel 
horizontally until we reach the y-axis. From Fig. 6.11-1 it is clear that 

tana= v, - [/(*!) - (fl/O-x,] 

= ClyX 
dt] i 

However, tan (180° - a) = -tan a; hence 

^ = tan (180° - a). 
d>] 1 

This means that the gradient of y with respect to i] at any point in the phase plane 
is given by the perpendicular to the radius from the equivalent point 0, to the point 
p, in question. Thus from any arbitrary starting point we may trace out a path by 
connecting successive arcs of circles swung about successive points on the i-axis. 

Several points are worth noting before an illustrative example is undertaken. 

Since we are working around an assumed O-point, the J(x) (u c).x cuive can 
always be normalized so that it passes through the origin. Furthermore, unless it 
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s I 111 .High the origin with an upward slope to the right, that is unless j(x) > 

, lor small positive values of x, there is no sense in proceeding, because oscilla¬ 
te not possible [/(x) > (a/c)x for small positive values of x implies that the 
gam exceeds unity and that the right-half plane poles exist in the system], 
Iccausc lhe construction is both g-point and circuit sensitive, any change in the 
n or (lie O-point requires a new construction. „ 

\s an illustrative example consider the circuit of Fig. 6.10-l(b) with R 2 - R+ 
t (\ v ;mtl the /'(/) vs. i characteristic as shown in Fig. 6.11-2. 



Fig. 6.11-2 Controlled-current-source characteristic. 


r i om l lie cu cu 1L, 

X t (p) = Ii(p) = y -r(F) (6.11-8) 

x 2 (p) I 2 (p) Y 2 (p) + YM' 


I oi the speeihe case where R 2 
lion ieduces to 


= R 4 , C 2 = C 4 , and co 0 = 1 /R 2 C 2 , the transfer 


fjip) _ Q ^ ■ (6.11-9) 

I 2 (p) p 2 + 3o> 0 p + C 05 ’ . 


red dm,,, b = «5, and c = cu 0 . 2 

Suuc lici (6.11-9) is of the form of Eq. (6.11-2) and since h/c~ = «r 0 /w 0 - 1, we 

v unte (Iv/di directly in the form of Eq. (6.11-7): 


dy 

di 


~y - [/(0 - 3«r 


( 6 . 11 - 10 ) 


now assume variations of i about the Q-point and calculate [J (/) 3/] vs. i as 

li is intuitively obvious that this circuit should oscillate: from the admittance 
in function alp - j(o 0 it follows that the network loss is 7 , while the small- 
;iI current gain around the Q-point is 4; hence the loop gain exceeds unity. 
Figure 6 11-1 also indicates the closed trajectory of the steady-slate operating 
, This path was sketched out with a compass in about three minutes from the 
Him v starting point of y = 0, i = 0.50 mA, 
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Fig. 6.11 3 Phase plane trajectory for circuit of Fig. 6.10-l(b) \vith /(0 of Fig. 6.11 2 

Once we have this phase plot, the question arises as to what we can say about 
the waveshape of i or v vs. r. Since y and / are connected via an integration or 
differentiation, if one of them is sinusoidal then the other must be cosinusoidal. 
Therefore, since the scales are identical in both directions, it follows from what we 
know of Lissajous figures that if i were sinusoidal then the path would be circular. 
Therefore, the extent to which the actual trajectory departs from a circle gives us an 

indication of the nonsinusoidalness of the waveshape. 

Before we look for further waveshape information we should consider the 
possible differences among the various available signals. Since y - cj 0 f' dx, then y 
is proportional to the voltage across C 4 . Certainly the effect of the integration 
(a low-pass operation) should reduce the harmonic content in y with respect to that 
in i. Therefore, grounding the capacitor C 4 and taking the output across it should 
lead to a "better" waveshape than grounding R 4 and taking the output across it. 

Whatever waveshape we desire, if we had the slope with respect to time for every 
point (as well as the corresponding value at that point), then we would be able to 
make a reasonable sketch of the w aveshape with respect to time. 

From our original equations we may write or derive both dy/dt and di, dt . 

i = ov. ?= -« 0 {y - LAO - 3i]J, 

dt at 

These equations mean that the slope of y with respect to time is always propor¬ 
tional to the corresponding value of i or to the horizontal distance from the vertical 
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* 


s to the point on the trajectory. At the same time, the slope of i with respect to 
ic is proportional to the negative of the vertical distance between the trajectory 
I the f(i) - 3 i characteristic. When the trajectory crosses the /(/) - 3/ charac- 
istic, di/dr goes through zero; when the trajectory crosses the y-axis, dy/dt goes 
zero. 

If one is attempting to plot y(f), then the easiest approach would seem to be to 
iv\ a circle with center at the origin and radius equal to y max . Then sketch out 
dully on a separate sheet of graph paper about 1^ cycles of a cosine wave of 
unary period. So long as the trajectory lies on the circle, then y(0 is following the 
c wave. As the trajectory falls away from the circle, the slope of y{t) decreases 
in l he slope of the cosine wave. If the slope of the cosine as it passes through zero 
aken as the standard, then the slope of y{t) at any point is merely i poi Jy mjx times 
■ standard slope. 

1 he slope-tracking approach will break down near the negative peak in y. 
>wever, even if the negative maximum is different in amplitude from the positive 
ivimum, the trajectory in the vicinity of the peak is still nearly an arc of a circle; 
k e I he negative tip of y(f) will be sinusoidal in shape. With this information it is a 
a II’111 forward task to sketch out y(t). Since r C4 (r) = R 4 y(f), this sketch provides the 



1 1 >ui voltage within a constant. Figure 6.11-4 compares y(t) with a standard sine 
\rol die same peak amplitude and of period co 0 . Note that, in spite of the reason- 
U ,ii ong ou'idi i\e, the waveshape across C 4 is a good approximation of a sine 
ve, bill a sine wave of a frequency at approximately 80% of oj 0 . 

As I he overdrive is reduced, the slope of/(/) - 3/ through the origin is reduced 
lil m ihe limit il becomes horizontal. At this point I would be sinusoidal w'ith a 
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peak amplitude equal to the breakpoint value of / (assuming a symmetrical charac¬ 
teristic is maintained as the slope is reduced). Any further reduction in the slope will 
cause the oscillations to cease. 

As the overdrive is reduced, not onl> do the waveshapes become more sinusoidal 
but their frequencies increase toward o 0 . In the next section we shall see how the 
frequency of an oscillator is affected by distortion in its waveshape and hence why 
the overdrive (with its large distortion terms) should cause a frequency depression. 

6.12 THE DISTORTION-OPERATING FREQUENCY RELATIONSHIP! 

Almost any practical sinusoidal or nearly sinusoidal oscillator may be considered 
in a form similar to one of the circuits shown in Fig. 6.10-1. That is, it may be con¬ 
sidered as a combination of a network and a controlled source. In general, we have 
been neglecting active circuit reactances; however, even if they occur it is usually 
possible to segregate them and then to treat them as part of the network. Thus if 
we wish we can consider all of our oscillations as a network plus a nonreactive 
controlled source. 



Fig. 6.12-1 General nonreactive controlled-source characteristic. 


Whatever the combination of variables,J a nonreactive active element driven by 
a periodic waveshape (we assume steady-state operation, but make no initial assump¬ 
tions about the waveshape other than that it is periodic) must have zero net area 
when integrated around a complete cycle. Figure 6.12-1 illustrates this property for 
the general controlling variable q and controlled variable f(q). 

If the active device were reactive, then for any given amplitude swing for q the 
result of the hysteresis in the characteristic would be a constant area and our approach 
would still be valid although slightly more complicated. Therefore, as a simplification 
we separate the device reactances initially and assume no device hysteresis. 

f The relationship between distortion and operating frequency of an oscillator was first presented 
by Groszkowski in the 1920's. His more recent book. Frequency of Self Oscillations (Macmillan, 
New Yoik, 1964). summarizes his earlier work and presents results for more complicated cases 
than are presented here. 

X Controlled-source possibilities include current-controlled voltage or current sources and 
voltage-controlled voltage or current sources; network functions include impedances, admit¬ 
tances, and voltage and current ratios. 
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Now instead of taking the integration from q min to q max and back, we could take 
il over a complete period of the input cycle, in which case we would find 



( 6 . 12 - 1 ) 


I ui'lhermore, since q and hence f(q) are periodic variations about a Q-point, each 
of them can be expanded in a Fourier series starting from a fundamental component 
mu] going as high as is necessary: 

N 

sc 

q = Z Q» sin (»wf + i/O, ( 6 . 12 - 2 ) 

It = | 

= X Nnj() n cos (wjf 4- ip n ), (6.12-3) 

clt i 


f(q) = Z sin (mcof + 0 m ). (6.12-4) 

m = 1 

II Hqs. (6.12-3) and (6.12^1) are substituted in Eq. (6.12-1) and the integration is 
performed, then all terms except those containing sin (i p n — (j) m ), where m = n, 
vanish and w r e obtain 


K O F noT 

Z ", sin (ip„ — (j>„) = 0 . (6.12-5) 

n= 1 “ 

[ qnation ( 6 . 12 - 5 ) indicates an active-device-imposed relationship between the 
harmonics of the controlling and controlled quantities and the phase angle between 
I hem 

The passive circuit also imposes a different relationship between these quantities. 
1 hose two relationships must coexist. In general, this means that the operating 
hequency of the oscillator must shift until the two'relationships can be mutually 
sal islied. 

If the transfer function between f(q) and q through the passive network of the 
oscillator is H(p), then it is readily shown that 

F„ jm HO'mcu) = Q„ sin (tf/„ - </>„), 

uhcie ./ H(jnco) is the imaginary part of H(jnoj). With this result, Eq. (6.12-5) 
simplifies to 

oc 

Z nFl Jrn H(jnaj) = 0 (6.12-6) 

n= 1 


oc p2 

= — Yj n ™ 

n = 2 F 1 


(6.12-7) 
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Here we see that the operating frequency must shift from a) 0 [the point at which 
H( joj) is real] to a point where H(joj) is sufficiently reactive to satisfy Eq. (6.12-7). 
It is also apparent that this shift in frequency is minimized if the harmonic com¬ 
ponents in f(q) are small. 

Up to this point we have not made any approximations whatsoever. In many 
cases, it is convenient to make two types of simplifying approximations. In one, 
we assume a simple driving function for q(t) in order to ease the calculation of the 
harmonics off(q). In the other, we make some simplifying assumptions about the 
network pole-zero patterns in order to facilitate the calculation of the J H(jnojy 

As a numerical example, consider the circuit of Fig. 6.10-l(a) as expanded in 
conjunction with Figs. 6.10-4, 6.10-5, and 6.10-6. For the given drive, let us find 
the first-order effect of the circuit Q T on the operating frequency. To accomplish 
this we assume that Q T is sufficiently high so that i remains essentially sinusoidal 
as Q r varies. 

For this case the variable Q n becomes I n , the variable F n becomes V n , and the 
variable Jm H(jnoj) becomes Jm Y(jnco), where 



p/L 


+ I P + LC 


'• = ''!+ r 2 . 


and 


Y{jnco) % Y(jnco 0 ) * 


co 0 L(n 2 - 1) 


for n > 2 and high Q T ; 


thus 


In addition, 


Jm Y(jnco) ^ 


— n 

co 0 L(n 2 - 1 )' 


Jm Y(jC0) = 


(oj/L)(cqI - oj 2 ) 
(coq — or) 2 + (ojr/L) 2 


lAcoQ 2 
c4 L 


for high Q T , 


where A to = to — co 0 is the departure in operating frequency from oj 0 . Thus for this 
example w r e obtain, from Eq. (6.12-7), 


AtU ^ * * iV n \ 2 

u >0 ' 2Qt n = 2 n 2 - ’ 


( 6 . 12 - 8 ) 


Now {VJV { ) 2 may be evaluated for any particular sLeady-slate operating point by 
using Fig. 4.2-3. Table 6.12-1 lists the approximate harmonic ratios for the first 
five harmonics on the assumption of operation around the operating point found in 
Section 6.10. 
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Table 6.12-1 


k 2 /k, * 0.0 

V 3 /V x ft 0.32 
VJV, ft 0.0 
K 5 /V, ft 0.15 


Willi these values of VJV X and with Q T = 12, we find that ( 

— = 28«[(l x 0.32 2 + A x 0.15 2 )] 

0) 0 

ft 1.5 x 10“ 4 , 

or that the effect of the harmonics has been to decrease the operating frequency by 
0 015",,. With a smaller Q T there would be more harmonics in i and thus more 
uncertainty in estimating V„. A smaller Q T would certainly also lead to a greatly 
increased A u>. 

liquations ( 6 . 12 - 7 ) and ( 6 . 12 - 8 ) indicate that the operating frequency of an 
oscillator may be shifted by injecting harmonics of the oscillator frequency or by 
varying the phase of these injected harmonics. This leads directly to the possibility 
of synchronization with an external signal either at its fundamental or any of its 
1i;ii monies. 

From this point of view we can see why the oscillator explored in Section 6.11 
operated so far below its nominal frequency of operation. To begin with, the oscillator 
was badly overdriven, so that the harmonic content was high; but to make matters 
worse, the passive circuit transfer function 

u( \ - _ pco ° 

W p 2 + 3pco 0 + oj 2 0 

neither attenuated the harmonics rapidly with respect to the fundamental nor 
provided a rapid phase shift with frequency in the neighborhood of oj 0 . Thus a 
Lu ge decrease in frequency was necessary to bring Eq. (6.12-7) back into balance. 


PROBLEMS 

u I a) 111 the circuit of Fig. 6.P-1, A x — A 2 = A 3 and all sources are linear. Find the values of 
C and A min required if this circuit is to be on the verge of sinusoidal oscillation at 20 kHz. 
How would the circuit be afTected if the signs of one, of two, or of three of the generators 
were reversed? 

h) With the same value for C, assume that A 2 = A 3 = 4 while amplifier 1 has the following 
nonlinear relationship between its input rms sinusoidal voltage and its output sinusoidal 
voltage: 


1 ind the sinusoidal output voltage r 3 (r). (The nonlinear relationship is assumed to have 
a lime constant that is long in comparison to a cycle of the sine wave.) 
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6.2 If all of the 10 kO resistors in Problem 6.1(b) increase 10% with age, what would be the 
new values of frequency and output amplitude? If R did not vary, but A 2 decreased from 
4 to 3, what would be the effect on frequency and amplitude? 

6.3 A possible sine-wave oscillator circuit is shown in Fig. 6.P-2. Will it work? If so, find the 
frequency and the amplitude of v x . If not, explain w'hy not. Assume that the AVC block 
does not load Q 2 and that a ^ 1 for the transistors. 
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I * >i I lie circuit of Fig. 6.P-3, find /t min for oscillations. Find L for 100 kHz oscillations. 

I oi I he circuit of Fig. 6.P-4, indicate the loci of the poles of V a (p)/l s {p) as ft varies, assuming 
identical ft's and that a current generator, i s , is applied at the terminals at v a . What is the 
minimum value of ft for sinusoidal oscillations? What value of C will cause sinusoidal 
oscillations at 10 kHz? 



f P ~ 20 kO 



Small-signal triode model 
Figure 6.P-4 
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20 kfi 



Figure 6.P-5 

6 6 L" ^ '‘'r ° f F 'f 6 - P ~ 5 ‘ * iS a tem P erature ‘ se nsitive resistor with a long time constant 
Find iv What is the Q of the tuned circuit? What are the form and magnitude of v‘> 

6.7 In the Circuit of Fig. 6.P 6la). assume that the box B has R. m = 25 kfi, no phase shift, and 
the amplitude characteristic show n in Fig. 6.P-6(b). Letting ,Y = 5, find the frequency and 
amplitude of ty (Assume identical tubes and the model shown in Fig. 6.P^h) 

6.8 With:, polo -zero pattern of the type shown in Fig. 6.1 -7(c). produced by cascading three 
identical isolated KCcircuits, show that r, J() = N 3 RC and A min = -8. Indicate a possible 
circuit configuration for this case. 

6.9 Assume that three identical, isolated RC circuits are used to produce a network for a 
etdback oscillator with a root locus pattern as shown in Fig. 6.1-7(d) Prove that for 
sinusoidal oscillations Wo = l/^RC and that A min = -8. Indicate a possible transistor 
circu.t configuration for this case. What values would r., 0 and /I have if the isolated center 
section were readjusted to have twice the time constant of the two outside sections? 

6.10 Derive Eq. (6.9-8). Assuming that R l = R 2 = = Ry C , = C 2 = C, and R, = 2.010* 

relate the transfer function of the Wien bridge to the pole-zero pattern of Fig. 6.1-7(a) and’ 
determine the sign of A and the magnitude of A mjtl necessary if the circuit Is to oscillate 
Repeat, letting R 3 = 2.0010*. What is the S F for each case? 

6.11 Derive Eq. (6.9-3) for the Meacham bridge oscillator shown in Fig 6 9-l(a) Let 

7 10 rad/sec ’ = 100a R > = 50 *. = 200a and 0 = 10* (a quartz crystal is 
used as a senes tuned circuit). Find r for oscillation if the available A is 200 What is the 
sign of A? With these values, assume that the phase shift in the amplifier shifts by 0.10 rad 
Find the shift in frequency from co 0 . 

612 m™ t J , H CirCU H t S lTlTu ig ' 6 ' P ~ 7 ' determine the out P ut collector current components at 
50 kHz and at 2100 kHz. Find the voltage across L 2 at 1050 kHz. The transistor is 
silicon and * = 0.99 C /C, - 40, L 2 = 150/iH, QlI = | 0 . and AE„ = 4/ iH. The timed 
circuit is tuned to 1050 kHz. 

6.13 Find the frequency and amplitude for the voltage , 0 (r) for the circuit shown in Fig 6 P-8 
Find the total harmonic distortion in the output. The transistor is silicon with a = 0 98 

oZf’.iJ - 10 " H - *• ■ 250 " H - c,. 
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300 V 


? 300 V 


Ji,_ < 
r, ’ 
r P = 10 kO 


*.=£=5000 jiU 




Figure 6.P-6 



Figure 6. P-7 
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6.14 Is squegging possible in the circuit of Fig. 6.P-7? If so, at what sinusoidal frequency will it 
occur? If not, then would it be possible if the tuned circuit’s Q were reduced to 20? 

6.15 A simplified version of a commercial RC oscillator is shown in Fig. 6.P-9. The network 
transfer function is most easily found by superposition, that is, by (1) calculating the voltage 
at the input to amplifier 1 as a function of r 0 (f) assuming that amplifier 2 has zero output 
impedance and zero output voltage, and then (2) calculating the voltage at the input to 
amplifier 1 assuming that amplifier 1 has zero output impedance and voltage while the 
voltage output of amplifier 2 is Nc 0 (t). These two results are then combined to produce the 
input to amplifier 1 (assumed as having an infinite input impedance) as a function of v 0 (t). 
If the two operational amplifiers have equal voltage gains of A, then show that stable 
sinusoidal oscillations occur with co 0 = 1 /RC and N = 2 + (3/4). 

I f A = 1 00, r = 300 O, and r v = 450 exp [ - 65 P], where P is the ac pow'er dissipated in 
r v , what is the value of r 0 (t) at equilibrium? What is the value of r v for this case? If A were 
increased to 400 for each amplifier, how much would r 0 (r) increase? How does the indirect 
frequency stability S F of this circuit compare with that of a Wien bridge oscillator? 

6.1 6 All transistors in the circuit of Fig. 6.P-10 are silicon with a > 0.99, and Q 5 are identical, 
Qli = Ql 3 = 100, w 0 L l = 10000,M/L 1 = 1/20, CJ[C l + C 2 ] = 1/40, and L 3 C 3 is tuned 
to the same frequency as , C j, and C 2 . The total load on the L 3 C 3 tuned circuit including 
its own losses is 20 ktl Plot GJx) vs. x for this circuit, assuming an ideal envelope detector. 
Find the stable oscillation amplitude existing across L 1 . Find I k for this amplitude. Find 
the changes in this amplitude caused by a ±10% change in the +6 V supply. Find S F for 
this oscillator. 
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Figure 6.P-10 
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L = 2M — 500 

Figure 6.P-11 

6 17 For the circuit of Fig. 6.P-11, find frequency and amplitude of v 0 assuming that the loss in 
the 1 MO resistor is negligible, that C x is an RF bypass, and that the grid diode is ideal as 
shown. 

6 18 For the circuit of Fig. 6.P-1 2, find the voltage magnitude and frequency across R L . (Neglect 
losses in coil.) Repeat, reducing V cc to 12 V. Is squegging possible in the circuit shown in 
Fig. 6 P-12? At what frequency does it occur? The transistor is silicon. 


100 pF 



Figure 6.P-12 
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|m ilie circuit shown in Fig. 6.P-13, determine an expression for i 0 {t). 

A sine-wave oscillator constructed from a commercial differential pair—current source 
combination is shown in Fig. 6.P-14. 
a) Find I k . 

h) Choose R 2 so as to make v B2 (t) = 0.104 cos a> 0 t + F dc . 

c) Lind the voltage across each tuned circuit and r 0 (r). 

d) I ind the THD in r 0 (f). 

Loi the circuit of Fig. 6.P-15, R = 100, C = 200pF, L = 100/iH, and v D = (11 - i D + 
?\\> I 3i7>) V, where v D is measured in volts and i D is measured in mA. Find the frequency 
and the amplitude of the fundamental component of f c (f). What is the total harmonic 
distortion in r c (0? How much frequency depression is caused by this distortion? 

Assume = V x cos c o 0 t for the circuit shown in Fig. 6.P-16. 

a) Plot I l){ vs. V x for the device shown. 

b) I )elermine a numerical expression for the steady-state value of v D (t). 

I ind lhe approximate amplitude of r D (0 in the circuit shown in Fig. 6.P-17. 

Pint 11 1 q phase plane characteristic for the device characteristic and circuit shown in 
| i y (> I* IS Start the plot at r 0 = 0.0 V, i T = 0.50 mA, and let r = 16kO, co 0 L = 32 kQ, 
and Q 2. 

Plot the output waveshape for i? c (f) in Fig. 6.P-18. Estimate the frequency depression for 
the actual output in comparison to co 0 = 1/y/LC. 
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6 V 6 V 



Figure 6.P-14 
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cu 0 ^6 x I0 6 rad/sec 
i D ~ (-0.2 x 10-3^ + 0.75 x I0-<VM 









Figure 6.P-18 


CHAPTER 7 


MIXERS; RF AND IF AMPLIFIERS 


7.1 THE SUPERHETERODYNE CONCEPT 

In designing a receiver, one normally starts from the detector or demodulation 
circuitry and works in both directions. In this chapter we are interested in the 
circuits that lie in front of the demodulators. 

As we shall see in subsequent chapters, most detector circuits do not work well 
in the presence of noise or interfering signals, and many of them do not work well, 
if at all, with input signal levels below several volts in amplitude. Since the desired 
signal may have a receiver input field strength in the microvolt/meter range while 
the total rms noise and interfering signal strengths available to the antenna may 
measure in the volt/meter'range, it is apparent that one needs both gain and selec¬ 
tivity in front of the demodulator. 

The real problems in designing a carrier frequency or RF amplifier for a fixed- 
carrier-frequency receiver are the following: 

a) to control its front-end noise so as to keep it an adequate distance below the 
incoming signal level; 

b) to control the active device nonlinearities so as to prevent signal distortion or 
unwanted signal interactions [cross modulation, for example]!; 

c) to keep the resultant high-gain narrowband amplifier from becoming an oscil¬ 
lator. [If the amplifier gain is 120 dB (10 6 in voltage), then a feedback of 1/10 6 
of the output, with the proper phase relationship, to the input will cause a loop 
gain of unity and hence will produce an oscillator.] 

Unfortunately for receiver designers, most receivers are not fixed-frequency 
units; hence one is forced to cope with the previously mentioned problems while 
simultaneously tuning this high-gain monster over some wide frequency range. In 
addition, one must be able to solve the difficult problem of designing the demodulator 
to have adequate and reasonably constant performance over the frequency band(s) 
in question. (Normal AM broadcasting has a 3/1 band, normal VHF television in 
the United States has a 4/1 band, and a “good” communications receiver may be 
expected to cover a range of more than 100/1 in frequency.) 


f As we shall see shortly, cross modulation is the transfer of the modulating signal, or a distorted 
version of this signal, from one carrier to a neighboring carrier. In order for such a phenomena 
to be possible, certain types of device nonlinearities must be present. 
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MIXERS; RF AND IF AMPLIFIERS 


7.1 


Very early in the development of the radio communications business some people 
ruled that this situation was ridiculous and that the way to simplify things was to 
mliiuie to design both the detector and the bulk of the gain and selectivity on a 
,ed frequency basis and to shift or translate the modulation from all desired in- 
miing signals to this new, fixed, “intermediate frequency” or IF. As with most new 
eas, it took some time for this innovation to be accepted; however, it has since so 
unpletely dominated the field that “straight-through” receivers are rarely seen 
cept in museums and an occasional very special situation. 

I igure 7.1 l illustrates the block diagram of a “superheterodyne” receiver. This 
ilie common name for the system containing an IF amplifier and a fixed-frequency 
:la tor. 



Fig. 7.1-1 Superheterodyne receiver. 


I he “mixer” utilizes the trigonometric identity that expands the product of 
o i. osme terms into sum and difference frequencies: 

\a(() cos At][b{t) cos Bt] = ^y^[cos (A - B)t + cos (A + B)t], (7.1-1) 

ms if u(/)cos/W is the desired incoming signal while b(t) cos Bt is a constant- 
npliitide cosine signal supplied by the local oscillator, and if the selective IF 
nplitier is tuned to a radian frequency of A - B, then the IF output signal will be 
licqucncy-lranslated version of the incoming signal. So long as everything is done 
tiperly, such a frequency translation is modulation insensitive. That is, it is just 
clU\ live for AM, FM, SSB, or any other type of modulation. 

I ike most innovations the superheterodyne concept does add some additional 
11 |ilnn\ to those already listed for the case of the fixed-frequency receiver, Some 
Ihesc additional problems are as follows: 

i ihe mixer and local oscillator must be designed and the local oscillator must 
be made to track all tuned circuits in front of the mixer; 
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e) since mixers almost always generate more noise than amplifiers and since by 
their very nature they must contain nonlinearities, one may find that criteria 
(a) and |b) still require a stage (or stages) or RF amplification in front of the mixer. 

f) Some new types of interference are generated by the local oscillator-mixer 
combination that are not present in a straight-through operation. 

The next section wall deal with several general techniques for analyzing nonlinear 
circuits as mixers. Subsequent sections will deal with specific mixing and con¬ 
verting” circuits (a self-oscillating mixer is called a converter) and with the design 
and analysis of RF and IF amplifier stages. 


7.2 MIXER TECHNIQUES 

As was pointed out in connection with Eq. (7.1-1), any multiplier followed by a proper 
bandpass filter will function as a mixer. On the other hand, since the local oscillator 
input has a constant amplitude, it is not necessary to have an ideal multiplier in order 
to make a useful mixer. 

Chapter 8 will consider several general multiplier circuits. The emphasis in this 
section will be on techniques applicable directly to specific mixer circuits. 

The two most common mixers in use today are the simple field effect transistor 
and the bipolar transistor. In both cases one applies the incoming signal and the 
local oscillator voltages so that they effectively add to the dc bias voltage to produce 
the total gate-source or base-emitter voltage. I his signal is then passed through 
the device nonlinearity to create the desired sum and difference frequencies. 


FET Mixers 


Figure 7.2-1 illustrates several possible FET mixer circuits. 

" if a junction or MOS FET is biased so that the total excursions around the 
0-point never cause it to leave the “constant current” (saturation region) or to turn 
on the gate-to-source junction, then the drain current is always approximately 
related to the gate-source voltage by a “square-law” characteristic, and the drain 
currents are given by 

— i 

(7-2-1) 

and 


1 d — In 


1 - 


f i (0 + r 2 (0 + V G . 
K 


= “[Fi(0 + f 2 (0 + V G S — J't/JN 


(7.2-2) 


respectively. Where u GS = r, + v 2 + V GS < v l and r* are the local oscillator and RF 
input signals respectively, and V GS is the dc gate-to-source bias voltage. These 
equations are illustrated in Fig. 7.2-2. if Eq. (7.2-2) for the MOS unit is chosen 
as an example and the voltage term is expanded, then 


i d = j5<r 1 (r)r 2 (f) 4- (K GS — F rft )[r 1 (f) + 14(0] + 2 1 


[inW] 2 , [r 2 (0] 2 , (F gs ~ F r ,) 2 


+ 


(7.2-3) 
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Tuned to tu 0 —gj 5 



Fig. 7.2-1 (a) FET mixer 



Fig. 7.2 -1 (b) FET mixers (both signals to gate circuit). 
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If f 2 (t) = V s (t) cos coj while r,(f) = V x cosco 0 f, and if we assume IF filtering at the 
output and consider only the frequency component of the output current in the vicinity 
of co 0 - co s , we may define a large-signal conversion transconductance, G c , as the 
envelope of the output current at the desired difference frequency divided by the 
envelope of the input signal voltage. 

Equation (7.2-4) presents the conversion transconductance from co s to co 0 - co s 
as well as the ordinary large-signal amplifier transconductance: 

G, - & G. = ftV cs - V Th ). (7.2-1) 


Hence GJG m = VJ2(V GS - V Th ). Now since r s (f) + F, must be less than V GS - V Th 
if one is not to exceed the "square law 1 region, the conversion transcouducLancc can 
not exceed one-half the transconductance of the device when it is employed as an 
ordinary amplifier. Note that if F, is truly constant, then as long as the previous 
assumptions are maintained, G c is independent of v s (t) and distortionless conversion 
results. 

A similar expansion for the junction FET yields 


^ 1 dss T/ 

G c = -T7T Vl ’ 

p 


G = ^S(K 

t /2 y V P 
* n 


V r , 


(7.2-5) 


If this device is biased midway between V p and zero and if V x » |r s (f)|, then the 
maximum obtainable G c is one-quarter of the small-signal g m evaluated at V GS = 0 
or one-half of the G m = g m for the V GS = l p 2 bias point. 


Bipolar Transistor Mixers 

Figure 7.2-3 illustrates a possible bipolar transistor mixer. 

When two time-varying voltages, rjfi) and v 2 (t), are applied across an ideal 
bipolar transistor junction, then 

; £ (t) = j Fse t v ^i iT e vd,)ql ' iT e V2m ' kT . (7.2-6) 

If again 1 2 {t) = v s (t) cos coj and i\{t) = V x cos w 0 f while y(t) = v s (t)q/kT and 
x = V^q/kT, then 

QC 

I 0 (y) + 2 Z 7 n(>’) C0S n( °st ■ 


i E (t) = [I ES e^ kT ] 


/ 0 (x) + 2 Yj cos ruo 0 t 


(7.2-7) 
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Tuned to o» 0 uj s 



Fig. 7.2-1 (a) FET mixer, 
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If y 2 (r) = v s (t) cos co s t while v t (t) = cos co 0 t, and if we assume IF filtering at the 
output and consider only the frequency component of the output current in the vicinity 
of co 0 - a> s , we may define a large-signal conversion transconductance, G c , as the 
envelope of the output current at the desired difference frequency divided by the 
envelope of the input signal voltage. 

Equation (7.2-4) presents the conversion transconductance from a> s to co 0 — co s 
as well as the ordinary large-signal amplifier transconductance: 

G c = ^, G m — P(V CS - V Th ). (7-2-4) 


Hence GJG m = VJ2(V GS - V Th ). Now since v s (t) + V x must be less than V GS - V Th 
if one is not to exceed the ^square law' 1 region, the conversion transconductancc can 
not exceed one-half the transconductance of the device when it is employed as an 
ordinary amplifier. Note that if V x is truly constant, then as long as the previous 
assumptions are maintained, G c is independent of r s (f) and distortionless conversion 
results. 

A similar expansion for the junction FET yields 


G r = 


f DSS y 

Vl " 


C m = - F cs ). 

v p 


(7.2-5) 


If this device is biased midway between V p and zero and if » |f 5 (t)|, then the 
maximum obtainable G c is one-quarter of the small-signal g m evaluated at V GS = 0 
nr nne-half of the G = s?.„ for the = VJ2 bias point. 


Bipolar Transistor Mixers 


Figure 7.2-3 illustrates a possible bipolar transistor mixer. 

When two time-varying voltages, ^(f) and v 2 (t), are applied across an ideal 
bipolar transistor junction, then 

i E (t) = /^^dc// t r e . 1 (r) q /fcT e r 2( r)^T > (72-6) 

If again i' 2 (r) = u s (t) cos <x> s t and V\{t) = V x cos c o 0 t while y(t) = c s (t)q/kT and 


x = q/k T„ then 
i E (t) = [i ES <* y “ lkT ] 


OC 

I 0 (x) + 2 X CM cos na> 0 t 
1 


00 

I o(y) + 2 X CM cos nm s t 


1 


(7.2-7) 
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ve cross-mLi 11ipiy terms, we obtain 


/ 


n 


mi which 


[l tx i^ kT ]U 0 {y)I 0 (x) + 2/ 0 (x)/ 1 (y)cos coj 
y 2/ 0 0)/ 1 (x)cosco 0 f + 4/! (-x )/1 (y) [cos ojJ cos a> 0 f + ••■], 


/dc = I E se qVd ‘ lkr Io(y)Io(xl 


L. = 21, 


hiy) 

: i 0 (yY 


I = 2/ ri 




‘“° " dc / 0 W’ 


0,0 / 0 W/oC) dc ' 


(7.2-8) 


(7.2-9) 

(7.2-10) 

(7.2-11) 


In order lo have a "linear” mixer, one must have 7 1J0 _ a)s linearly proportional to 
ml in turn rjt). If K, and hence x are assumed to be constant and if V l » |y s | 
1 1 1.11 variations in t 5 do not effect / dc , then / (O0 _ O)s will vary with v s as Ii(y)/I 0 (y) 
K$ with i\. 

) min the expansions for the modified Bessel functions with small arguments, 
111; i v write 


Mr) W C 

~i 0 (y)~2\ 8 16)’ 

if h is with in 2 /„ for y < 1. 

i i(*ni 1 <| (7,2 12) we see that for /i(v)// o 0’X and hence 


( 7 . 2 - 12 ) 


, to be linear with 
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respect to y to within 2% the condition y 2 /8 < 0.02 or y < 0.4 and hence |p s | < 
10.4mV applies; for linearity to within 0.5%, the appropriate condition is y < 0.2 
or |i>J < 5.2 mV. Therefore, when |u s | < 10.4 mV we may replace I x (y)II 0 (y ) by y/ 2 
and from Eq. (7.2-11) obtain 


K 


= G r 


I iW L 0 _ c 2 7 ^ x 

/o(x) gin ’ % m x/ 0 (x) 


L, 


GJG m = x/2. 


* m ’ y 

~ s 

GJG S = /^xV/ofx), 


= = g I, 


(7.2-13) 

(7.2-14) 


where g in = qI d JkT and i> s (t) = C-t 

Thus in this case G c may never exceed G s but may exceed G m if x > 2. Since 
/ 1 (x)// 0 (x) is within 70% of its asymptotic value of unity when x = 2 and within 
86% of this value when x = 4, not much is to be gained from using values of x 
exceeding 6.% 

There are two useful ways to connect the signals to a differential-pair circuit to 
make a mixer. In one case the relatively large oscillator voltage is fed into one (or 
across both) of the differential-pair bases, while the relatively small signal voltage is 
fed across the emitter-base junction of the “constant current” transistor. Figure 
7.P-3 illustrates a simplified version of such a circuit. 

In the second case the oscillator voltage is used to control the constant current 
transistor, while the signal is fed into (or across) the differential-paii base circuits. 


Figure 7.4—4 provides an example of a balanced version of such a circuit. 

As we shall see in Section 7.4, the most desirable way (from the distortion view¬ 
point) to operate a differential-pair mixer is so that both the oscillator and the 
“signal” operate the mixer linearly when they are considered as separate inputs. 
Under these circumstances, the mixing action takes place because the gain from 
the differential-pair base-base voltage to the output is directly proportional to the 
current from the “constant current” transistor's collector. 

Overall system considerations will decide which type of drive is most suitable for 
a particular case. When the mixer generates its own oscillation (serves as a converter), 
then one would tend to confine the oscillator to the differential pair and feed the 
signal into the “constant current” transistor. 

The results of Sections 4 6 and 4.8 are directly applicable to mixer calculations. 
For example. Table 4.6—2 and Fig. 4.6—4 indicate the limits on the drive if linearity is 
to be maintained, and provide the value of the fundamental term for the case in which 
the differential pair is driven directly by an oscillator signal that is large enough to 


t Since the resultant conductances are independent of V s , they may be calculated with a constant 
for v s (t) rather than the more complicated function of time. 

X It is true that may increase slowly with v since 


(see Fig. 5,4-4, for example). For x = 
this increase will be less than 10%. 


hc= 1 + 


In / 0 (x) 


* ' qVJkT 
6 and a 1 V or more dc drop 


across an emitter resistor, 












































MIXI KS; Kl AND IF AMPLIFIERS 


7.2 


I ho (/,//*> relationship to become nonlinear. From Table 4.6-2, we see that an 
Hoi drive of 78 mV between the bases leads to a fundamental term very close to 
value of l k Hence the conversion transconductance from a signal that influ- 
l to the output current of one side of the differential pair will be £ (another 4 
. from the separation of the oscillator-signal product into sum and difference 
) of the small-signal transconductance (from base-emitter signal voltage to 
loi currents) of the “constant current” transistor. 

he technit|ues of Section 4.8 may be used to linearize either the differential-pair 
■lerisiie or the characteristic of the “constant current” transistor. 

uli/ed Mixers 

the I I T, bipolar transistors, and differential pair account for most practical 
11 ls useful to generalize the approach, both as a means of dealing with other 
s vacuum tubes, for example—and as a means of examining the previous 
s when their characteristics depart from the usual shapes, 
nc general approach is to consider the mixer as a gain-controlled amplifier in 
l he local oscillator voltage controls the gain while the signal voltage is amplified. 

• 7 .? 4 illustrates one extreme case, where the gain has only two values and 
the local oscillator is biased so that the device spends half the time in each 


l s COSU 


0 


*i(0 


o 


S[v,(/)]- 1, v,(/)>0 

S[v,(0] =0, V](/)< 0 


v\(t)=y } cos Wq( U = v i .(/)<75[v,(0] 

Fig. 7.2-4 On-off amplifier or switched amplifier as a mixer. 

uc the output current multiplier is controlled by r t (0, it is periodic and can 
mded in a Fourier series with fundamental o 0 : 

ncr /v , G 2G 2G 

GSlL'^t)} = — H-cos (D 0 t - — cos 3co 0 t + ■■■+’. 

I 71 3tt 

ice the output current is the product of v 2 (t) and GSfr^f)], it is apparent that 

71 


ns technique of specifying the amplifier “gain’' or transfer term with respect 
nput signal and then expanding the controlled “gain” in a Fourier series is a 
ni one. Usually the gain or transfer function is a continuous function of the 
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oscillator voltage and it is evaluated by taking the partial derivative of i with respect 
to the signal voltage. (This procedure is based on the assumption that the signal 
term is small enough that it does not influence the gain. In any particular case the 
limits on v s before intolerable distortion sets in must be determined.) 

For example, if we differentiate the basic transistor junction equation, Eq. 
(7.2-6), with respect to v 2 and assume that v 2 approaches zero, 


where 




(7.2-15) 


ClE_ 

CL'2 


V 2 0 


is the transfer conductance from r 2 (f) to the output current. The right side of Eq. 
(7.2-15) may be expanded as the first two brackets on the right side of Eq. (7.2-7). 
Again we find 


7 0 (.v) kT l 0 (xf 


In this example the initial approach is preferable, since an exact expression is 
possible for / _ Ws and hence the approximations are made at the last step rather than 
at the first step.| 

As a second example consider the field-effect transistor for which the “gain” 
term is shown in Fig. 4.4-2. Since this term varies linearly as long as the oscillator 
voltage stays above V and below the junction turn-on point, the conversion trans- 
conductance is directly proportional to the oscillator voltage within this region. 
When the signal extends outside the linear region, then the sine-wave tip functions of 
Fig. 4.2-3 or Fig. 4.2-4 may be used to compute the fundamental term of the “gain.” 
This term is directly proportional to the small-signal conversion transconductance. 

Figure 7.2-5 illustrates the results for a peak clamping /i-channel FET circuit 
similar to that used in Problem 7.5 (with the 100-Q source-to-ground resistance set 
to zero). 

To account for the drive up to +0.7 \\ I DSS is replaced by /J 55 = I DSS ( 1 — 0.7/ V p ) 2 
and V p is replaced by V* = \V P \ + 0.7, and clamping is now presumed to occur at 
zero volts on the shifted curve. (As discussed in Chapter 5, the actual turn-on voltage 
is a function of the gate-ground resistor. When this resistor is several megohms, the 
turn-on voltage may be only about 0.3 V.) 

As we shall see when {VJV*) exceeds 0.5, many of the desirable low-distortion 
properties of the FET mixer are lost. One possible argument for operation above 
this point is that the dc current is reduced, which leads to less dissipation and usually 
less device noise. 


t Yet another approach to this problem would be simply to expand e qiz(t)!kT and retain only the 
first several terms, and then to expand the remaining expression as in the first two terms of Eq. 
(7.2-7) and take the resultant product. 
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*> 



Figure 7.2-5 


r '■ K f h, 


K 


While we have done the two examples, the usual difficulty with this approach is 
evaluating the Fourier coefficients of the 4 k gain” function. In the general case this 
mint he done in a simple analytic manner; it must be done graphically, by a com- 
l er ana lysis, or experimentally. Of course, if the problem is attacked experimentally 
c will logically measure the conversion transconductance directly instead of fiddling 
umd with intermediate steps. 

SIR IKS RESISTANCE IN MIXERS 

* >i dei lo operate, a mixer must have a nonlinearity. As we might expect (see Section 
1 , loi example), adding a resistor in series with the emitter of a bipolar transistor, 
ih I lie source of an FET, or with the emitters of a differential pair always tends to 
eaii/c the characteristic. Therefore, such a resistor will always reduce the con- 
i si**ii transconductance (if a constant local oscillator voltage is assumed). Since 
real devices have at least a minimum amount of inherent series resistance, to say 
ilung of generator output impedance, one will find that the calculations of the 
evimis section provide an upper limit on the expected performance of real mixers. 

I he cITecl of a series resistance in modifying the incremental slope of the vs. v x 
;u .k lei istic is clearly indicated by Fig. 4.8-2. It is a straightforward matter to solve 
< ] i from the equations of Section 4.8 : 


<ll '\ Fieoswof + Pde kTjq + i x R / dc + g in Rii 

ific r m - <\} lS JkT and /, is the current which flows with = V x cos w 0 t + V dc . 
W'lun v 1, Eq. (7.3 1) reduces to 1 /R for v x — I 0 > 0 and to zero for 

I n ' A For g- m R 0, Eq. (7.3-1) reduces to 
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which is of course identical with Eq. (7.2-15). For intermediate values ofg in R, no 
simplified form for the gain function is possible. 

A possible, and relatively simple, approach is first to find a reasonable relation¬ 
ship between G c and G m for the extreme cases of zero resistance and dominant re¬ 
sistance, and then, using Fig. 4.8-6, to determine G m vs. V l and extrapolate to approxi¬ 
mate G vs. Vj. The results will not be exact, however, the series resistance is rarely 
known exactly either. The best that one can do here is to get a feel for what is going 
on. If “exact” results are desired, then measurements are so straightforward that 
paces of analytic manipulation are completely unjustified. 

C When the junction is dominated by R, the slope of the overall characteristic is 
l 'R when d, > V 0 = (kT/i,)\n |/ dt // ES ) (see Fig. 4.8-31 and is zero otherwise. This 
means that the “gain” function is a rectangular wave of period T- 2n,co 0 , as shown 
in Fig. 7.3-1. If I d c is assumed to be constant, then the conduction angle 0 C = 2<j> is 
related to I j R by Table 4.8-1. The conduction angle then tells us the relative 
nonzero width of the "gain” function from which the fundamental component of the 
Fourier series may be computed. The conversion transconductance is then one-half 


Fourier series may oe compuieu 
of this fundamental coefficient. 

Table 7.3-1 

l. 1 lie CUII 

Table 7.3- 
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Figure 7.3-2 plots GjG m vs. V t /l^(r ia + R) for the two cases R = 0 and R » l/g in 

[the R = 0 expression comes from Eq. (7.2-14)]. • 

From this figure it is hypothesized that for values of g in R near unity it will be 
plausible to relate GJG m to the normalized value of IV7 dc (r in + R) by a factor of 
j. For values of g in R between 0 and 1 this factor should lie between j and 3 ; for values 
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jGain function 
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ie 2n-$ 2n 


Fig. 7.3-1 GJG m for a bipolar transistor mixer with added series resistance. 
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KM vvOLMI I and infinity it should lie between ^ and Normally one would expect to 
nmnni/e the resistance, and hence theg in R < 1 region would be expected to be the 
nli-ies(mg one. 

I or example, if / dc = 1 mA, R = 26 Q, and F, = 6 x 52 mV = 312 mV, then 
i>"ii I if- 7.3 2 G c * 2G m . while from Fig. 4.8-6 G m = 0.295(52O) = 5700/imho. 
Vilh R 0, I dc = I mA. and half the oscillator drive (that is, F, = 156 mV), then 
(>and C, c = 34,500/tmho, or approximately three times as much as in the previous 
i K (a glance at I ig. 4.S-5 will indicate that maintaining the 312 mV drive would 
"'I increase the G c appreciably for this second case). 

A similar approach is possible for FET’s and differential pairs. In either case, 
.lien l( limes the quiescent small-signal transconductance becomes appreciable, the 
i hi\ eision transconductance will fall sharply. 

Vogel f has considered the effect of serious source resistance on the peak-clamping 
I I ol pages 301 and 302 {Fig, 7.2-5). When certain of Vogel’s results are simplified 
ml translated into the peak clamping terms V* and /J ss of Fig. 7.2-5, then the 

* vs curve of Fig. 7.2-5 is found to be depressed by the addition of a 
•i ies source resistance, R s . 

Asa reasonable first approximation to the effect of the series resistance, one takes 
w value of (G, F*//* ss ) from Fig. 7.2-5, for the particular value of VJV* or interest, 
id divides it by (1 + q) 3 , where q = (2I% ss R s z)/V* and z is a term that accounts for 
k: shill in the dc bias current with increasing drive; z is plotted vs VJV* in Fig 
It p 

Suppose that (Ipss/V*) = 2000 /imho, that(F 1 /F*) = 0.5, and that R s is 20 ohms, 
i ilus ease z will be 0.5, q = 0.04, and (1 + q ) 3 will be 1.125. Therefore G c will be 
dined horn 1000/imho for R s = 0 to 889/imho for R s = 20ohms. [From Fig 

s . (<-. l = 0.5 when (VJV* p ) = 0.5.] 


N V<>)■{!, ■■Nonlinear Distortion and Mixing Process in Field Effect Transistors” Proc 
II No, IS, pp. 2109-21 16 (Dec. 1967). 


7.4 


PRACTICAL MIXER CIRCUITS 


305 



Figure 7.3-3 

Doubling the drive voltage so that (VJV*) = 1 will reduce z to approximately 
0.32, q to 0.0256, and (1 + q) 3 to 1.079. In this case G C V*/I* SS is again 0.5; hence now 
G c is 927/imho instead of 1000 //mho. 

If R s is made much larger, say 200 ohms, then for the (VJVD - 0.5 case, one will 
find that z = 0.5, q = 0.4, and (1 + q ) 3 = 2.74, so that now G c is reduced from 1000 
//mho for R s ~ 0 down to only 365 /(mho. 

7.4 PRACTICAL MIXER CIRCUITS 

In this section we shall discuss the interfering-signal problem encountered in bipolar 
transistor, differential-pair, and FET mixers. In the next section we will indicate 
how to combine the mixing and oscillating functions to produce “converters" from 
each of these devices. 

Before we proceed with particular circuits it is desirable to reconsider the prob¬ 
lems that are likely to be encountered, both so that we can avoid them or combat 
them and so that we can compare different circuits with respect to them. 

Mixer Problems 

1) Output signals at the IF frequency arising from other than the desired input 
signal. 

2) Distortion of the modulation of the desired input signal. 

3) Transmission of the local oscillator frequency to the input circuit. (If the local 
oscillator signal reaches the antenna, it may be radiated and serve as an inter¬ 
fering signal to other receivers.) 

4) Noise generated in the mixer stage. 

5) Inadequate gain in the mixer stage. 

Figure 7.4-J illustrates a frequency spectrum showing a number of possible 
signals that may cause unwanted components at the mixer output’s IF frequency, 
a) It a signal at w image = co 0 + oj if reaches the mixer, the difference frequency 
will be cuj F . The only remedy is adequate filtering in front of the mixer. In a new 
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cl^i cj , uj., lu w, cj 0 aj |nui!( . aj, 


\ i£. 7.4 I Desired and possible interference signals in a superheterodyne receiver. 

Mem the choice of the highest possible IF frequency will ease the image-rejection 
oblciii 

A signal at ojJ2 will cause trouble if the RF stage has enough distortion to pro- 
11 ; a second-harmonic term from the signal or if the mixer provides a beat frequency 
Uvcen the m 0 -term and the second harmonic of the incoming signal. From Eq. 
’ K) for the bipolar transistor, 

J = , 

~I 0 (.y) f 0 (z) ^ 

me is the normalized envelope of the (m,/u)-term. When r is small, l n (z)/I 0 (z) 
iv l>e approximated as z 72 "/i!, so that 

G cK) ^ 2"~ Si! 

G c (ojJn)^ z n ~ 1 

!etpiate filtering to remove the half-frequency terms must be provided in front of 
I Oi square-law RF amplifiers; otherwise, these devices will double the input 
qiiencv and no later stage will remove it. With ‘linear" RF amplifiers all premixer 
n mg is effective in reducing subharmonic terms. 

I lie signal o x is at co 0 + oj s . It will cause trouble in any system where a beat 
ipienev with 2 <o 0 is possible. Hence it will cause trouble in transistor mixers but 
I m lme square-law FET circuits or in differential-pair circuits, provided that 
oscillator driving voltage is free of second harmonics. 

I lie signal v) y falls at to imaye / 2 ; hence an FET RF amplifier will shift it to w im . iyL> 
1. unless the filtering between this RF amplifier and the mixer removes this distor- 
i Ici m, there will be an unwanted output term. A single-ended bipolar transistor 
uu will produce an output similar to the co s /2 case. 

Obviously there are many other potential sources of interference; however, 
above terms suffice to illustrate the problem. As a numerical example, consider 
isc vv here 

- 455 kHz, co s = 600 kHz, w 0 = 1055 kHz 

I hem c 


</J. • 300 kHz, (0y = 755 kHz, = 1510 kHz, 

co x = 1655 kHz. 


and 
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A single-tuned circuit in front of a simple mixer that is supposed to handle 5 kHz 
modulation should not have a Q much above 8 at 600 kHz; if it does, tracking prob¬ 
lems will become difficult and overall system sideband cutting will become excessive. 
Such a tuned circuit will reduce co y by a factor of only 4 with respect to the transmis¬ 
sion of co s . Since the signal at co y may be four or more times as big as co 5 to start with 
the RF tuned-circuit outputs may be equal. If so, and if both signals have amplitudes 
of 10 mV, then in a bipolar transistor mixer's output the unwanted term will be 25 % 
of the desired signal term. In an FET mixer or a differential pair, the main distortion 
term from a 755 kHz input would be at 300 kHz and would be rejected by the IF 
filter. 

To summarize: An FET or differential-pair mixer should be superior to a bipolar 
mixer from the viewpoint of unwanted signals. At least two stages of filtering are 
desirable in front of the mixer. A linear, automatically gain-controlled RF amplifier 
is desirable in front of the mixer. The gain reduces the importance of the mixer noise, 
while the gain control allows the circuit to keep excessive signals from reaching the 
mixer. Excessive signals inevitably lead to increased distortion. In spite of our out¬ 
line of the ideal situation, many simple receivers have the mixer as the first stage and 
employ a bipolar transistor as the active device in the circuit. Figure 7.4-2 illustrates 
such a circuit. 

It is presumed that the impedance from the base to ground is small at both ru 0 
and o) lv and that the impedance from emitter to ground is small at co 5 and cu [F . Failure 
to satisfy these assumptions leads to reduced conversion transconductance as well 
as the possibility of oscillation at the IF frequency. If oscillation occurs, it should be 



Fig. 7.4-2 Bipolar transistor mixer. 
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li able by a reduction of the base impedance at co lF . If necessary, a series trap tuned 
• could be connected from the base to ground. 

Both input and output transformers are tapped down not only for the previous 
asons, but also so that the transistor impedances will not cause excessive detuning 
‘ the circuits. 

As has been pointed out, it is highly desirable to prevent large signals of any kind 
xccpt those from the local oscillator) from reaching the mixer input. Hence it is 
)t sufficient to control the mixer-stage gain or conversion transconductance, say, 
/ controlling I EQ . One should control an attenuator in the input circuit also, 
igure 7.4-3 illustrate the key portions of the addition of such a circuit to Fig. 7.4-2. 

From the results of Chapter 4 and Chapter 5 we may write the impedance of the 
ode to the signal frequency as 


hg 2I i( x ) 

kT xl 0 (x)‘ 


(7.4-1) 


we keep the input signals at or below 26 mV (as from Section 7.2 we know we 
mild), then 2/ 1 (x)/x/ 0 (x) is nearly unity and G d is directly proportional to I k . Hence 
ci easing I k will shunt the input and reduce the mixer driving signal. Increasing I k 
ill also reduce I EQ of the mixer and hence will reduce G c , yielding further AVC 
tion The driving source for I k will be derived from one of the amplitude detector 
units of Chapter 10. This effective diode shunting conductance reduces the Q of 



Fig. 7.4-3 Input AVC for mixer. 
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the input-tuned circuits; however, it only does so when the IF output is large and 
hence when the desired signal is present, one hopes, at a reasonable strength. 

Differential-Pair Mixers 

Figure 7.4-4 shows a possible circuit. 

If Q 2 and are truly identical and if the input and output transformers are 
truly balanced, then no oscillator voltage will appear across either the input or the 
output transformer. Removal of the oscillator voltage from the input removes the 
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aili;itu >11 problem; in addition, removing the large oscillator current component 
>in the output reduces the strain on the IF transformer. (In the single-ended stage, 
; In si lb transformer must reduce the large oscillator component sufficiently that 
Iocs not cause nonlinear operation of the first IF amplifier.) 

In addition, because of the symmetrical characteristics of the differential pair, 
nnd harmonic cross products should not be generated by this circuit. To avoid 
.■ii harmonic terms completely, the oscillator voltage must be a true sine wave and 
■ vai lations in the collector current of Q l must be kept small enough that no oscil- 
0 ( hai monies are generated. Measured data are quoted by RCA for such a 
lei cut ial-pair circuit in which, for V v = 141 mV and an untuned input (so that no 
lei Icring signal reduction from input filtering is present), only three interference 
ms (except the image frequency and a component at the IF itself) are within 70 dB 
I lie desired signal. The first of these interference terms corresponds to co y in Fig. 
I | (> (f j - f ,; 0 = t'j IF ), the second two to to x and its twin ( 2 co 0 — o x = « 1F , 
,V> () £d 1f ). For I k0 = 2.5 mA all of these three terms were reduced b> a factor 

or more below the level of the desired output term. The removal of the to y 
I reference term requires exact symmetry in the differential-pair characteristic, 
uuciis the removal of the m^-terms requires an absolutely pure oscillator voltage, 
/iih$ : r of these ideals will ever be achieved in practice. The ayterm is the most 
uiblesome, since it is the closest one to the desired signal and hence the most 
Hu till to filter out initially. The 60/1 reduction in the m v -term that is obtained by 
mg ;i practical differential pair rather than an ideal single-ended bipolar stage is 
Ipl csMve. 


I Mixers 

Im 11 c 7.4 5 shows another FET mixer circuit. In this case the high-impedance 
u- can normally be connected directly across the input-tuned circuit. The oscillator 
luge feedback will occur via the gate-source capacitance, and hence will be mini- 
i/eil if ihe minimum value of C ( is much greater than C GS . If the device is biased 
dial the peaks of the oscillator plus signal voltages never swing it out of the square- 
a legion and if the oscillator voltage is a pure sine wave, then the only theoretical 
ei I ere i ice term (besides the image frequency and the IF frequency) will be at half 
/ II frequency. Again, if the second harmonic is present in the oscillator voltage, 
i'ii die tr) K - and n/ x - terms will come through with relative values proportional to 
e amount of this second harmonic. So long as the oscillator voltage is restricted 
>m swinging to VJ2 (this sacrifices some conversion transconductance), an increased 
'ii,iI level does not lead to distortion in the FET case; hence input AGC (or AVC) is 
a iuk essary. Variation of the conversion transconductance is achieved by varying 
e »>m. illator voltage (see Eq. 7.2-4 or Eq. 7.2-5). 

p.mijf nihei mixer possibilities exist, but the) will not be examined in detail, 
nsi ol them, be they multigrid vacuum tubes, beam-switching vacuum tubes, or 
ial gale MOS transistors, can be analyzed in a straightforward fashion, using the 
m i mill oiled amplifier approach of Section 7.2. 
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7.5 SEMICONDUCTOR CONVERTER CIRCUITS 

Though a separate oscillator and a separate mixer circuit can normally be designed 
so that each does its own job best, it is possible to combine the two functions in a 
single active device. This combination is known as a converter. High-quality re¬ 
ceivers usually keep these two functions separate, whereas most mass-produced 
receivers combine them. 

Figure 7.5-1 shows a typical bipolar transistor converter stage. (A two-power- 
supply*version is shown to reduce the complexity of the drawing slightly. The reader 
should have no difficulty in visualizing this circuit in a single-power-supply form.) 

In such a circuit we design the oscillator circuit to give the driving level the value 
of x = qVJkT desired for the mixer operation. In designing the oscillator we would 
like to be able to neglect the input signal circuit and the output IF circuit. Normally 
one does neglect them, and then checks up by showing that the voltage drops across 
these impedances caused by the calculated currents are truly negligible. 

As in all mixing situations, one must worry about oscillator amplitude variation 
across the band, signal and oscillator circuit tracking, and mixer interference and 
distortion problems. As usual, compromises wall be necessary. For example, the 
amplitude stability of the circuit may be improved by increasing the amplitude of 
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oscillations, while the interfering output terms from oscillator harmonics or the 
cullies with excessive oscillator voltage in either the IF or the input circuit are all 
imi/ed by decreasing the amplitudes of the oscillations to their smallest possible 

ICS 

Any of the previous mixer circuits may be turned into a converter by combining 
ill' the appropriate oscillator circuit from Chapter 6. 

Fxamplc 7.5-1 For the converter shown in Fig. 7.5-2, find an expression for 


""" 11 the oscillator frequency = 1 / x /L 3 C 3 = 1.5 x 10 7 rad/sec the 

fiance of the input-tuned circuit is an effective short circuit compared with the 
cinil ter impedance of the transistor, then the oscillation amplitude and frequency 
he converter may be found by grounding the base of the transistor and employing 
esulls of Section 6.4. Specifically, 

o) () 1.5 x 10 7 rad/scc, 

GJx)^ G l G l L 3 
gm<2 ~~ ng mQ g niQ M 34 


= 0.19, 
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/rf — 1 mA [IFcos 10 3 d cos 10 


Figure 7.5-2 


and from Fig. 4.5-6 x = lOfFj = 260 mV). In addition, since the loop gain is much 
less than unity at any other frequency, spurious oscillations at theRF or IF frequencies 
are not possible. 

If we also assume that the input RF-tuned circuit is not loaded by the transistor, 
then the transistor base voltage is given by 

r B (f) = RF ^ 1 ^ 12 = 1.57 mV(l + cos 10 3 f)cos 10 7 f, 

since the bandwidth of the input-tuned circuit {BVV RF = l/R l C l = 5 x 10 5 rad/sec) 
is sufficient to pass i RF undistorted. 

Now with the aid of Eq. (7.2-13), we obtain the IF component of collector 
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lent iii the form 

i IF (t) = — at B (f)G c = -av B (t)g in Ii(x)/I o(.x). 

s II component of collector current is extracted by the output-tuned circuit 
I ftJl 5 C s = 5 x 10 6 rad/sec, BW 1F = 2.5 x 10 6 rad/sec) to yield 

c 0 (t) = (-10V) - RAM 


k h with _v * 10 reduces to 


Vu (t) = (-10 V) - (286 mV)(l + cos 10 3 f)cos5 x 10 b f. 


In check the assumptions made in obtaining c„(f), we first obtain \Z B (joj 0 )\, 
eie /-nip) is the impedance of the input circuit seen at the base of the transistor. 
(<j n , I< , may be neglected compared with L, and C x to yield 


IAO'«o)l = 


ojq T 2 ( 1 k 2 ) ^0 


L, 


M 12 j 




(aj 0 /ojRf) 


% 48 Q, 

ich is indeed negligible compared with (1 + P)/g t „ = 5.2 kQ, which is the transistor 
pgd.mce at its base terminal. Hence our calculations of the oscillation frequency 
I amplitude neglecting the input circuit is justified. 

Willi the techniques of Section 5.5, the equivalent "linear loading of the tran- 
,,i on the input-tuned circuit is readily shown to be 

G S , = ~ = ZJ( 1 +/*): 

, may be reflected to the input of the RF-tuned circuit as G iVl jA/, 2 L,)~ = 
'(18 kti, hence as a first approximation the transistor loading may be neglected, 
tu.illv the transistor in this example does decrease the impedance ol the input¬ 
ted circuit by 5' 1 ,,, and thus the IF component of i'Ji) will be 5% below the value 
■V iousIv calculated. 


I | IN FI) NARROWBAND SMALL-SIGNAL AMPLIFIERS 

ic usual receiver requires selectivity and gain both before and after the mixer or 
uvri lei circuit. 

I he sections in front of the mixer are known as RF stages. These stages should 
Ime,tu to prevent the generation of cross modulation or the generation of distortion 
oduets that will interact in the mixer to cause signals in the IF band. In the fre- 
,. m y hands where receiver noise is a limiting system parameter, these stages should 
.11 fiapiate gain to prevent the higher noise of the mixer stage from limiting the 
Hver's pet forma nee. In addition, these RF stages should provide the desired 
,viivily 10 prevent undesired signals from reaching the mixer. 

I In- fixed tuned stages between the mixer and the demodulator circuit are known 
tin- 11 stages. In AM systems these IF stages must be linear, while in FM systems 
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their amplitude characteristics may be markedly nonlinear. The IF stages should 
have high selectivity without causing distortion in the desired passband. In general, 
these fixed tuned stages provide the bulk of the gain between the input and the 
demodulator. 

Thus the RF stages are normally low-gain, relatively broadband tunable stages, 
while the IF stages are high-gain, relatively narrowband, fixed tuned stages. If one 
keeps these differences in mind, the same general techniques may be utilized for de- 
signing both circuits. 

Since one of the purposes of these stages is selectivity, the design of their selective 
networks is important. However, such design is not the main focus of this book. 

Figure 7.6-1 illustrates the selectivity obtainable with a commercial seven-pole 
mechanical filter,! and Fig. 7.6-2 illustrates a possible driving and isolating circuit 
for a 455 kHz version of such a filter. A great variety of such filters is available, some 
at relatively low prices. 

The concentration of selectivity in one “box” and broadband gain in a different 
“box” is one reasonable way to design a receiver. The field adjustments required to 
place seven separate poles in a Butterworth or Tschebyscheff arrangement are not 
desirable under any circumstances; hence, even if the filter were to be built up of 
lumped elements, one might well choose to have the filter computer designed 
and placed in the circuit as a unit. 

What we will point out here is the basic approach to designing narrowband 
small-signal amplifiers that work into single- or double-tuned networks and are 
driven from single- or double-tuned circuits.* 

We shall use the narrowband y-model for the active circuit to provide an analysis 
that will be valid for single vacuum tubes, FET’s, or bipolar transistors, as well as 
for differential pairs, cascodes, or other discrete or integrated circuit combinations. 

Figure 7.6-3 shows the basic arrangement for a single stage. The .'-parameters 
are defined at a single Q-point by the equations 

/,(/>) = + yi2(p)y 2 (p) f 7 - 6 -" 

and 

I 2 (p) = y 2 i(pWi(p) + YnipWiip)- < 7 - 6 - 2 * 

Although these parameters may be calculated from some other device model, they 


t Mechanical fillers are mechanically resonant elements whose inputs are driven by. and whose 
outputs are picked up by, piezoelectric, magnetostrictive. or other electromechanical transducers. 
The quart/ ervsial is a mechanical filter: however, as commonly used, the term refers to multi¬ 
element (hence multipole) ceramic elements, usually with Hal passbands and sharp falloffs in 
response outside the passband. Chapter 5 of Solid State Magnetic and Dieicctne Dences. edited 
by 11. W. Katz. (John Wiley, New York, 1959), discusses the physical and electrical properties ol a 
number of such devices in some detail. 

t For those readers with no experience at all with double-tuned circuits. Chapter 18 of E. J. 
Angelo’s Electronic Circuits (McGraw-Hill, New York. 1964, second edition) will provide a 

worthwhile background. 














hi**. 7.6 I The amplitude response of a seven-pole commercial mechanical filter in a circuit 
to that of Fig. 7.6-2. 



ig. 7.6 2 Overall IF stage with mechanical filter and preliminary broadband filter to remove 
pm ions i esponsc possibilities. [Overall gain can be controlled by varying R i and by capacitively 
limiting all or part of the 200 O in the last emitter. As shown, with R ( = 30 kO, the circuit will 
lamllc 1 V peak input with an overall gain of 5.] 
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Fig. 7.6-3 Basic y-parameter stage. 


are normally measured, since it is desirable that they include all parasitic reactances 
as well as such difficult-to-model parameters as excess phase shift in transistors. 

The y-parameters are usually functions of both Q-point and frequency. Since 
they are functions of frequency, one must exercise some care when attempting to 
combine, say, y 22 from the device and Y B from the circuit. 

In essence, what one must do is make a ‘'small-band” approximation in a normal 
model. (The “small-signal” approximation is usually already implicit in the y- 
parameter value.) For example, at frequencies near co 0 one might approximate y 22 as 

\ 22 = & 22 "1" JMqC 22 "b (7.6—3) 

where Sco = to — co 0 . 

Now if Y b were a single parallel RLC circuit that combined with y 22 to tune to 
cu 0 , one would have 

Y t — Yb + }'22 = (Gb + gn) 0(^22 + C B ) 


1 


~J 


(a> 0 + 6o))L l 


+ jSco(C 2 2 + C B ). 


(7.6-4) 


However, if Sco « to 0 , then \/(to 0 + ^ (l/cu 0 ) — (Sco/coq) so that, in the neighbor¬ 

hood of w 0 , 

y; — (G b + g 22 ) + + C B H- yt ~]■ (7.6-5) 

\ oj 0 L b J 


Here, instead of just taking the value of the imaginary part of y 12 at to 0 as jco 0 C 22 , 
we have also taken the slope term jdtoC 22 . In general, there is no reason why C 22 
should equal C 22 , just as there is no reason why the incremental slope of the diode 
equation should equal the ratio of the dc junction voltage to the dc junction current. 
When the slope of b xx with respect to frequency is small, then C xx % C xx . Cases do 
arise where differences of two or three times occur between the two terms. (One 
could also Lake a slope term for the real part of y xx ; however, since resonance does 
not cancel g 22 or g n , this refinement is seldom necessary.) 

Figure 7.6-4 shows typical 10.7 MHz and 100 MHz common emitter y-para¬ 
meters vs. collector current for a good NPN silicon bipolar transistor. Figure 7.6-5 
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(a) v ( j : input admittance (output short circuit) 
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(b) y reverse transfer admittance (input short circuit) 
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(d) y 22 output admittance (input short circuit) 


Fig. 7.6-4 Common emitter y-parameters vs. collector current at two different frequencies. 
2N918. Reproduced by permission of Fairchild Semiconductor. 
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\?i) 



/, mHz 

(;i) v,,: input admittance 



(b) y u : reverse transfer admittance 




/', mHz 


D 

£ 



<C> : forward transfer admittance (d) : output admittance 

in. 7.(> 5 Common emitter y-para meters vs. frequency. 2N918. Reproduced by permission of 
am Iwkl Semiconductor. 


I lows the common emitter y-parameters vs. frequency for the same transistor 
/, s mA, \ \ E = 10 V). It is apparent that these parameters do indeed vary with 
“dli li cqiicncy and Q-point, but that one can make a reasonable model over at least 
“int sin.ill inngc of both quantities. 

< onsidcr the problem of finding Y in = Vi(p)/I\{p) in the neighborhood of co 0 
Jirn Indh the overall input and output circuits are tuned to cu 0 and when both 
, ami V„ aie simple parallel RLC circuits. 
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Since V 2 (p) = -y 2] (p)K l (p)/[y 22 (p) + Y b (p)1 the effect of the feedback generator 
v 12 V 2 is to place an impedance in parallel with Y A and y u . Therefore, we first cal¬ 
culate this "reflected" impedance and then add the y ir and Y^-terms: 


Yin = Y a + V! ! 
where Z, = 1/ Y t . 


V12-V21 
Y b + >’22 


Ya + Tit — Ti2V 2 iZ r , 


(7.6-6) 


If the last term of has a large enough negative real part, then over some range 
of frequencies, Y in may have a negative real part and the circuit wall oscillate in the 
manner outlined in Section 6.10. 

What we wish to demonstrate is a simple graphical approach that not only lets 
us evaluate Y in (jt» 0 ), but also lets us see how Y in (joj) varies near to 0 and exactly what 
we should do to control this variation. 

In general, the practical possibilities in controlling Y in include: 


a) Reduction of y^ This is always desirable. With a single given FET, vacuum 
tube, or transistor it can be accomplished by adding an additional out-of-phase 
feedback to cancel some or all of the device feedback. Such a feedback circuit is 
known as a neutralizing network. 

An alternative is to combine several devices into a circuit such as a cascode 
circuit or a differential pair and then to consider the y-parameters for the composite 
circuit. As we shall see, \ | 2 for such a circuiL may be reduced by a factor of several 
hundred or more from y 12 for a single stage. 

b) Increasing G B . This corresponds to loading the output circuit. It will reduce 
the voltage gain of the circuit. If the loading is done by the proper coupling of the 
impedance from the next stage, then it does not necessarily lead to excessive power 
loss. 


c) Increasing G A - This corresponds to loading the input circuit. Again one is 
trading gain for circuit stability and symmetry. 

Figure 7.6-6 plots Y t (jco) from Eq. (7.6-5) vs. co in the neighborhood of co 0 . 
Figure 7.6-7 plots = \iY t (jco). 

The straight line in Fig. 7.6-6 is transformed into a circle when one takes its 
reciprocal to find 2 f = 1/T f . It will be apparent that the larger G B is made, the smaller 
the circle of Fig. 7.6-7 will become. In terms of a magnitude and an angle. 


e ~j6(d<.: J) 

Z,[j(co 0 t M] = r , „ 
VB + il2 


where 

0(5co) - tan -——, 

dB 

The — 3dB passband of the amplifier occupies one-half of the circle; all other 
frequencies from minus infinity to plus infinity occupy the other half. Actually when 
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Fig. 7.6-6 Combined circuit and device admit¬ 
tance out at the output of Fig. 7.6-3. Parallel 
resonance at oj 0 is assumed. Y t is shown in the 
neighborhood of resonance. 



Fig. 7.6-7 Reciprocal of the admittance 
shown in Fig. 7.6-6. 


u is larger, the approximations break down and y 22 varies with frequency, so that 
e locus of Z r will probably cease to be exactly circular. Since the approximation 
very good in the region of interest and is both adequate and convenient elsewhere, 
r assume that it holds for all values of co. 

Since resonance is not involved with either y l2 or y 21 , we will approximate 
)lli of them by “constant' 1 values across the frequency band in question. Further- 
ore we will combine the real and imaginary parts of the curves of the type shown 
Fig. 7.6-4 and 7.6-5 so as to represent y l2 and y 2l as magnitudes and angles. With 
is representation the result of the multiplication shown in Eq. (7.6-6) will be to 
'late the circle of Fig. 7.6-7 by the sum of the angles ofy 12 and y 2L and to change the 
ameter of the circle to \yi 2 }' 2 i\/(G B + £ 22 )* 

Fui example, ify 21 = g m and y 12 = —jco 0 C r , then 


y 1 2F21 


^0 C r om j\ n ;2 -0(<Sw)n 

&B + £22 


+ y 2 t 


(7.6-7) 
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which is circle 1 in Fig. 7.6—8. Now adding G A + gn to the reflected admittance will 
shift the circle to the right by this amount, in addition, if the imaginary part of Y A + 
v 1 ! { is equal to 

-ja>oC r g m 
G b + £22 


then the circle will be shifted down into position 3 in Fig. 7.6-8. 
Curve 3 is no longer quite a circle, since its equation is given by 

^0 G r g m 


Curve 3 = G A 4- gi 1 + 


G b + £22 


sin 0(£cu) 


+j 


i^^-cos 0(<5cu) - co 0 (C, X +C A )+ 1 


Gb + 822 




+ jdu>\ C A + C'u H 2 


co 0 L, 


(7.6-8) 



Fig. 7.6-8 Input admittance of Fig. 7.6-3 for specific y-parameter and circuit conditions, in 
particular for y 21 = g m , y, 2 = -ja>„C r , Y„ adjusted to resonate with y 22 , and Y A adjusted to 
resonate with >t l and the receded impedance. 

The magnitude and phase of the overall input impedance are given by the magnitude 
and angle of the vector from the origin to a particular point on curve 3. (Usually 
circle 3 is a sufficiently good approximation for first-order design purposes.) 

It is apparent that, to avoid oscillations, curve 3 must lie completely within the 
right halfof the admittance plane. However, in order to have a stage with a reasonably 
symmetrical input impedance and with an input impedance that does not become 
badly mistuned whenever an adjustment is made in the output, it is necessary for the 
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ince that circle 2 is to the right of 


* ms () l Cl,v ^' I t0 he small in comparison to the distar 
* imaginary axis. 

ns Mho ol the radius of circle 1 to G A + g tI is called the alignability factor. A:: 


k = 


!>’ 12 > 


2 11 


2 (°B + %21 )(G a + g n y 


(7.6-9) 


IS generally accepted that for well-designed circuits k < CPO 

Act i,ally k alone is not really a sufficient specification; for circuits with equal 

m s loi k, those in which circle 1 lies almost completely within the left-half plane 

, Wl '' “ , raCt6r ° f 5 than those circuits in which circle I lies almost completely 
i Ik* right-half plane. J 

1" repeat our earlier conclusions, one can reduce k either by reducing k, ,1 or 

1 "creasing G B or G,. (Reducing |v 21 | is not reasonable, since it reduces the 

in ir cctly.) One reduces |y 12 | by switching devices or Q-points, or by a neutralizing 

■ back, or by combining devices into a composite device. Whatever method is 
’ l>nc must check for the worst-case conditions, because neutralization can 

m.illy be achieved only lo within a certain tolerance, while the y-parameters 
v with temperature and as the Q-point is shifted by AVC (or AGC) control signals. 
In order to neutralize a stage with a purely capacitive internal feedback^ one 
i ii i-' a purely capacitive feedback of opposite phase, as illustrated in Fie. 7.6-9. 

urma y C r is not known exactly and varies from unit to unit, with temperature 
with 2-point. In addition, one seldom uses better than a 15°/ 0 tolerance capacitor 

■ v . Thus it may be reasonable to reduce Jy l2 j to perhaps $ 0 r its original value. 

I is unlikely that in a production run one will attempt to do better than this, 
high-power amplifiers one often does attempt to make adjustments on each 
'liner so that |>’ 12 | is reduced below this value.) 

I the purpose of numerical comparison we shall consider an amplifier con¬ 
ig of a single bipolar transistor of the type illustrated in Figs. 7.6-4 and 7.6-5. 
j C “ a ® a cas c°<je_and a differential-pair connection of a commercial integrated 
.ii,h as the RCA CA 3005. In each case we arbitrarily set (j. - ■>, The 
mon properties are 1,sled in Table 7.6-1. Table 7.6-2 lasts the ,-paramettrsand 
>ns derived quantities for all three cases. 


Table 7.6-1 Common properties of three amplifiers 

^dc 2,5 mA, | Vfd = | = 6 V 

Single-tuned, directly connected output circuit 
Output coil with L b = 8 y/H, Q = 100 

Output circuit loaded to obtain ±400kHz bandwidth at w 0 = 6 7? x 10 7 Hz* 
thatjS i6loaded = 13.4 

Total shunt load from coil losses and device output loss is 7.2 kfl; that is, 
2 = 139 /imho for each case 

The tuning capacitor for each case is C A = (28 pF) - C 2 -> 
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Table 7.6-2 List of y-parameters and various derived quantities for three amplifiers (10.7 MHz 
values; all admittances in //mho; 2.5 mA in single or cascode stages; 1.25 mA in each half of 
differential pairs) 



Single unit 

Cascode t 

Differential pairt 

JYi 

950 + y700 

2000 + 73000 

600 + 78 OO 

C| t 

10.4 pF 

48 pF 

12.8 pF 


10.4 pF 

45 pF 

19 pF 

yn 

0 

cc 

1 

0 

1 

0.22 - 70.08 

3-73 

}'2\ 

75,000 -715,000 

68,000 - /12,000 

-20,000 + 7500 

Xl2 

60 + 7170 

10 + 7150 

10 + 7150 

G 22 

2.5 pF 

2.4 pF 

2.4 pF 

C'21 

2.5 pF 

4.8 pF 

4.8 pF 

X\i 

81 /_-9T 

0.24/1-21° 

2.8/1-45° 

V2I 

76,000 Z_- 11° 

69.000 — 10° 

20.000/1+ 178.5° 

12^21 

6.2 x 10" 6 /i,ho 2 

0.016 x 10“ 6 /imho 2 

0.056 x 10” 6 //mho 2 


Z_ + 72° 

Z_+ 149° 

Z_- 46.5° 

<7, 

29.5 pF 

29.6 pF 

29.6 pF 

C B 

101 

151 

151 


38,500 /_ + 72° 

100^149° 

348 46.5° 


10.1 

0.0125 

0.146 

7[C» -1 SyJPSi j 





f The y-parameters of the CA 3005 for the stated conditions are given in Figs 125 and [26, pp. 176 and 
177, of the booklet “RCA Linear Integrated Circuit Fundamentals,” Technical Series IC-40, RCA, 
Harrison, N.J (1966). 


The last entry in Table 7.6-2 is the alignability factor k for the case where G A = 
g x t . Note that when G A = g xl the single-ended case is unstable, while both the other 
stages have k < 0.146. The actual difference between the cascode and differential- 
pair circuits is not as great as the value of k would indicate, since circle 1 in the cascode 
case is almost completely in the left-half plane while in the differential-pair case it is 
almost entirely in the right-half plane. To be specific, when G A = g {l and both 
inputs are tuned to be resistive at co 0 , the net input conductance G ir1 is 3814 /imho 
in the cascode case and 1448 /imho in the differential-pair case, the difference being 
only 2.65/1. 

To aid in seeing the difference between the two cases as well as in understanding 
the method, it is desirable that the reader trace out curve 3 for both cases. From this 
curve one can get an idea of the input impedance symmetry for each circuit. 

It is sometimes useful to compare amplifying stages in terms of their power 
gains, since power does not have the indefiniteness that is sometimes associated 
with voltage or current gains. 

A straightforward analysis of Fig. 7.6-3 will show that the resonant power 
gain defined as the load power divided by the power supplied by the I\ generator is 
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Fig. 7.6-9 Possible neutralization circuitry when y l2 = —jcoC r . 


cn by Cq (7.6-10): 

Ay 


^load = _ 

^gcn (^,4 + &11 + &*)(g2 2 + 


(7.6-10) 


1 Ins equation presumes that the input and output are both tuned to resonance; 
is the resistive portion of the impedance reflected from the output through the 
, generator, and G B is assumed to be the desired load resistor. 

1 1 1 >i the purpose of comparing stages, we consider a special form of A P in 
in h g l{ 0 and both the input and output are "matched" resistively. For this case, 
becomes and Eq. (7.6-10) reduces to 


b ’ 2 


Now we compare A P 
aim me i; 


A f 

for the three stages and A 


(7.6-11) 

p for the last two cases, 


■ ! I 


G a , but allowing g R , G B , and g 21 to have their previous values. 
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(Since the single-ended transistor without neutralization will oscillate, a calculation 
for A,, is meaningless.) 



Single unit 

Cascode 

Differential pair 

•v,.„ 

41.1 dB 

44.5 dB 

3s. 5 <j B 

39.2 dB 

35.3 dB 


From these results we see that, while neither of these composite stages yields its 
"matched" power gain, two stages of either composite type would yield a theoretical 
gain more than 70 dB and a practical gain of at least 60 dB. 

" We might attempt to salvage the single-ended stage by neutralizing it. If we 
assume that we can neutralize the reactive portion ofy 12 to within 10 / 0 , then 

0>c[y l2 \ = -10. +8 > ^'"[>' 12 ] >~ 8 ’ 

from which, for the two extreme cases, we obtain the following values. 



, 3T 2 — —10 + $ 

33 

II 

1 

O 

1 

'OO 

V| 2 

312*21 

— y i j)': \!iG H + A' 22 ) 

12.8 L+ >41.5° 

0.98 x 10 6 /miluF/_"49.5° 

6070 49.5° 

12.8 141.5° 

0.98 x 10~ 6 /(mho 2 /__ + 27.5° 
6070^ + 27.5° 


If one constructs the type 1 circles indicated by the values above, one will see 

that the v,> = - 10 + j'8 case is the worst case but that, even here, adding 1100/imho 

of real input conductance (via gll and G.<> will yield absolute stability; henefc if 
„ = G = 950/imho, then the type 3 circles will lie completely within the right- 

half piSf£ The alienability values will not be less than 0.20. However, since the circles 
are not rotated soV from the real axis to begin with, the variation across the band 
may not be excessive. If this variation still seems too much, the next step would 
probably be to reduce the load seen at the output. This can be done without changing 
the bandwidth by using a step-up transformer between the transistor output and the 
LC circuit. For example, with an effective turns ratio of 1:2 we may increase G B 
to 634 /imho; this reduces the diameter of circle 1 to 1517/imho and makes k — 0.40. 
The result, with the small angle of rotation or circle 1, should be a usable stage. 

Note that this deliberate mismatching at the output has decreased the power 
gain while increasing the alignability. This trade is often a reasonable one to make. 
For this neutralized, heavily loaded stage, as specified for the y 12 = - 10 + j 8 /imho 
case the actual resonant power gain is 3100 or 34.9 dB; hence the single-ended case 
is still competitive with the cascode and differential-pair cases if gam alone is con¬ 
sidered Thus by partial neutralization and the use of sufficient input or output 
mismatching we can obtain reasonably alignable single-unit stages with power 
gains of the order of 30 dB per stage. 
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.7 Si AGES WITH DOUBLE-TUNED CIRCUITS 

igure 7.7-1 illustrates three possible types of coupling between small-signal double- 
iinccl circuits. Obviously a great many variations are possible with such circuits, 
o illustrate the basic concepts we shall restrict ourselves to the specific cases out- 
ncd below: 

) each half-circuit (uncoupled) identical and tuned to cu 0 ; 
i) only a single type of coupling in a given circuit; 

) overall bandwidths of 5 % or less of to 0 . 

or all such cases where Y x — Y 2 t, 

V 2 (P) _ YJp) 

h{p) Y,(p)[2Y m (p) + Y^Y 

V\(p) YJp) + Y m (p) (7 7-1) 

I tip) Yi(p)[2Y m {p) 4- ^(p)]' 

[ he transfer impedance for such cases always has two sets of complex poles. 
)nc set is at the zeros of Y x (p) and hence has a real part of — and a resonant 

cquency of 1 j^JL X C X . The quadratic for the other set of poles is the one resulting 
oin the [Y x (p) + 2y m (p)]-terrn; hence it will vary with the type of coupling. Table 
7 1 lists the results for the three cases under consideration. 


;il>k‘ 7.7-1 Comparison of three types of coupling* 



Inductive 

Mutual inductixe 

Capacitive 

.hiudruue 

2 , P ,1+2 k 

P . I 

n> — f ,f.„ 

, P 

1 P + R,C + LC 

' R,C, (1 -r k)LC 

f RjC.d + 2k) 

1 

+ ten + 2k J 


L, L m 

\l L, 

C.c« 

\ale f.icior 

C , 

1 

-4 

-t c 

m + 2k\c t 

Vros .i[ origin 

1 

i 1 

3 


Actually for mutual inductive coupling the convenient formulation puts the 
lenommator in a form in which both sets of poles are functions of k. The normal 
ippmximation for small values of k is to ignore the variations in Q caused by k ithat 
s. to neglect the horizontal motion of the pole in the capacitive case) and to consider 
lie \cmcal movement. For k « 1. 


I 


\ 


3 - it 



and 


1 - 


5 = 1 - k. 


1 1 \nyeio \lilccironic Circuits. McGraw-Hill, New \ork, 1964. second edition) illustrates the 

iniidiilorward extension to the case where Y 2 ip) = aYiipl 
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Fig. 7,7-1 (c.) Inductive coupling tb) Mutual inductive coupling, (c) Capacitive coupling 

The pole motion for the upper set of complex poles for the three cases is shown in 
Fie. 7.7-2. It is apparent that, except for the skewness caused by the variations of 
Q with k. all three cases may be used to obtain maximally flat or other two-pole 
network adjustments. Though the inductive case has the easiest algebra, the other 
two cases turn out to be much more practical Both of these cases are widely used. 
For maximal flatness in the capacitive case, co 0 C m R = 1; in the mutual inductive 

case, a) 0 MR = 1- . . , ,, 

The question that naturally arises is: How does the input impedance ot a double- 
tuned circuit affect the stability and alignabilitv calculations of the previous section? 
p rom Y\n "6 6 it is clear that the admittance reflected into the input side of the 
i -parameter* mode! is always -y^Z,. where Z : is the total impedance across 
the v :i generator. That is. 
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-wo - -- * 


A 0 

2L, * 


I 


2*,C, 


X.C, 


-wo “ 

r 




= tu 0 


(a) (b) (cl 

Mg. 7.7 2 (a) Inductive coupling, (b) Mutual inductive coupling, (c) Capacitive coupling. 


II we assume that y 22 is absorbed into the primary tuned circuit, then Z, is the 
input impedance for the double-tuned circuit. Equations (7.7-2) and (7.7-3) list 
/, lor the mutual inductive and capacitive coupling cases: 

Mutual inductive coupling 


Z,= 


P P- + 


+ 


7?,C, 1 - k 2 


cAp 2 + 


+ 


R l C i 1 + k 


P~ + 


m 2 


(7.7-2) 


C, 1 


( apacitii e coupling 


/. 


I + k 
l+2k 


P- + 


+ 


R 1 C 1 (1 + A: I 1 + k 


p 2 4- ^ 

p 2 + p i T 

/?[C, °/ 

K jCj( 1 -+2/0 1 -f- 2&J 


(7.7-3) 


1 hough these equations look rather fo rmida ble, both can be greatly simplified 
il «<- consider onh the region near cu 0 = 1 x L, Cj and if we maintain our assumption 
^ ^ case both equations have two poles that are approximately equallv 

'Paced about the zero II we consider the maximally flat transfer function case, then 
/ 11 the center Irequency [cj 0 in the mutual inductive case and a> 0 { 1 - k 2) in 

die capacitive coupling casej is R 2, while the approximated normalized values of 
die impedance in terms of 2 = 1 '27? jC, = to 0 ,2Q T are given by Table 7.7-2. The 
center-frequency transfer impedance for the same case is 7? ; 2(1 - k 2 ), which is 
approximately R 2 and thus approximately the same as Z,. 

I igure 7.7-3 plots the normalized data of Table 7.7-2 and compares them with 
1»11 Je 01 radius 1. That is. Fig. 7.7-3 compares the data of Table 7.7-2 with the input 
impecta nee to be expected from a single-tuned circuit having the same center frequency 

ind.i :oad R However, this is just the case of the single-tuned circuit. 

I .w ase of the same graphical approach to calculate the complete reflected 
'• tirw and the resultant alienability is a perfectly straightforward procedure. 


is appare 


if the single-tuned case with load R is stable, then, 
"t. iiCA mipcaance iies within the circle ol the single-tuned case. the douhle- 
,k '■ ; 1 ■'* J i 1 > ‘'*0 cj>e with a load of R per side will also be stable. 
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Table 7.7-2 Normalized input impedance for identically tuned 
coupled circuits (R t on each side) 


i5 m/*z 

JtAZjR) 

J,MZ,;R) 

\Z\R 

Angle 

0 

0,50 

0.00 

0.50 

0° 

+ 1 

0.60 

+ 0.20 

0.635 

- 18.5° 

±2 

0.259 

+ 0.40 

0.50 

+ 53° 

±4 

0,070 

+ 0.25 

0.26 

T74° 


Bm 



Fig. 7.7-3 Plot of the normalized Z,„ for a maximally flat double-tuned identical set of tuned 
circuits. 

7.8 GAIN CONTROL CIRCUITS 

Since the level of the signals present at the input of a receiver can v ary by more than 
10 6 T while the "linear" range of operation of most amplifiers is 10 3 1 or less and the 
practically useful range of many demodulation circuits is only about 10 1. it is im¬ 
perative that most receivers have a built-in automatic gain control circuit. 

Such a circuit should sense the long-term average (long-term with respect to 
the lowest modulation frequency) value of the signal and adjust the amplifier gain in 
such a manner that all stages operate within their optimum signal level ranges. 
Ideally, as the input signal level increases, the gain should remain at us maximum 
value until the optimum demodulator input level is reached, and then for farther in¬ 
creases in the input the gain >houid decrease m wicn a iasbuir, tr.at :ne .'tuput carrier 
ie\el remains constant 

Figure 7.8-1 illustrates the ideai situation for the ca^e ^nere tne optimum 
demodulator voltage input is 1 V ana the maximum amplifier -am r* 0 B. Practical 
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Input, pV Input, pV 

, (a) (b) 

Fig. 7.8-1 (a) Ideal gain vs. input signal for AGC amplifier (b) Ideal r o (0 vs. r,(/) for AGC 
amplifier. 

amplifiers usually depart from the ideal situation both at low input levels, where the 
gain begins to decrease sooner than it should, and at high levels, where some amplifiers 
become seriously overloaded. 

Another practical problem with most gain control schemes is that they modify 
the active device's input and output impedance and hence cause detuning and, or 
bandwidth changes. In addition, many of the schemes modify the circuit's noise and 
distortion properties in what may turn out to be an unsatisfactory manner. Thus 
the best gain control circuit is usually a compromise among a number of conflicting 
requirements. 

Before we can intelligently discuss overall systems, we need to outline the possible 
gain control mechanisms. As we shall see. there may be several possible means of 
varying the gain of a given device. These may vary with the frequency of operation. 
In some cases several identical-looking circuits may in fact operate in somewhat 
different manners, since they operate at widely different center frequencies. 

The most straightforward method of gain control is to vary g m in the device 
model shown in Fig. 7.8-2. Such a simplified model can represent a vacuum tube, a 
junction FET, a MOS FET. or a bipolar transistor in the frequency range where 
both the base spreading resistor r BB and the base recombination resistor r B C or r. may 
be neglected as we hav e been doing in pre\ ious sections. 

Vacuum tube pentodes exist in which g m \ane$ smoothly ibut not linear!}) from, 
sav. eOOO /^mho at zero grid-to-cathode \oltage to zero micromhos at a l GA: value of 
-30 V. In other tubes the same g m range may be covered in only a 5 V swing of the 
bias voltage. 

The wide-range or “remote-cutoff' device is made by effectively paralleling (in 
the same envelope) several tube structures. One structure has a high g m at zero voltage 
but cuts off at a reianvelv low grid-to-cathode voltage, while another has a low r 
at zero voltage and decreases only slowly with increasing bias. The advantage 
of such a control characterise is that, at large biases and low ^‘s and hence 1ow t 
gams, the % is neanv ccnsizm over a wide voltaze ranee; Fence the device will be 
ane to handle iaree >;cnai$ without distortion. 

Figure ~ ' 3 it! titrates : c* vs. \ tjk lor a penlooe vacuum tube, as well as the 
gam lor a twoutage tandem , ■ >uch pentodes m wroch R, — ■ 0 k 12 is assumed for 
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each stage. The amplifier illustrated does have a range of controlled gain of more 
than 10*71. Whether this w'hole range is usable is a question we must now examine. 

E ven if g m is set to zero in the models of Fig. 7.8-2. the remaining voltage “gain" 
of a single stage has a magnitude of 1 -r [(g 0 + G L )'coC 2 ] 2 where G L is the load 
conductance. For large values of to this term approaches unity. If C 2 = 1 pF. 
to - 60 x 10*\ and g 0 + G L = lOO^mhos. then the resultant “gain" is 0.51 rather 
than zero. If two stages are cascaded, then the overall gain depends not onlv on how 
the of each stage is controlled, but also on the composite model. The overall result 
is that the capacitive feedthrough term prevents one from reaching the lower portions 
of the characteristic of Fig. 7.8-3 at high frequencies. This capacitive effect is reduced 
in the same wav that it was reduced in Section 7.6. that is. bv neutralization. 

In almost all AGC circuits, proper neutralization will extend the lower-gain 
end of the curve by the order of 20 dB. The limit to such extensions is the accuracv 
of the neutralization of a particular stage. In addition to the normal tolerance prob¬ 
lems. the AGC action is likely to vary the internal feedback parameters, and at low 
gains the large input signals present may effective!} var} the 'Small-signal" model 
parameters. 

In both junction and MOS FET’s. g m is proportional io x I !y : hence one cun 
obtain ^\\ N I D (or v s. F ;5 ** C, curves for MOS ir ami m far < or vs 1 , l 
cunes for junction FET’sl In either case i; is possible for the manufacturer |o hu: a 
"remote-cutoff" devices or for the user to para; lei scv era! tin us to obtain tins u’;cc< 
In theory, one can obtain results similar to those torvacauin tunes although prob i 
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Grid-cathode dc voltage. V 

!*■«. 7.& 3 and two-stage gain vs. V (iK (vacuum-tube gain-controlled amplifier). 

nli a somewhat reduced gate-source range. Again neutralization will be necessarv 
» reach the lower gain levels. 

I nr bipolar transistors operated in the frequency range where Fig. 7.8-2 is a valid 
'presentation » 1) arui with a low enough bias current that the emitter- 

ase transition region capacitance dominates C x |C, = C* = C^ c ),g m is proportional 
» /, and thus there is a linear relationship between gain and emitter current. For 

:anv h:ch-!requency transistors with small effective diffusion capacitances, bia^ 
u o :u > iviow 1 mA lead to the desired operation.+ 

' * ' !:! ' : '^ r trarrcnt.'s C, becomes a i; near] c increasing function of I F : hence the current cam 
& 1 ^ : he d e«e: c a *|ne input i m pedance tends to com pen sa t e fo p the i ncre. i 

hi addition, the varuticn of C, vvnh i F mav cause serious detuning problems. 
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A number of other types of gain control circuits are possible and are in use. 

All transistors have alphas and betas that are to some extent functions of the dc 
bias current Normally the transistor designer tries to minimize these changes; 
however, in an AGC situation he may try to utilize them. 

One approach is represented by the “tetrode” transistors, in which a second 
base connection is added to the device. The second base current now controls the 
alpha or beta of the “normal” transistor. Beta variations of 20/1 or more should be 
possible for a 10/1 variation of control current. 

A second approach uses the fact that the gain of certain bipolar transistors falls 
off. not only as I E increases, but also as V CB decreases, particularly when the absolute 
value of V CB is small. In such transistors (a 2N2415 at 70 MHz. for example), by 
varying V CB from 1.2 V to 2.5 V (this is equivalent to a 1.3 mA change across a 1 kfi 
resistor) one can change the gain by a factor of 100 (40 dB). For larger values of 
V CB the gain will be reasonably independent of V CB (or V CE ). A circuit using this 
phenomenon for gain control purposes is known as a ‘ forward-acting AGC circuit. 

Since variation of V CB , especially for small values of V CB , causes a large variation 
in C BC , it will be difficult to achieve neutralization with "forward-acting" AGC of 
the variable-voltage type. 

All bipolar gain control circuits in which I E is varied actually operate by means 
of a combination of the mechanisms outlined previously plus mismatching effects at 
both the input and output of the device. Figure 7.6-4 clearly indicates such input 
and output admittance variations at 10.7 MHz and 100 MHz. At lower frequencies 
the variations in output impedance may become less important: however, the 
variation of input impedance with J E continues down to dc. 

In the usual tuned amplifier, one does not want to depend on mismatching for 
sain control, since mismatching also causes detuning and selectivity changes: hence 
one deliberately taps the input and output transformers down to the point where 
the circuit not only is stable and alignable but is also relatively immune to shifts in 
tuning caused by AGC action. 

The gains of cascode connections are varied as a common emitter stage, while 
the e, of the differential-pair configuration is controlled by varying I k . 

Another approach to the AGC or A VC problem is to use a separate attenuator 
section or to shunt one of the tuned circuits by a variable attenuator. Possibilities 
include an FET or light-controlled resistor as illustrated in Figs. 6.9-3 and 6.9 —\ 
or a diode attenuator as illustrated in Figs. 5.5-7, 5.5-9, or 7.4-3. 

In any case, one must derive a feedback voltage (or current) to drive the AGC 
circuit from the signal itself. This is normally done by means of one of the detector 
circuits of Chapter 10. One should note that the desired relationship between the 
AGC voltage * or current i and an increase in the signal amplitude depends on the type 
of AGG enslaved- It >nouid ai>o be apparent that the desirable mature of a “dclav 
:n the Kart i f tiiii reduction until a desired minimum auirui obtained mav pe 
incorporated either m the detector circuit or in the gain conin'! circuit. For example, 
bipolar its that depend on a reduction of 1 < B do n.oj r^ ’Oace large cnange^ in 
cain until C &lls below about 2.5 to 3 V. Hence il 1 (f o l * . if there is a 1 r 
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h opping resistor, if F w = 0, and if I EQ = 3 mA, then the first 1 mA change in I E 
will noi cause much change in gain, while the second 1 mA change in I E will cause a 
large change in the gain. 

li should also be apparent that, since the AGC system is a feedback system, the 
loop filtering must be properly designed or oscillations might occur. In particular, 
excessive low-frequency filtering must not be added to remove the modulation 
signal from the control signal path. 

7 «> NOISE, DISTORTION, AND CROSS MODULATION 

Noise and cross modulation are problems only in the early stages of a receiver; 
il these problems are not solved there, no later stage can correct them. Nonlinear 
ilistorlion may occur in any stage, but once adequate filtering has removed any 
interfering carriers, this type of distortion is most likely in the last stage of the 
amplifier where the signal level is a maximum. 

1 he techniques of Chapter 4 indicate, for various devices, what signal levels are 
possible without such nonlinear distortion and what form it will take when it occurs. 
We shall not discuss it further here. 

Noise has several prime sources. One is the antenna; noise arriving from this 
source must be removed by adequate filtering. If all the earlier stages operate 
linearly and if noise terms at all the potential interfering frequencies are adequately 
removed, then the IF selectivity will remove the out-of-band portions of such noise, 
I he second component of noise is in-band noise generated in the receiver itself. 
Such noise is produced in the FET, the bipolar transistor, or the vacuum tube. 
While every device has its own peculiarities, the noise normally has both an input 
circuit and an output circuit component and it normally increases with the bias 
current. In general, antenna noise dominates below about 30 MHz and front-end 
receiver noise dominates at higher frequencies. 

One way to compare amplifiers with respect to their noisiness is by the noise 
figure, F: 


Signal/Noise Ratio at Input 
Signal/Noise Ratio at Output' 


For an ideal noiseless amplifier, F is unity or zero dB, since the amplifier adds no 
noise of its own. Practical amplifiers always have F > 1. (Obviously both input and 
output signal/noise ratios need to be measured in the same bandwidth; otherwise, 
values of F apparently less than one can be obtained.) 

In addition to the noise produced in the desired band itself, both antenna and 
receiver noise outside the band may get translated into the band by direct modulation 
of an amplifier, by cross modulation in an amplifier, or by being at the appropriate 
mixer interference point. Modulation by low-frequency noise (which is often an 
order of magnitude larger than in-band noise) is avoided by providing adequate low- 
frequency bypassing and by operating the initial amplifier in a linear manner. 
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Since the amplifier noise figure is related to the amplifier’s power gain, it will be 
a function of the source impedance seen by the device. Normally there is a level of 
source impedance that is optimum from the viewpoint of the noise figure. Fortu¬ 
nately, this minimum in F as the source impedance is varied is fairly broad; hence 
2/1 noise mismatching should cause less than a 1 dB increase in F. For a junction or 
MOS transistor the optimum source impedance is of the order of 2 kQ, for a bipolar 
transistor 200 Q is apt to be much more reasonable. 

Since the erratic division of current between the grids makes multigrid tubes 
much noisier (perhaps five times noisier), one uses triode vacuum tubes as RF 
amplifiers in frequency regions where receiver noise is important. Of course, a 
“good” pentode may still be better than a noisy triode, so discrimination must 
still be exercised here. 

A good RF pentode at 60 MHz might have an optimum source impedance of 
3 kQ and a noise figure of 4 dB, while the same tube connected as a triode might have 
an optimum source impedance of 1.4 kQ and a noise figure of 2 dB. 

Cross modulation can occur whenever the series expansion for the output current 
as a function of the input voltage contains a cubic term. For example, if the output 
current of an amplifier has the form 

L(0 = /„c + gmf(0 + a 2 t' 2 (r) + a 3 v 3 (t), (7.9-2) 

where r(f) is assumed to have the form 

v(t) = \\ coscojf + K 2 [l + tn 2 f(t)] cos co 2 t (7.9-3) 

[|/(0I < 1 and ^e highest radian frequencies in /(f) are much less than co L or co 2 ], 
then there will be output terms with center frequency co x as shown in Eq. (7.9-4): 

0,0 = \gm v i + + m 2 f(t)] 2 a 3 \cos coj. (7.9-4) 

Thus even if the original signal at co l is unmodulated, an interfering signal at oj 2 may 
transfer its modulation to the desired signal frequency. 

If /(f) = cos/< 2 f, then the transferred modulation will have sideband com¬ 
ponents at both 11 2 and 2 f.t 2 . If m 2 is small enough, say 0.10, one might ignore the 
second, harmonic term and ask for the size of V 2 that would cause 1 % sinusoidal 
modulation on the desired carrier. From Eq. (7.9-4) this value would be 

V\l m 2 — = 0.01, (7.9-5) 

Sm 

which is independent of V L and of co 2 . Thus, unless u 3 can be made very small with 
respect to g m , adequate selectivity must be provided to keep V 2 at the device input 
below the desired level. For example, if |a 3 /gj = landm 2 = 0.10,then K 2 < 180mV. 

An ideal FET amplifier, with no series resistance, has a 3 = 0 and hence no cross 
modulation problems. Ideal differential pairs also have u 3 — 0 and again should 
not cause cross modulation. Practical FET’s and differential pairs will have non¬ 
zero but small values for a 3 ; hence they should have only very small cross-modulation 
effects. 
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I he cross-modulation term for the bipolar transistor can be calculated from 
I (7 2 7) if we assign co s to the desired signal and co 0 to the interfering signal; then 

UO = 21 ES e qVac ' kT I 0 (x)I ,(_v) cos oj t t, (7.9-6) 

il-ic v = l \ ii k T is the normalized version of the desired signal and 

_ gv 2 [i +m 

kT 


lhe normalized version of the undesired signal. For small values of x and y we 
ii expand / 0 (.v) as / 0 (.v) as 1 + (.v 2 /4) and / t (y) as 1 x (y) ss y/2 so that i M Jt) becomes 


f>J [ ) — 1ES e ‘ 


<\V d< 


kT 


1 + 


(f)^} 


COS 0) s t. 


(7.9-7) 


II /(/) = »i 2 cos^ 2 f, then for small values of m 2 the value of V 2 that will cause 
,, cross modulation of the desired carrier is approximately 


kT 2 


(7.9-8) 


ii hi 2 = 0.10. V 2 must be less than 8.6 mV. 

In addition to cross modulation, the cubic term also causes distortion of the 
‘dulation oiiginally on the desired carrier. For example, if 

i'i(0 = ViV + g(r)] cos co x u 


•ii (he cubic term causes a current component at co { of 

l^ill + 3g(f)+ 3[g(f)] 2 + [g(r)] 3 } cosoj,r. 


(7.9-9) 


n iously such a term will cause distortion in a single sine-wave modulation and 
ci modulation in any multifrequency modulation. 

As a practical matter, 1 % cross modulation is barely visible in a television picture 
1 easily tolerable in voice communication. With 5 % cross modulation a television 
Hue is badly distorted, although voice communication is still possible without 
due difficulty. 


OKI FIVES 

I Assume a mixer of the type shown in Fig. 7.2—1(a) with a silicon FET having I DDS = 4 mA, 
f,, = —4 V, and an ac bypassed source resistor of 2 kQ. The oscillator peak voltage is 
I X V. Evaluate the conversion and amplifier transconductance from the gate-ground 
iciminals to the drain current. For an input sinusoidal signal of 1 mV peak amplitude, 
determine the drain current components at the input signal frequency, at the oscillator 
frequency, and at the difference frequency 

1 In the mixer of Problem 7.1, what is the limit on the size of an interfering signal input before 
nonlinearities result in the transfer of amplitude modulation from this signal to the difference 
Irequencies? Explain. 
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7.3 Consider a bipolar mixer of the type shown in Fig. 7.2-3. Assuming that the dc component 
of the emitter current is 1 mA and that the oscillator drive voltage (across the emitter side 
of the driving transformer) is 100 mV peak, determine G c and G m . Assuming that the input 
signal has a peak amplitude of 2 mV, evaluate the collector current component at the signal, 
the oscillator, and the difference frequencies. 

7.4 Estimate the effect on the results for the mixer of Problem 7.3 of adding an unbypassed 
20 Q resistor in series with the transistor’s emitter while leaving all other quantities 
unchanged. 



[ Resonant at 
1 3 x 10* rad/sec 


v(f) -- 4Vcos 9 x 10 6 f 


Figure 7.P-1 


7.5 Estimate the conversion transconductance of the mixer shown in Fig. 7.P-1. Use the same 
transistor parameters as in Problem 7.1. The oscillator peak voltage is 4 V. 

7.6 Consider the differential-pair mixer shown in Fig. 7.4-4. How large can V] be without 
introducing more than 7% second-harmonic distortion in I k (assuming a pure sine-wave 
drive from the V\ cos co 0 t generator)? Why is it desirable to keep the second-harmonic 
component in ! k small? Why is it desirable that the voltage-current characteristic of the 
differential pair be symmetrical? 

7.7 For the mixer circuits shown in Fig. 7.P-2, show that the equivalent linear loading the 
transistor places across the input-tuned circuit is given by 

In / 0 (x) 


G rf — 


Sin 


1 +P 


1 + 


qVJkT 


where V ; = V ¥v — F 0 , x = q\\!kT and g in = qJ EQ lkT. 

7.8 For the mixer circuit shown in Fig. 7.P-3, determine an expression for v 0 (t) for the case 
where g(r) = (1 mV)[l + ni/(r)], v) s = 9 x 10 7 rad/sec, and the output-tuned circuit has 
sufficient bandwidth to pass the modulation. (Assume Q } , Q 2 , and g 3 to be identical and that 
a * 1.) 
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' I 01 the converter shown in Fig. 7.P-4, determine an expression for r 0 (r). Justify all 
assumptions. co s = 9 x 10 7 . 

i I i>i the “front end" shown in Fig. 7.P-5, determine an expression for v a (t). Justify all 
assumptions and do not neglect the loading of L 2 by Q x (cf. Problem 7.7). Assume that 
/,„('* passes the modulation. At the frequencies of operation, transistor reactances are 
negligible. 

A nonlinear device has an input voltage-output current transfer characteristic given by 

l"o = U 0 + a l V l + a 2 V 1 + Wi¬ 
lt I L rjr) cos coj + V x cos co 0 t, where \v s (t)\ « show that the voltage-controlled 
1 1 a use onducta nee of such a device for v s cos coj is given by 

g m ( K, cos oj 0 t) = a x + 2u 2 V x cos co 0 t 4- 4n 4 ( V x cos cu 0 t) 3 . 

Also show that the conversion transconductance between co s and a> 0 — co s is given by 

G = a 2 V t + 3/2 a A V\. 
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Figure 7.P-3 

7.12 It is possible to choose an IF frequency at either cu 0 + co s or |cu 0 — co s \. Explain in terms 
of the local oscillator tuning complexity why |a> 0 - co s \ is almost always chosen for the 
intermediate frequency. 

7.13 Show that for the AVC circuit of Fig. 7.P-6 the envelope detector output is given by 

1 A 0 V l 


Also show that the envelope detector output approaches 

Ko[l +m/(f)] 

for A 0 V X » | F C( J, In this case the output level of the envelope detector is insensitive to 
input variations. 

7.14 With the assumption that the modulation is not fed around the AVC loop of Problem 
7.13, show that the poles of the closed-loop system are given by the roots of 

K:o — l(p)Hl(p) = 0, 
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where H, FL (p) is the low-pass equivalent transfer function or the IF filter and H L (p) is the 
transfer function of the low-pass filter. Using a three-pole IF filter, show by means of a roo 
locus plot how oscillations are possible as A 0 V t /V„ is increased to provide an output level 
which is insensitive to input-level variations. Show also how increasing thei R< time 
constant of H L (p) reduces the possibility of oscillations at the expense of a sluggish 

A VC loop. 

A simplified version of a 10.7 MHz IF amplifier is shown in Fig. 7.P-7. The transistor is a 
i N 9I8 biased at 2 mA with V CE = 10 V. At the collector, the admittance seen by the tran¬ 
sistor consists of a parallel combination of 8 kO, 3 rH, and C.. where C is to tat adjusted, 
in conjunction with C 22 of the transistor, so as to produce resonance at 67 x 10 rad/sec. 


20 V 



Figure 7.P-4 
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Choose values of input conductance and susceptance (to be presented at the base tap) 
that the overall base admittance will be real at w = 67 x 10 rad/sec and so a 
alignability factor at this point will be 0.15. Do the numerical values that result seem 

realistic? Explain. 

7 16 Redistribute the loss between the input and output circuits of Problem 7.15 so that t e 
bandwidth* are roughly equal and neither Q is larger than 30, while at the same lime keeping 
k < o 15. Sketch the shape of the bandpass (to the ±3dB points) that would be seen at 
the base circuit under this new arrangement. I Assume a current source for the signal supply 
at the base terminals.) 

7 17 Reexamine Problem 7.16 assuming that a 0.9 pF -neutralizing" capacitor is properly 
connected (via a unity voltage gain arrangement) across the transistor. 

7 18 For the circuit of Problem 7.17, find the effect on the base circuit passband of varying the 
dc emitter current to 1 mA and then to 3 mA, while leaving all circuit components at the 
values found for the 2 mA case. 
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Figure 7.P-6 



Figure 7.P-7 


APPENDIX TO CHAPTER 7 


COMPARISONS OF y-PARAMETERS FOR BIPOLAR 
TRANSISTORS: SINGLE-ENDED, DIFFERENTIAL-PAIR, 

AND CASCODE 

If one assumes that identical transistors are used in all three configurations, if one 
neglects various parasitic reactances and resistances, and if one assumes simplified 
models for the transistors, then one can calculate the y-parameters for each case in 
a relatively straightforward fashion. The purpose of this appendix is not to do this 
algebra, but merely to point out the approximate comparative values to be expected 
from the three cases. Since the y-parameters are a function of frequency and since 
we are only trying to give order-of-magnitude results, one must not attempt to apply 
these results to precise comparisons between circuits. 

If we assume equal.power-supply currents for all three configurations, then the 
differential-pair transistors each have only half the dc current of all other tran¬ 
sistors, hence their values for r E will be doubled and their values for g m will be halved 
In addition, though their values lor alpha or beta may be changed, we shall ignore 
such changes. 

With these assumptions and the realization that from the small-signal viewpoint 
the differential pair consists of an emitter follower driving a common base stage, 
while the cascode connection consists of a common emitter stage driving a common 
base stage, we can make the comparisons shown in Table 7.A-1. 


Table 7.A-J 



Differential pair compared to 
common emitter stage with 
twice the dc bias current of 
each transistor of the differ¬ 
ential pair 

Cascode connection compared 
to common emitter stage with 
the same dc bias current 

y 11 

1/4 

i 

y 1 2 

1/30 to 1/200 

1/200 to 1 2000 

y 2 1 

1/4 

1 

l' 22 + 

1 to 1/3 

1 to 1/3 


t For ojC B h: r B8 « 1, y 22 ^ pC„. r (l + £, F[ r flB y while for the two configurations with common 
base output stages it is approximately pC B . c . (Ideally the cascode case should have an even 
smaller y 22 ; in practice, parasitic terms tend to keep it from being much smaller.) 


Inspection of the results in Table 7.6-2 will indicate that the results shown in 
Table 7.A-1 are generally similar to those reported earlier. The y n results for the 
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ferential pair and the cascode connection show the expected 4/1 differential; 
wever y v t for the single-ended stage (not the same transistor in this case) is con- 
era bly smaller than the cascode value. This implies that the 2N9I8 used for the 
gle-ended example is a “belter" high-frequency transistor than those used in the 
^ 3005 in that it has a smaller total input capacitance (by a factor of about four) 
d a higher beta (by a factor of about three). These conclusions follow from the fact 
it, over the range of frequencies being considered, the common emitter stage has 
input admittance 

3’m ~ Sb c T p{Cb c T Cb e) 3 11 ~ En "b P(Cb c "h 

pending on one’s choice of notation. 


CHAPTER 8 


AMPLITUDE MODULATION 


8.1 AMPLITUDE MODULATION SIGNALS 

If the amplitude, frequency, or phase of a high-frequency sinusoid is forced to vary 
in proportion to a desired low-frequency signal /(f), a modulated signal is generated 
whose frequency spectrum is concentrated in the vicinity of the frequency of the un¬ 
modulated high-frequency sinusoid. The modulated signal, unlike the modulation 
/(;), may be frequency-division multiplexed with other similarly modulated signals at 
different center frequencies (cf. Chapters 3 and 7); it can also be transmitted efficiently 
by antennas not nearly so large as those which would be required to transmit /(f) 
directly. Specifically, if/(f) were a single tone at a frequency of 1 kHz, a I wavelength 
antenna to transmit /(f) into the atmosphere would be 75 km long, whereas if /(f) 
modulated a 100 MHz sinusoid the corresponding antenna length would be only 
|m. 

In this chapter we consider circuits that can amplitude-modulate a sinusoidal 
carrier; in Chapter 11 we shall focus our attention on circuits which modulate the 
frequency and phase of a similar carrier. Then in Chapters 10 and 12 respectively, 
we examine the techniques by which amplitude- and frequency-modulated carriers 
are processed to recover /(f) at the receiver. 

A typical amplitude-modulated carrier has the form 

r(f) = A[ 1 + cos (co 0 t + 0 O ) = g(t)cos(co 0 t + Q 0 ), (8.1-1) 

where A is the carrier amplitude, m is the modulation index, /(f) is a signal which is 
proportional to the modulation information and which has the properties 

l/(r)Lax = 1 and /(f) = 0, (8.1-2) 


oj 0 is the carrier frequency, 6 0 is the carrier phase angle (which is usually chosen as 
zero without loss of generality), and g(f) = A[ 1 + nif(t)] is the envelope function of 
the AM wave. For the case where g(f) > 0 for all time, or equivalently m < 1 (which 
we refer to as normal AM), g(f) forms the upper envelope of r(f) while — g(f) forms the 
lower envelope of r(f), as illustrated in Fig. 8.1-1. For normal AM the modulation 
index can be obtained directly from the waveform of t?(f) by means of the relationship 


m = 


C — B 

cTb’ 


( 8 - 1 - 3 ) 


where C is the maximum peak-to-peak value of r(r) and B is the minimum peak-to- 
peak value of v(t). On the other hand, if g(f) does not remain positive for all time, 

347 | 













AMI’I 11 I IDl MODULATION 


8.1 




.III y pica I AM signals for which (a) g(r) > 0 for all time and (b) g(t) does not remain 
i ih .iii zero for all time. 

uni |g(/)| form the upper and lower envelopes of r(f) respectively, as illustrated 
■ Nil. For this case in can no longer be obtained from Eq. (8.1-3). As we shall 
( hapter 10, only normal AM can be demodulated by simple envelope demodu- 
, (, u detectors). In all other cases synchronous detection, which is much more 
,heated to implement, must be employed. Consequently almost all commercial 
a.ii ions transmit normal AM to keep the receiver as simple as possible, 
o, del ived in Chapter 3, the Fourier transform F(co) of v(t) has the form 

J 

Hco) = i[G(m + co 0 ) + G ( Ct} - w o)]> (8.1-4) 

, A[2nS{co) + mF(to)] is the Fourier transform of g(r) and F(w) is the 

in ii.msform of/'(f)- A sketch of | FM1 vs. to is again presented in Fig.8.l-2for 
t-,c wliei e / (to) and in turn G'(ro) are band-limited to oj„, < vj 0 . As illustrated in 
ipure. the portion oT the spectrum lying above to 0 is referred to as the upper 
..md of F(m). whereas the portion of the spectrum lying bJow (and above 
0) is referred to as the lower sideband of V(co). 
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Fig. 8.1-2 Frequency spectrum of r(f). 


If a normal AM signal v(t) is placed across a 1 Q resistor, the power delivered to 
the resistor is given byt 

Pm = A 2 cos 2 o) 0 r[l + 2mf(t) + m 2 J' 2 (t)] 

= A 2 cos 2 co 0 f[l 4- m 2 f 2 (t)] 




f-{ 0 


= P C + P„- _ ( 8 - 1 - 5 ) 

where P c = A 2 /2 is the carrier power, P m = (A 2 nr/2)j 2 (t) is the modulation power, 
and / 2 denotes the time average of J 2 or equivalently the mean square value of f{t). 
Since \ f(t)\ < 1, then f 2 (t) < 1; hence the carrier power is greater than or equal to 
the modulation power (or the sideband power) e ven w ith m = 1 (100% modulation). 
For example, if f(t) = cos co m t and m = 1, then j 2 (t) = t and P c = 2 P m . If/(f) = 
cos oj m t and m = % the modulation power has decreased to one-eighth of the carrier 
power. For efficient transmission of normal AM, it is clear that we want the modu¬ 
lation index to be as close to unity as possible. 

Because of the large amount of carrier power, which carries no information, 
that must be transmitted in a normal AM signal, the carrier is sometimes removed 
(or not generated in the first place) before transmitting the AM signal. The result is a 
suppressed carrier AM signal of the form 

r(f) = Am f(t) cos co 0 t 

= g(t) cos w 0 (t), (8.1-6) 

where g(t) = A'f(t) and gjTT 0. In the time domain a suppressed carrier signal has 
the form shown in Fig. 8.1—1(b), whereas in the frequency domain the spectrum is 

j- In evaluating P in we use the relationships A 4- B = A + B and AB = AB. The second 
relationship is valid only if A and B are independent as/(f) and cos co 0 t are. 
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SO 


lenticDI with that shown in Fig. 8.1-2 except that the impulses at ±co 0 are absent, 
he price that must be paid for the reduced power at the transmitter is increased 
cccivci complexity. 

Still | further saving in transmitted power, as well as a reduction in the frequency 
peclrum, can be achieved by removing the upper or lower sideband of a suppressed 
an ior AM signal to form a single-sideband AM signal. A filtering technique, to form 
i single-sideband signal, illustrated in Fig. 8.1-3, is justified by the fact that all the-< 
nl'ormation necessary to reconstruct g{t) is completely contained in the positive (or 
legalive) portion of G(cu). If g(t) is real (which it always is), then G(co) = G*( — co). 
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Fig. 8.1-3 Generation of upper and lower 
single-sideband signals. 
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Therefore, the positive and negative portions of G(cu) contain identical information; 
i.e., the negative spectrum can be completely constructed if the positive spectrum is 
known. 

To evaluate an expression for the single-sideband signal v SSB in the time domain, 
we obtain the inverse Fourier transform of f SSB M which for upper-sideband SSB is 
given by 


Kssb(^) “ 


G(CJ t X l + 9X -|col > OJ 0 . 


M < «0- 


(8.1-7) 


Assuming that g(t) is band-limited to a> m < m 0 , we obtain 

G(co - to 0 ) 


1 'ssb (0 


1 r-‘”>G(aj + (0 0 ) ..... . 1 ^ 


k[ 


-e J0)t dco + — 
2 2n 


e ja)l dco 


jo 0 t 

r±r 

+ e jcJot 

1 

r G ^e>-, J 


__27r J_ ^ 2 


_2n , 

1 

en 

© 


cos co 0 t t 


sJ. 


G(co)e J, ”‘ dco 

— [ C(co)(— j san da> 

2k J_ ot 


g(0 

= -y COS (Oq[ 


g(t ) • 

— sin co 0 t, 
1 0 


( 8 . 1 - 8 ) 


where g(t) = l [G(w)(— j sgn m)] is referred to as the Hilbert transform of g(f) 

and sgn co is given by 


sgn co — < 


K 

0, 

-1, 


co > 0, 
co — 0, 
co < 0. 


(8.1-9) 


In a similar fashion, lower-sideband SSB can be shown to have the form 

'WO = ^ycos« 0 f + ^ sin co 0 t. (8.1-10) 

Note that g(t) is obtained by placing g(t) through a linear filter having the transfer 
function H m {jto) = —j sgn co. The filter H U j(jco), which is referred to as a Hilbert 
transformer, has the magnitude and phase characteristic shown in Fig. 8.1-4. 
Clearly by shifting all the positive frequency components of g(t) by -n/2 we obtain 

g(0- 

In addition to characterizing SSB in the time domain, Eqs. (8.1-8) and (8.1-10) 
suggest an alternative method of generating SSB which is shown in block diagram 
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Fig. 8.1-4 Plot of magnitude and phase of the Hilbert transformer. 




>rm in Fig. 8.1-5. Here g(t) is suppressed-carrier-modulated (or multiplied) by 
os f t) 0 t while g(f) is suppressed-carrier-modulated by —sin co 0 t. The resultant sum 
u difference) yields Eq. (8.1-8) or Eq. (8.1-10). 

Although the block diagram of Fig. 8.1-5 appears to be a very reasonable method 
f generating SSB, it encounters the severe practical problem that the Hilbert trans- 
urner is a nonrealizable filter (its impulse response h HT (t) = \jnt is noncausal). 
Consequently its response may at best be approximated only over a reasonably 
.mow band of frequencies. In addition, such approximations usually produce a 
base of the form 

arg H HT (jco) % + 0(qj), 

liich must be compensated for by placing g{t) through a filter with constant magni- 
L ide and with a phase of 9(co) before multiplying it by cos co 0 t. In general, no really 
iiisfactory SSB modulators of the form shown in Fig. 8.1-5 have been produced. 
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Fig. 8.1-5 Alternative method of generating a single sideband. 
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Even direct sideband filtering of suppressed carrier AM to produce SSB has its 
practical limitations. It is a difficult matter to design a sideband filter which cuts 
off sufficiently rapidly to attenuate one sideband while not distorting the other 
sideband either in magnitude or in phase. For SSB voice modulation, mechanical, 
crystal, or ceramic bandpass filters are usually employed to remove the undesired 
sideband (See Fig. 7.6-1 for an example). Even though these filters have considerable 
ripple in magnitude as well as significant nonlinearity in phase in the passband, their 
effect on the intelligibility of average speech is negligible. For other forms of modula¬ 
tion the sideband filter usually has to be hand-tailored to the modulation to minimize 
distortion. In all cases, however, the sharp cutoff required of the bandpass sideband 
filter is possible only if the filter center frequency is not too high (the required Q of 
the tuned circuits in the filter to maintain a fixed BW is directly proportional to cu 0 ). 
Consequently, in almost all SSB transmitters, the information is suppressed-carrier- 
modulated at a reasonably low carrier frequency (50 kHz to 500 kHz for voice modu¬ 
lation) where sideband filtering is accomplished, and then the resultant SSB signal 
is heterodyned to the desired carrier frequency a j 0 . 

In addition to the complications that SSB creates at the transmitter, its demodu¬ 
lation is possible only by synchronous detection, w r hich requires a reference oscillator 
at the radian frequency cd 0 . Since it is impossible to derive this frequency from the 
SSB signal itself, a small pilot carrier is usually transmitted along with the SSB 
signal to provide the reference at the receiver. The demodulation of SSB will be pur¬ 
sued in more detail in Chapter 10. 

In the subsequent sections of this chapter w r e shall consider the theoretical 
methods by which amplitude modulation (or multiplication of two signals) may be 
accomplished. We shall then examine some practical circuits which implement the 
theoretical methods. 

8.2 AMPLITUDE MODULATION TECHNIQUES 

In this section we investigate the theoretical methods by which we can multiply or 
modulate cos co 0 t by g(t) to obtain the AM signal 

r(0 = g(t) cos oj 0 t 

= A[ 1 + inf(t)] cos co 0 t. (8.2-1) 

In general, there are four basic methods by which amplitude modulation can be 
accomplished: 

a) analog multiplication, 

b) chopper modulation, 

c) nonlinear device modulation, and 

d) direct tuned-circuit modulation. 

As we shall see, all these methods can be employed to generate normal AM, whereas 
only direct analog multiplication and chopper modulation can be employed to gen¬ 
erate suppressed carrier AM. In addition, with the exception of the direct tuned- 
circuit modulator, modulation is accomplished at low power levels and amplified 
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ss H see Section 4.2 and 9.2) to the desired output level. The direct tuned-circuit 
lulator directly modulates the amplitude of a high-power carrier which has been 
ill lied by more efficient class C amplifiers to the desired level. 

Ini’ Modulation 

ilog modulation (or multiplication) is accomplished in any device whose output '< 
)| is directly proportional to two inputs [ 14 (f) and r 2 (f)], that is, 

v.(t) = Kv^vM ( 8 . 2 - 2 ) 

u ly, if 1,(0 = cos coq[ and v 2 (t) = g(f), then v 0 (t) = Kg(t) cos w 0 f, which is the 
ued AM wave. In such devices no theoretical limitations exist; however, practical 
ice limitations usually impose limits on both the amplitude and frequency of 
), i■,((), and v„(t) in order to maintain the validity of Eq. (8.2-2). 

Analog modulation can also be accomplished with two square-law devices as 



Fig. 8.2-1 Analog modulator constructed with two square-law devices 


mn in Fig. 8.2-1. In this system the output of the top square-law device, v 3 , is 
cn hy 

1’3 = Ks(f? + 2 r, r 2 + r|); (8-2-3) 

output of the bottom square-law device, r 4 , is given by 

14 = -Ksh’i — 2 r! u 2 + v i)- (8-2-4) 

c system output v„ = f 3 - r 4 is thus given by 

v„(t) = 4K s t , 1 (f)t' 2 (f), (8-2-5) 


ich is the form of the output of an analog modulator. 

I f Ihc square-law devices are “half square law” rather than full square law. i.e., if 


K s i f , l , > 0 , 

0 , v t < 0 , 


( 8 . 2 - 6 ) 


n r | 4 . ( - 2 and v t — v 2 must be constrained to be greater than zero to produce the 
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desired output. Thus if r, = A[l + and v 2 = F, cos co 0 f, where/(t) is the 

modulation information (cf. Eq. 8.1-2), then 


ijt) = 4K s l\A[l + cos co 0 t. 


(8.2-7) 


provided that A(l - m) - F, > 0 or equivalently 

V\ 

m < 1 - -}■ 
A 


( 8 . 2 - 8 ) 


Since F, > 0, we observe that, with half-square-law devices in the circuit of Fig. 
8 . 2 - 1 , the modulation index is constrained to be less than unity and thus the circuit 

clearly cannot be used to generate suppressed carrier AM. 

Even though the circuit does not produce a 100% modulated AM wave (which 
is desirable for efficient transmission), the modulation index at the output can be 
increased by subtracting some of the excess carrier from the under modulated signal. 
This technique is referred to as carrier cancellation. For example, if we subtract 
D cos Wo 1 from r(f) — /4[1' + w/0)] cosw 0 f. we obtain r„(f) in the form 

A 

L„(t) = (A-D) 


1 + 


A-D 


f(t) COS OJ 0 t 


(8.2-9) 


from which it is apparent that we can increase the resultant modulation index m 
to unity by choosing D such that (.4 r D) .1 = m or D/A = 1 — m. 


Chopper Modulation 

Chopper modulation is accomplished by chopping g(r) at the carrier frequency rate 
and placing the resultant signal through a bandpass filter centered at the carrier 
frequency. The basic skeleton circuit of the chopper modulator is shown in Fig. 
8 . 2 - 2 , in which ihe switch, which is controlled by cos(o 0 f T remains open for 
A cos cu 0 t > 0 and closed for A cos tij 0 t <0, To demonstrate that this circuit 
accomplishes amplitude modulation, we first write L‘ 0 (f) in the form 

v a (t) = g(f)S(t), (8.2-10) 


where S(t) is a switching function having the properties 


S(t) = 


1 , 

0 , 


COS co 0 t > 0, 

cos co 0 t < 0 . 


( 8 . 2 - 11 ) 


Clearly, then, S(l) is a square wave with unity amplitude which mi\y be expanded in 
a Fourier series of the form 


1 2 

S(t) = - + - cos a) 0 t 
2 71 


2 

-cos 3 co 0 t -f • - * 

3tt 


( 8 . 2 - 12 ) 
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Fig. 8.2-2 Chopper modulator. 




> yield 


y o (0 



2g(0 

71 


COS CD 0 t — 


2 g(t) 

3ti 


cos 3co 0 f 4- ■ • •' 


(8.2-13) 


rom Eq. (8.2-13) we note that v a (t) is the superposition of AM waves centered at 
0 , 3 co 0 , 5 cd 0 , _ If the bandpass filter H(jco) attenuates the low-frequency com¬ 

ments of v a (t) as well as the AM components of r fl (t) in the vicinity of 3cu 0 , 5co 0 ,..., 
en the output r 0 (f) is given by 




71 



cos [co 0 t 4- 0(co o )], 


(8.2-14) 


here h L (t) is the impulse response of the low-pass equivalent of the bandpass filter 
id 0(cy o ) is the plane angle of H(jco) at co — co 0 . If the low-pass equivalent filter is 
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flat over the band of frequencies occupied by g(f), then r 0 (t) simplifies to the desired 
form 


v a (t) = H l {0)cos [co 0 t 4- 6(oj 0 )1 (8.2-15) 

where H L {jco) is the Fourier transform of h L {t). 

Note that chopper modulation is possible only if the spectrum of the desired 
AM wave does not overlap the spectra of any of the other components of r a (t). A 
typical sketch of \V Q (a))\, where V a (co) is the Fourier transform of v a (t), is presented in 



Fig. 8.2-3 for the case where g{t) is band-limited to co m . It is apparent from the figure 
that, unless 


< o) 0 /2, (8.2-16) 

then the spectra overlap and chopper modulation is impossible. In addition, the 
closer co m is to a> 0 /2 , the more complex the bandpass filter must be to effect the 
frequency separation. 

Note that no restriction has been placed on the modulation index of g(r); there¬ 
fore, normal AM with a modulation index of unity as well as suppressed carrier AM 
may be generated with the chopper modulator. 

In order to relax the inequality of Eq. (8.2-16) and in turn make the design of 
the filter H(jco) simpler, the single-pole voltage-controlled switch of Fig. 8.2-2 may 
be replaced by the double-pole voltage-controlled reversing switch shown in Fig. 
8.2-4. The reversing switch has the effect of making v a (t) symmetrical about zero, 



Fig. 8.2-4 Balanced chopper modulator. 
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1 1ms climiiuiting the low-frequency component of r„(£)- Consequently, with the 
elioppei modulator of Fig. 8.2-4, modulation is possible if 

ro m < a> 0 . (8.2-17) 

I quation ( 8.2 17) ensures that the spectra of the desired AM wave centered at co 0 
and the AM wave centered at 3co 0 do not overlap. 

(>n a rigorous basis we observe that for the balanced chopper modulator of Fig. 
K 3 4 

v a (t) = g(t)S’(t) (8.2-18) 


whci c 


f 1 , cos co 0 t > 0 , 

[ — 1 , cos a) 0 t < 0 . 


(8.2-19) 


Since N'(0 is a square wave with a peak-to-peak amplitude of 2 and zero average 
r,//i/(\ N'(/) may be expanded in a Fourier series of the form 


S'(f) = - cos co 0 t 

71 


— COS 3 (D 0 t + ■ • *. 
37T 


( 8 . 2 - 20 ) 


1 lence 


v„(t) = 


4g(t) 

71 


cos c 0 0 t 


4g(t) 

-- cos 3 co 0 t + • * \ 

371 


( 8 . 2 - 21 ) 


which, as expected, has no low-frequency component. Equation (8.2-21) also 
indicates that the reversing switch permits us to obtain twice as much output from 
the modulator of Fig. 8.2^1 as from the modulator of Fig. 8.2-2. 

In many practical cases the switch S(f) in the chopper modulator of Fig. 8.2-2 
has a resistance r in series with it which prevents complete attenuation of g(f) when 
S{i) is closed. Consequently, v a (t) is switched between g(f) and rg(t)/(r + R ) in lieu 
ol g(/) and 0. This may be expressed mathematically as 


la (0 = g( 0 S (0 + 


g(Q[l - 5(0]*- 

r + R 


It is apparent that the fundamental component of v a (t) is given by 


2g0l, 


7 i t r + R 
and in turn v a (t ) is given by 

, , ~ 2 g(f) 

v o (0 = 


2g(r) R 

cos co 0 t = -—-cos a> 0 t, 

n R + r 


M 0 


— - -COS [o) 0 t + O((0 0 )l 

R + r 


( 8 . 2 - 22 ) 


(8.2-23) 


(8 2-24) 


llms we see that the only effect of the series resistance r is to attenuate the output 
by I he (actor R/(R + r). If r = R, the output level is reduced by a factor of 2. 
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Nonlinear Device IModulation 

Nonlinear device modulation is accomplished by summing the modulation and the 
carrier, applying them to a nonlinear device, and then passing the device output 
through a bandpass filter centered at cu 0 to extract the desired AM signal. A block 
diagram of a nonlinear device modulator is shown in Fig. 8.2-5. As we shall see, the 
nonlinear device modulator has more restrictions for its proper operation than any 


v,(0=g(0 = 4[l + m/(0] 

o- 


IMMI 



V 2 (t)= V\ COSOJQ t 


Fig. 8.2-5 Block diagram of nonlinear modulator. 


of the previously considered modulators. First of all the nonlinear device must have 
no greater than a second-order (square-law) nonlinearity. Second, the maximum 
modulation frequency co m must be less than oj 0 /3; and third, if the nonlinear device 
contains a “half-square-law” term, 100 % modulation or suppressed carrier modu¬ 
lation is not possible. 

To determine the reason for these restrictions as well as an expression for the 
output signal r 0 (f), let us first express the output of the nonlinear device L a (f) in the 
form of a MacLauren series, 


I'a = «0 + + a 2 vf + a 3 rf + • • > 


where 


1 ?v a 

nl dci ,. = 0 . 


(8.2-25) 


With r, = i i + r 2 , v a reduces to 

v a = a 0 + 0 ,( 1 ’! + v 2 ) + a 2 {t\ + 2i\v 2 + vj) 

T ^3 + 3 r | iff + ['2) + • ■ ( 8 . 2 — 26 ) 

A little thought indicates that, if v 2 (t) = cos co 0 f and v^t) = g(t\ the following 
components of v a (as well as a number of other components) have frequency spectra 
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u' vlumly ol <o 0 : 


(l [U 2 — £1 j E[ COS Wq t, 

2 a 2 i\i' 2 = 2a 1 V l g(t) cos o> 0 f, 

3 a 3 L?r 2 = 3a 3 K 1 g 2 (f)cosa» 0 t, 

= na„V t g"- ‘(t) cos co 0 f. (8.2-27) 

ap|MK-Ml that any filter which extracts the desired term 2a 1 V l g(t) cos co 0 t from 
i also extracts the remaining terms of Eq. (8.2-27); however, the terms with the 
Ha icnt n„ for n = 3,4,5,... possess envelopes which are nonlinear functions of 
Consequently for proper operation the MacLauren expansion of the non- 
ailly must have ci n = 0 for n > 3. 

With this restriction, v a (t) simplifies to 


low-frcquency term 


desired term 


a 2 V 2 

rjl ) = c/q + Wr 1 + fl!g(t) + a 2 g 2 (t) + Kj cos cn 0 t[a l + 2a 2 g(t)] 


sceond-hnrmonic term 
f _ a _, 

4 Cv cos 2 «V- 


(8.2-28) 


e g ’(r) has a spectrum which is band-limited to 2 u>„ if g(r) is band-limited to 
u becomes apparent that the spectra of the desired component of v a (t) and the 
hequeucy component of i'„(t) overlap unless 


COr 


> a>„ 


(8.2-29) 


I lowever, if Eq. (8.2-29) is satisfied and the nonlinearity is “square law” (a„ = 0 
n / 2), then v 0 (t) reduces to 

v„(t) = 2a 2 E 1 [g(t) * h L (t)] cos [oi 0 t + 0(co o )], (8.2-30) 

loi the case where H L (jco) is flat over the band of frequencies occupied by g(t) — 

I I m/(f)], i 

A’ 

v o (t) = + mf(t)] cos [a> 0 t + 0(w o )], (8.2-31) 


IK h IS l he* desired AM wave. 

11 ilie nonlinear device is "half square law rather than full squaie law, which is 
nosi always the case in practice, then the arguments leading to Eq. (8,2 S) apply 
11 ns ease and the modulation index is limited to m < 1 — V{/A. Hcn^e again 
Hlu-i AM modulation nor suppressed carrier modulation is possible. 
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Direct Tuned-Circuit Modulation 

Direct tuned-circuit modulation is effected by employing g(f) = A[ 1 + mf(t)] to 
directly control the voltage across a parallel resonant circuit tuned to the carrier 
frequency and driven by a periodic current source. Figure 8.2-6 illustrates such a 
modulator. If the loaded Q T of the tuned circuit is sufficiently high, it is apparent that 
v 0 (t) contains only a fundamental term. In addition, from Example 5.5-3 we recall 
that the peak value or envelope of r 0 (f) must be g(f); consequently the high-level 
modulator produces the desired AM signal. 


y f it) 



Fig. 8.2-6 Direct tuncd-circuit modulator. 


Like all the other modulators previously considered, the high-level modulator 
has a limit on the maximum modulation rate co m . If g(t) increases too rapidly, the 
normal increase in the envelope of v Q (t) cannot keep pace, the diode remains open, 
and the envelope of v 0 (f) is independent of g(f). The resultant distortion is called 
failure-to-fol\ow distortion. An exact relationship specifying the maximum permis¬ 
sible co m to prevent failure-to-follow distortion is obtained in Section 8.6. 

In the direct circuit modulator, g(t) is constrained to be greater than or equal to 
zero [a negative value of g(t) would result in an infinite dc current through the diode]; 
therefore, suppressed carrier modulation is not possible even though normal AM 
with a modulation index of unity may be obtained. Since an exact expression for 
r 0 (f) as well as all the properties of the circuit of Fig. 8.2-6 are obtained in Section 
8.6 and in Chapter 9, no further general analysis is attempted at this point. 

Measurement of Envelope Distortion 

When any of the modulators discussed in this section are implemented by practical 
circuits, the possibility exists that the circuits will introduce envelope distortion. 
For example, if /(f) is the modulation information, then the modulator output 
might have the distorted form 

K0 = A[\ -b mf d (t)\ cos co 0 t, 


(8.2-32) 
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w |,i-k- /;,(/) is ;i nonlinear function of/(f). In general, from direct observation of v(t) 

I In' tiisioi I ion is not apparent; however, if a Lissajous pattern of v(t) vs. Af(t) is formed 
on l he face of an oscilloscope, a trapezoidal pattern results which makes any envelope 
nonlinearity clearly evident. A typical trapezoidal pattern is shown in Fig. 8.2-7. 

li no envelope distortion exists, then f d (t) = f(t )and the upper and lower edges of 
the trapezoid are straight lines. Any departure of these edges from straight lines 
quick ly makes evident the nature and magnitude of the nonlinear envelope distortion. 



Fig. 8.2-7 Trapezoidal pattern for determining envelope nonlinearity. 


H I PRACTICAL ANALOG MODULATORS AND MULTIPLIERS 

All hough the need for analog multipliers seems to be universal, the existing circuits 
l ha l are capable of accomplishing the task are few and far between. In addition, 
most pi actical multipliers suffer from either significant'distortion in one or both input 
channels, which limits the dynamic range, or a poor frequency response in one or 
Loth channels. For example, a Hall multiplier, which is shown in Fig. 8.3—1, pro¬ 
duces a transverse voltage V, which is directly proportional to the longitudinal current 



Fig. 8.3-1 Hall multiplier. 
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i L and the magnitude of the normal magnetic induction field B n , that is, V, = ki L B n . 
Although perfect multiplication seems possible, the normal B field is severely limited 
in its maximum frequency. This limitation is due to the fact that the voltage amplitude 
required to produce the necessary B field increases linearly with frequency; thus 
unless special high-voltage circuitry is employed, B„ must be limited in frequency 
to under 10 kHz for normal Hall multipliers. 

As a second example, an iV-channel junction FET with a small drain-to-source 
voltage may be closely modeled as a voltage-controlled conductance of the form 

li'osl < lOOmV, i- cs > V,. (8.3-1) 

where g cs is the drain-to-source conductance, 1 DSS is the drain current with v GS = 0 
and v DS = - V P , and V P is the pinch-off voltage. If this FET is placed in the input of 


#/ 



a high-gain operational amplifier as shown in Fig. 8.3-2, then the output voltage 
i 0 (r) may be written as 
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which is proportional to the product of v Y {t) and r 2 (r). However, this FET multi¬ 
plier is restricted in dynamic range. The voltage \v x (t)\ = \v DS \ must be kept less than 
100 mV to limit distortion, and r 2 (0 is restricted to positive values less than \ V P \ + 
0 7V Negative values of v 2 would cut off the FET, while positive values in excess 
of 11 r | + 0.7 V would turn on the gate-to-source diode. 

An even simpler version of the multiplier of Fig. 8.3—2 may be obtained b} 
replacing the operational amplifier by a single transistor, as shown in Fig. 8.3-3. 
In this circuit C E is chosen sufficiently large to be a short circuit for the frequency 

components of tq(f), and/ dc is chosen sufficiently large so that g in = ql&JkT y> £osmax’ 

hence r,(f) appears directly across the FET. In addition, no dc voltage appears across 
the FET because of C £ ; thus 

1 1)S “ i; l(0» 


ri 


*n(0 = gDS^'llO 
'ci(0 = a[J dc + ( d(01 
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and finally, 


v 0 (t) = V cc 
= Vcc~ 




<XgDS R LVl(t) 


aJdcKf,- y - 


(8.3-3) 


It is apparent that v 0 (t) contains a term which is directly proportional to the product 
of i jU) and v 2 (t ); however, as in the case of the operational amplifier-FET multiplier, 
|ri(r)| = \ v DS \ must be kept less than 100 mV while v 2 (t) is restricted to positive values 
less than | V P \ + 0.7 V. 

Multipliers which employ mechanical shaft rotation of a linear potentiometer to 
produce multiplication, as shown in Fig. 8.3-4, are also limited by the maximum 
frequency at which the shaft can rotate and by the fact that x is constrained to be 
positive. 



Fig. 8.3-4 Potentiometer multiplier. 


The advent of integrated circuits, however, has now made possible an analog 
multiplier in which both inputs have a linear range which is a good fraction of the 
supply voltage and also have a frequency characteristic which extends into the 
gigahertz region. A typical integrated multiplier, introduced by Gilbert! and making 
use of the differential pair as its basic building block, is shown in skeleton form in 
Fig. 8.3-5. For this circuit, if I FSl = I ES2 and I ES3 = I ES4 (a condition which requires 
the transistors to be integrated on the same chip and to have the same geometries), 
then from Eq. (4.6-3) 


= ^3 = _J_ 

K h 1 + e ~ 


and 


= U = _ 

I'k h 1 + e 


(8.3-4) 


where z = q(v l — v 2 )kT and I' k = i 1 + i 2 . In addition, since i\ = i x + (1 - a)i 3 , 


I'k + (1 — _ I'k 

1 + c~ 1 + c~ 


(8.3-5) 


t B. Gilbert, “A Precise Four-Quadrant Multiplier with Subnanosecond Response.” IEEE 
Journal of Solid State Circuits , SC-3, No. 4, pp. 365-373 (Dec. 1968). 
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Q { and Q 2 are active, 
since v ct - * V Q >0 

/1 ^ i 2 —1 * 

f[ 4 0 h ' K 

/; = /*"r(l "u)/ t 


Fig. 8.3-5 Differential-pair multiplier. 


where l k m l'i + (1 - «)/* = «'i + < 2 - Therefore, combining Eqs. (8.3-4) and (8.3-5), 
vve observe that 


ami in a similar fashion 


*3 


IJ i 




Ik 1 2 

Ik ‘ 


(8.3-6) 


(8.3-7) 


It ,, ;inn;u'eni that, when ihe two differential pairs are combined as shown in 
■a-gA 5 /. varies in proportion to i\ while i 4 varies in proportion to , 2 . In addition, 
both - i and U vary directly with I k ; thus if we constrain I k to be a constant Iwe can 
accomplish this by developing f, and i' 2 from the collectors of another differentia 
pair biased with a current source /JM then i 3 is proportional to the product of,, and 

i ' hilt L is the proportional to the product ©f|i and V 

An alternative, but somewhat more practical, form of the dilleienUal-pau 
multiplier ,s shown in skeleton form in Fig. 8.3-6. As can readily be seen from the 
lii’iM e, /', and /', are outward -flowing current sources which, unlike the correspon tng 
sources ol I ig. K.3 4, may be developed from an NPN differential pair. e a i i > 
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to employ all NPN transistors in a circuit greatly simplifies the mass integration 
process. The penalty which must be paid for this advantage is that the multiplier 
requires large values of P = a/(\ - a), usually in excess of 150, for its proper operation. 

For the differential-pair multiplier of Fig. 8.3-6 it is again readily demonstrated 
that if I ESl = lEsi and / £S3 = f £S 4 - then 

/, 13 1 <2 _ H 1 

l' k I k 1 + £' l k lk 1 + C 


where z = q(i\ - n 2 )/kT. In this configuration it is the currents in the diagonally 

opposite transistors which are proportional. Now if (1 - <x)U « 'iand(l - a)i 3 « i 2 
(this is the high-/! requirement), then 


'l = 'l>'2 


<3 


Ikh 
I'k ’ 


and 


'4 


Ijjj. 

TP 


(8.3-8) 


These equations are identical to Eqs. (8.3-6) and (8.3-7). Here again, if 4 = f, + 4 = 
y + is constrained to be a constant, i 3 is proportional to the product of I k and , ,. 

Since in both differential-pair multipliers i\. i' 2 . and I k must be positive (to 
prevent any transistor from being cut offt). the multipliers in their present foim 
produce outputs lying within only one quadrant of a cartesian coordinate plane and 
are therefore referred to as a “one-quadrant multipliers.” However either mulu- 


t In addition, both i\ and i' 2 must be less than I’ k to prevent either Q, or Q 2 from being cut off. 
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plici cun he extended to a “two-quadrant multiplier’’ by taking advantage of the bal¬ 
anced nature of the differential pair. 

If we define 


hi(0 = 2/\ — r k — I k — 2i 2 , 


(8.3-9) 


01 equivalently. 


/i = 


h + hi 


and 


/; 


2 2 2 ’ 
then /,,(/) has a dynamic range between ±V k and therefore occupies two quadrants. 
(I his definition merely implies a dc shift in /■, which occurs naturally if a differential 
pan develops and i 2 -) In terms of i n {t), Eqs. (8.3-6) and (8.3-7) (or Eq. 8.3-8) 
reduce to 


/hi 


k 11 i i 

=4!r T7 + 1 


2 U- 


and 


I b I L 


I'b 


+ 1 


(8.3-10) 


Uy subtracting / 4 from i 3 , which is readily accomplished at the collector of the 
dillcicntial pair, we obtain 


L 


i 0 = «(' 3 - U) = a y'i i - 

/ b 


(8.3-11) 


which is a two-quadrant multiplication of I k {i) and i n (f). A voltage i;„ — i„R can be 
developed differentially by placing resistors of value R in the collectors of Q 3 and Q 4 
in a fashion similar to that shown in Fig. 8.3-8 or using the scheme illustrated in 
l’ioblem 8.13. 

In general, two-quadrant multiplication is sufficient for generating normal 
A M, since g(i) is always greater than zero and can be applied to the I k input. However, 
lor suppressed carrier AM, a “four-quadrant multiplier is required. 

A lour-quadrant multiplier can be constructed from two two-quadrant multipliers 
by connecting them as shown in Fig. 8.3-7. A corresponding four-quadrant differ- 
enlini-pair multiplier is shown in Fig. 8.3-8. For the multiplier of Fig. 8.3-8, both 
i | K - (), Qj. pair and the Q s Q 6 pair share common base voltages with the Q^Q 2 
paii ; hence if (I is high both i 3 and i 5 are proportional to i\ as well as their respective 
(.-miner bias suppliers, and i 4 and i 6 are proportional to i' 2 as well as their respective 
bias supplies. Therefore, from Eq. (8.3-8) we obtain 


/ 


/ 3 = -£|i +7^ll 1 


‘kO i . 

U = -r 1 + 


1 kO 


n 


ho 1 


' 5 ' 4 


If. — 


1 - 


1 -f 


n 


n 




(8.3-12) 
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Fig. 8.3-7 Synthesis of four-quadrant multiplier. 



Fig. 8.3-8 Four-quadrant differential-pair multiplier. 
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;iihI in lui n 


ah 


= «(>'3 + ''a) = -T 2 1 + 


1 11 W 2 

^ kQ 


ah 


U"> T ^5/ 0 1 V f 

' hho 


(8.3—13)^ 


Finally, provided that i ol R < V cc - V BB + 2V 0 and i o2 R < V cc ~ v bb + 2V o to 
keep (he dilTerential pairs from saturating (V 0 a f V for integrated silicon). 


aR. . 

I'o = R(i0 1 - l o2 ) = -jr'n'n’ 

1 k 


(8.3-14) 


where V k < t n < h and -I k0 < i n < / ?0 ; thus we see that the circuit of Fig. 
K i K functions as a four-quadrant multiplier with a scale factor K = aR ! k . 

Since i M may be as large as and i tl may be as large as I k0 * we observe Irom 
I ij IS 3 13) that i itl has u maximum value of a! k0 . Similarly i fl2 has a maximum 
value of x/ M> . Therefore, a sufficient condition to ensure that the differential pairs 
do not saturate is that 


aI k0 R < V C c — Vqb + 2F 0 . 


(8.3-15) 


figure 8 . 3-9 illustrates a typical circuit for developing the required differentia! 
currents to drive the multiplier of Fig. 8.3— 8 -t I n this circuit, it R E » r in = 2kT/qI k , 
which is usually the case, then 


r tin = a 


dc hW 

2 Rr 


and 


in = zip 2 = a 


dc 

9 


ty(f) 

Rr 


(8.3-16) 


liii 


he ^ i(0 ^ ^dc 


Rk 




In addition, if Q 3 , £> 4 , and Q 5 are identical in geometry, then I E3 = I FA - h.s - 
l t and hence a net current of (3 — 2a)/ £ flows through R B . Thus 


I 


dc , *( V EE 

— = aI E = 


Vo) Vbb ~ v 0 


Red 


2 a) R b 


(8.3-17) 


Figure 8.3-10 illustrates a complete integrated multiplier which includes the 
dilTerential current source drivers. In this circuit (if R E » r,„) we can identify 


2 ai’n 


2 a v n 


l i2 ~ 


R f 


ho = a h 


and l' k = a/ dcl ; 


| An alternative cireuit form would have two series emitter resistors of value RJ2 with a single 
, iiiieni source driving their common node. This approach suffers from two disadvantages m 
comparison with the circuit of Fig. 8.3-8. First, an additional resistor is needed which requires 
mttic ;iic;i on an integrated chip than the transistor it replaces; second, the bias current he 1 - 
Hows Ihiough the resistor, making the Q-point a function of R E . 
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h:\i~ 1 h.sA h:s5 hi h:4 h 

L_ q( he - f 0 ) _ v tE v 0 , p »i 

2 (3 2a)R„ ~ R„ 

Fig. 8.3-9 Current drive for differential-pair multiplier. 


hence, provided that all transistors remain in their active region, from Eq. (8.3-14) 
the four-quadrant multiplier output becomes 


U 0 


4a 2 R 

Re 1 ^E2^dc 1 


p,l (Of 1-2(0, 


(8.3-18) 


which is the desired product of the two input voltages i- ;i (f) and v i2 (t). 

To ensure the validity of Eq. (8.3-18), the following restrictions on the magnitudes 


of P; 

:i (r), v i2 (t), and / dc2 must be observed: 

1 ) 

— V EE + V 0 < r M < V BB 

to keep 0 7 active, 

2 ) 

— V EE + V 0 < L' i2 < V BB — 1 o 

to keep 0 9 active, 

3) 

^dcl , Wl ^ ^dcl 

to keep 0 7 and Q 8 from being cut off, 

2 ~ Re , _ 2 

4) 

-hc2 ^ l'i2 ^ he2 

2 - R E2 - 2 

to keep Q g and Q l0 from being cut oft', 

5) 

a ”^dc 2 ^ < Vcc ~ V nB 4- 2V 0 

to keep 0 3 , 0 4 , 05 , or 0 6 from saturating 
(cf. Eq. 8.3-15). 


In most integrated analog multipliers of the form shown in Fig. 8.3-10, the 
transistors are integrated on one chip; however, the resistors R,R Bl , R B2 ,Rei > Re 2 ■ 
and R bb must be supplied externally by the engineer making use of the multiplier. 












































AMI’l 11 l)l)K MODULATION 


8.3 


n 



Fig. 8.3-10 Complete integrated multiplier. 


In general, R is chosen sufficiently small so that it is not appreciably loaded by 
nlliei lhe input impedance of the next differential pair or stray output capacitance. 
1 ,.r example, if 20 pF of output capacitance exists and the multiplier is to operate up 
lo |ic(|iieneies of 20 MHz, then 

R < __ _L _ —„ = 400 Q. 

2tt( 20 x 10 6 )(20 x 10“ 12 ) 


(in ihe other hand, R is not chosen any smaller than necessary; otherwise, enormous 
r Hi mils would be required to develop a reasonable output voltage. 
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On the assumption that V cc is specified at 10 V, - V EE is specified at - 5 V, and 


11 i 11 n 


= Hi 


4 V, 


V BB is chosen to be greater than 4 V + 0.75 V = 4.75 V to avoid saturating Q g . A 
choice of 5 V in this case would be reasonable. With R = 400 ft and V BB = 5 V, 
restriction (5) limits I ds . 2 t0 


1 6.5 V 
a 2 400ft 


16.3 mA. 


Probably a value of 16 mA would be selected, since a smaller value would require a 
larger value of R E2 [restriction (4)] and thus a smaller output voltage. 

With / dc2 = 16 mA the minimum value of R E2 is 

R E2 = 2|t ' i2lmax = 500ft 

^ dc2 

(a standard value of 499Q would be chosen). Now for maximum output voltage we 
also desire / dcl K £l to be as small as possible; however, I dc iR E i is constrained to be 
greater than 2|r il | max ~ 8 V. A choice of / dcl = 9 mA and R EX = 1 kQ is reasonable. 
With these values we can be sure that all transistors operate in their active region 
and that 

r„(r) = Y^v n (t)v i2 (t). (8.3-19) 

Finally, we choose 

* bb = 9^A * 5 6 k ° 


to yield the desired value for V BB , 


R 


B 1 


4.25 V 
9 mA 


^ 470 Q 


to yield the desired value of / dcl , and 


R 


B 2 


4.25 V 
16 mA 


^ 270 Q 


to yield the desired value of / dc2 - 
Now, for this multiplier, if 

r fl (r) = (4 V)/(f) and v i2 (t) = (4 V) cos 10 8 f, 

lhen (he output v„(t) takes the form 

v 0 (t) = (5.57 V)/(r) cos 10 8 t, 

which is a suppressed carrier AM signal. Clearly the scale factor could be decreased 
lo any value less than 5.57 V by increasing either R El or R E2 or by decreasing R. 
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timing Multipliers with One Nonlinear Input Channel 

A.wy multipliers exist in which one input channel is linear while the other input 

'hiinncl is highly nonlinear. AnexampleofthistypeofmuUtpher.sasjn^ed.ffe^ 

i;m to, which the collector current is directly proportional to ! k and a htghlj 
umlmear function of - f 2 (Eq. 4.6-3). Although multiplicationin such.ai devtce 
„o, ideal amplitude modulation can he accomplished by applying the earner to 
la- nonlinear input channel and the modulation to the linear input channel while 
mi' the output through a bandpass filter centered about the carrier. The ba 
idler removes the harmonics of the carrier generated by the nonlinear channel. 



Such a modulator employing an integrated differential pair is shown in 
St ||. I or this modulator, Q 3 and Q 4 act as a current source to develop a current 
li ive IJi) to the differential pair of the form 

I k (t) = I k0 [\ + mf(t)l (8-3-20) 

whcc h , *(!,,. - l 0 )/(2 - m B and m = V 2 /(V EE - V 0 ). This assumes, of course 

111; 1 1 , ami (Jjl arc integrated on the same chip and with identical geometries, so ia 
/ fs( 1 1 s \ ■) In addition, from Eqs. (46-9) and (4.6-10), 

- l k (t)[i - cos oj 0 t - a 3 (x) cos w 0 t -], (8.3-21) 
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where x = qVJkT and a,(.x) is the Fourier coefficient plotted in Fig. 4.6-4. Therefore, 
the fundamental component of the collector current of Q 2 is given by 

t C 2 i = -JkofliMD + m f(t)] cos a> 0 t, (8.3-22) 

which results in 

t - 0 (t) = V cc + hotii(x){[l + m/it)] cos co 0 tj * z, ,(f) 

= V cc + ho<i iW[[l + mfit)] * z 11L (f)} coscu 0 f, (8.3-23) 

where z n it) is the impulse response of the output tuned circuit and z, u (t) is the low- 
pass equivalent of z, ,(f) (cf. Fig. 3.1-3). Implicit in the expression for vjt) given by 
Eq. (8.3-22) is the fact that the tuned circuit has a sufficiently high Q to remove the 
low-frequency and higher-harmonic components of iaU)- Ki ' n addition, the output 
filter is flat over the band of frequencies occupied by t C2 i(0. then i'„(f) simplifies to 

ijt) = V cc + I k0 R L aiW + mfU)] cos io 0 t, (8.3-24) 

which is clearly the form of the desired AM signal. 

As a numerical example let 

V cc = 12 V. v ee = - 12 V, V, = 1.56 mV, V 2 = 5.63 V. 

R„ = 6kfi. R, = 5 kQ, C = 1000 pF. L = 10/tH, 
co 0 = 10 7 rad/sec, and /(f) = cos 10 5 f, 

from which it follows that 

m = h ho = 6kQ = 1-870 mA, .v = 6. 

and from Fig. 4.6-4, 

aj(6) = 0.6. 


Therefore 

i C2 i(f) = (1.25mA)(l + tCos I0 ? r)cos 10 7 / 


and 


V„it) = (12 V) + (1.125 mA)[(l + ^cos 10 5 r) z n Jr) cos 10 7 t] 


= (12 V) + (5.63 V) 


1 h -cos [ 10— - 

9 /? \ 4 


cos 10 7 r. 


I he attenuation of the cos 10 5 f term by 1/^/2 and its phase shift by — 7r/4 results 
directly from the fact that the low-pass equivalent of the output-tuned circuit has a 
~3dB bandwidth of 10 5 rad/sec. 

Note that the minimum value of v 0 (t) is 4.4 V; hence Q 2 does not saturate. 
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PUACI l( AL ( IIOIMM.R MODULATORS 

v,, , ortpo «*»' irt a chopper modulator is the voltage-control^ s^h which 

, , . llu , r ir ncr rate Therefore, in this section we shall look al two 

* M j*c Ml .* Olher employing a single FET-and then « shadcolder he 

... ^npioving these single-pole switches to construct a voltage-controlled 

, . i. Ylic SPST switch is used in the single-ended chopper mo u a 

mn.nl ig 8.2 2 , whereas the reversing switch is employed in the balanced chopper 

"tr.STnS th^vouage-controued switch is being discussed in con¬ 
ic, ion with chopper”modulators, it functions equally g\f^fXonous 
I 1,1 m- ,,, ■.) mixer in the same configuration as Fig. 8.2-2. ror a synctiroru . 

(ector however the output filter must be replaced by a low-pass filter whereas 
* m ,u, the output bandpass filter must be tuned to the intermed.ate frequency. 

otlc-ltriilgc Modulator 

i nil Uncle ended chopper modulators in use today employ the diode bridge 
"T ! ? trolled switch. Figure 8.4-1 illustrates a typical diode-bndge 

,,!lul ,tor m which a positive value of iq(t) causes all the bridge diodes to conduct 
,bringing v u U) close to ground potential, and in which a negative value of, , 

: ri J h , is £ a ll the bridge diodes, thereby permitting v„(t) to follow g(f). 

. , n r " that the amplitude K, of v i( t) must be sufficiently large when r, 

k L, o 1 the diodes reverse-biased. A little thought indicates that for 
' l „ P , = D aS k are on the verge of conduction when 

f ' , S ''dlLi for % <0D, and D 4 are on the verge of conduction for 

( , " 2 1’; ‘ Hence to ensure that all the bridge diodes remain reverse-biased 
„ 1,, we require that 

V l>g (t)-2V 0 ' 


" ‘ llso apparent that V\ must be sufficiently large when f, = + *', to kee F a11 

Imdcs forward-biased so that the bridge presents a low impedance to groun l . 
rU^SlLma.ivo,rage with i , - > ■,. To determine the required 
Mynl v in this case, we define the current leaving the r, source as / 2 and the curren_ 

' , i, ■ o« « „ 1,(1). Since, in general, lire tour bridge drodes are m egralcJ 
„ wi.h identical geometries, .he bridge rs balanced and „(r) and I, 

,,|ii equally between the two bridge arms; thus 

Eg g| J2 ~ 't(f) a ; (t) 

'in(') I-4-' ''mU), 


. . 12 + ' l(0 _ • /.\ 

'02(f) = — 5 -' D3(t) - 


(8.4-2) 
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Fig. 8.4 -1 Chopper modulator employing diode bridge. 


If we assume that each diode is characterized by the volt-ampere relationship 

ip = I s {e^ lkT - 1) * l s e^ k \ (8.4-3) 


then 


r a ” V D2 


l D l 



12 + *l(0 , ^2 / l(0\ 


yr f i + fi(0// 2 \ 

q "h-uo/Lr 


By expanding r„(f) in a MacLauren series in i 1 // 2 , we obtain 


l’a(t) = r J 1 


1 + 3/f + 



(8.4-4) 


(8.4-5) 


where r d = (kT/q)(2/l 2 ) is the small-signal diode resistance with 7 2 /2 as a bias current. 
It is apparent that, if we wish to keep nonlinear components of t, [which is propor¬ 
tional to the modulation g(t)] out of the output to avoid envelope distortion in r 0 (t), 
then /f/3/| « 1. With this restriction v a (t) = rj^t) and the forward-biased diode 
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l/K 


|,iuIhl- may be modeled as a single resistor of value r d shunting t„; hence the diode 
hi ides lakes the form of an ideal voltage-controlled switch in series with a resistance 

Willi this model 


'i(0 


g(0 
+ r d 


n 


u hlle 


h = 


Vi ~ 2V 0 
R-, 


and 


2 R 2 

q^-lVJjkT 


thus lo keep 1J/3/2 < 0 . 01 , 


5.8g(f)R 2 

Ri + r d 


+ 2V 0 


(8.4-6) 


lm nil 1 . The inequalities of Eqs. (8.4-1) and (8.4-6) may be satisfied simultaneously 
bv choosing \\ > g(t) - 2V 0 and choosing R 2 of the order of^/^. For example. 
If |i;(/)| Mll ^ = 10 V, then the bridge remains open with iq = - V x for \\ > 8.5 V 
(| n ;I V). If we select \\ = 9 V, then if 

Ri + r d ^1 
“ 7.75 ^ 7.75 1 

l he bridge appears as a resistor r d with tq = V ] . 

A complete diode-bridge modulator which incorporates the floating source 
1 ,(0 as well as the output filter is shown in Fig. 8.4-2. In this circuit the transformer 



Fig. 8.4 2 Practical balanced modulator 
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is a closely coupled transformer operating in its midband range, and therefore 
functions as an ideal transformer. In addition, (1 + fi)R E is large in comparison with 
Ri so that the transistor does not load the bridge. Consequently, if the output-tuned 
circuit is broad enough to pass the modulation and yet narrow enough to remove the 
low-frequency and higher-harmonic components of v a (t\ then from Eq. (8.2-19) 

v oU) = p T cos oj 0 t + V cc . (8.4-7) 

tzK e + r d 

Equation (8.4-7) assumes, of course, that Eqs. (8.4-1) and (8.4-6) have been satisfied 
and that the transistor remains in its active region. 

The control voltage v { (t) may be supplied by a sufficiently large sine wave of 
radian frequency co 0 instead of a square wave. If, as shown in Fig. 8.4-3, V 1 is large 
in comparison with V 2 and V p (Eqs. 8.4-1 and 8.4-6), then the sine wave functions in 
essentially the same fashion as the square wave in controlling the states of the bridge. 



One main advantage of a sine-wave drive is that the transformer coupling i\(t) 
to the diode bridge need not be nearly as broadband. On the other hand, the larger 
\alue of Kj with a sine-wave drive requires a much higher breakdown voltage for the 
bridge diodes. 

Whether r,(r) is a sine wave or a square wave, in practical diode bridges short- 
duration transient “spikes” appear on r fl (f) in the vicinity of the bridge transitions 
from open to closed because of parasitic capacitance and diode charge storage. These 
spikes are, in general, of little consequence, since they contain sufficiently high- 
frequency components so that they are not transmitted to the output through the 
bandpass filter H(jco). 

FET Modulator 

A junction or an insulated-gate FET may be employed instead of the diode bridge 
as the voltage-controlled switch in a chopper modulator. Figure 8.4-4 illustrates a 
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I ig. 8.4^4 N-channel junction FET chopper modulator 


Kill N-channel junction FET chopper modulator. In this circuit, with v x (t) = 
i • l> (F r is the pinch-off voltage of the FET), the FET opens, permitting v a {t) 
dlow j;(0- On the other hand, with v^t) = 0, then the FET functions as an ohmic 
tliulancc Xnss °f value 


Sdss — 


21DSS 

^Vp 



-^oss 


(8.4-8) 


\ idcd that |f , )S \ = |rj < 100 mV. Consequently the FET may be modeled as an 
il voltage-controlled switch in series with a resistance r DSS = 1 /goss* For typical 
I ion and insulated-gate FET’s, r DSS varies from several ohms to several thousand 


With f ,(/) 0, 


L 'a(0 “ V DS 


g(t) r DSS 
^1 + r DSS 


. lo ensure that |r /)S >(t)| remains less than 100 mV for all t we require R x to be 
u ioi 111 v large so that 




^ / lg(0Lax 
rflss ( 100 mV 



(8.4-9) 


il |gd)| n ,.„ = 5 V and r DSS = 500Q, then R 1 >34.5kQ. To avoid 
Inn' l>y Mil; output transistor when the FET is reverse biased, the resistor 
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should not be chosen too much greater than this value. If, on the other hand R t 
is chosen to be less than 24.5 kfi, then cjr) exceeds 100 mV, r D .„ becomes nonlinear, 
and rjr) is no longer a linear function of gif): consequently nonlinear envelope dis¬ 
tortion begins to appear on the output AM wave. 

If R E is sufficiently large so that transistor loading can be neglected then v (c) is 
given by (cf. Eq. 8.4-7) " ’ ° 

,, 2 g(t) R, 

‘• U) ~ ^Rr i + r DSS C0SwM + V "- ( 8 - 4 - 10 ) 

However, if R f: is not sufficiently large, then the loading must be incorporated with 
the g(t)-R , network as shown in Fig. 8.4-5 by forming a Thevenin equivalent net¬ 
work. Clearly g(r) is decreased by a factor of 17 because of the loading; however, in 
addition, a dc bias V is added in series with g(t). If g(r) = 0, as it is for suppressed 
carrier modulation, then the presence of V' produces an average component in the 
modulation voltage being chopped and thus a nonzero carrier at the output To 
eliminate this undesired carrier component, either R E must be increased relative to 

R1 or an lsolatl °n stage such as a source follower must be inserted between the 
chopper stage and the output transistor. 



In addition to the diode bridge or the FET chopper, a bipolar transistor being 
switched between saturation and cutoff may be employed as the voltage-controlled 
switch. However, when saturated, the transistor may be modeled as a resistor in 
series with a dc voltage source of approximately 100 mV (for silicon). This voltage 
source has the effect of introducing a carrier component at the modulator output, 
which is quite undesirable if suppressed carrier AM is being generated. This saturation 
voltage may be largely balanced out by placing two transistors in series (emitter to 
emitter) and placing the switching voltage between their bases. 
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lanced C hopper Modulator 

me 8 4 6 indicates how two diode bridges can be employed to alternately apply 
it) and -g(t) across and thus produce the effect of a reversing switch. Note 
I the bridges are arranged so that one bridge is open when the other is closed. It 
ippaienl that the closed bridge is unaffected by the open bridge and thus Eq. 
\ 6) still determines the value of \\ required to ensure that the bridge remains 



Pig. 8.4-6 Reversing switch for balanced chopper modulator. 


sed l\u all t. On the other hand, the closed bridge does affect the open bridge i 
it il increases the voltage across the open bridge to 


g(0 l + 


^1 + r d] 


ice with the arguments employed to obtain Eq. (8.4—1) we require 

>g(t)(l + *' 1 — - Vo (8.4-11, 

\ + r dj 

all t to ensure that all the diodes in the open bridge remain reverse biased. 

I iriiir 8 4 7 illustrates a practical chopper modulator in which both g(t) and 
i) aie supplied from grounded sources. The transformer is a closely coupled 
itei tapped audio transformer with a midband frequency range sufficient to pav 
■ licqucncy components of g{t) (see Section 2.2), while the transformer 77 uses - 
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* 4 


R 2 



>U-k 4\ coupled transformer with a midband capable of passing the main frequency 
vomponents of iq(r). If is a large-amplitude sine wave, then the restrictions on 
E nc nominal. [Although unity turns ratios are indicated for the two transformers, 
turns ratios merely introduce a scale-factor change in g(f) and tqfr)-] If we 
»wumc that R 1 is not loaded by the transistor and that Eqs. (8.4-6) and (8.4-11) are 
wnUicd. then r fl (r) may be expressed as 


* 7,(0 


g(0*i 
Ri + r d 


SV) 


(8.4—12) 


e Sit) is given by Eq. (8.2-19). And if we assume that the transistor does not 
wruiaie. we may write 


i c = 


* L'aU)/R E 
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d in turn 


i Jr) = V cc 


4xg(t) 

- n ^K 


Ri 
R[ + 


* Z, 1 JO COS QJfjt 


(8.4-13) 


ici e = n (t) is the low-pass equivalent impulse response of the output parallel RLC 
cuit If the output filter passes g(t) undistorted while removing the 3cu 0 component 
r () (/|, then r„U) reduces to the desired form 


rJLO 


Vcc 


4 ocR, 
71 R e 


*■ 

R i + r d 


(0 COS OJ 0 L 


(8.4—14) 


I SQUARE-LAW MODULATOR 

iv square-law device, although quite attractive as a mixer, finds very little application 
an amplitude modulator. The basic reason for this is that most physical devices 
ve half-square-law characteristics rather than full-square-law characteristics. As 
saw in Section 8.2, unless a full-square-law characteristic exists, not only is sup- 
rssed carrier modulation impossible but also normal AM with 100° o modulation 
impossible. Consequently, unless a “quick and dirty” low-index modulator will 
isly the requirements of the situation, the other modulators discussed in this 
apter are usually employed. Therefore, we shall look only briefly at one square- 
s modulator constructed with a junction FET operating within its saturation region. 

A topical square-law FET modulator is shown in Fig. 8.5-1. If for this circuit 
assume that the FET operates within its saturation (square-law) region and that 
is much less than the output impedance of the FET, then we maj approximate 
■ chain current as 


loss 1 --^1 . 


(8.5-1) 


n i 1 ! is the pinch-off voltage and I DSS is the drain current with r GS = 0 and 
\ ' r . For the bias arrangement shown in Fig. 8.5-1, i D reduces to 


iijif) — I DSS 


r i T r A ' 


— I DSS 


V x cos c» 0 t + A[\ 4- m/Tf)]\ z 


(8.5-2) 


ice the component of i D (t) centered about o; 0 is 

DSS 




-[1 + mf{ f)] cos vj 0 t. 


■n w illi l he assumption that the output filter removes the low-frequency and second- 
i no miic components of i D , v 0 (t) is given by 

2I DSS V X A 

'\>(0 = Vnn -771-[1 + z i u(0 cos co 0 t. 


(8.5-3) 
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If, in addition, the output filter is flat over the band of frequencies occupied by the 
AM signal, r„(f) simplifies to the desired form 

/ v „ 2/ DSS T j AR I r 

l oU) — Idd [1 + nij (t)] cos co 0 t. (8.5—4) 

^ r 

To realize r 0 (r) in the form of Eq. (8.5-4) we must restrict r 0 (f) > -\V P \ for all time 
to ensure that operation remains within the saturation region. This may be accom¬ 
plished for any FET parameters by choosing a sufficiently small value of R L . 

In addition, 

11(0 + l 2 (0 > 0 

for all time to keep the FET from being cut off and 

l i(0 T L 2 (f) < \ V P \ + V 0 = V'p 

for all time to keep the gate-to-source diode from turning on. These two restrictions 
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pl> Mini . 1 , 1', , and hi must satisfy the following inequalities. 

A(\ - hi) - V\ > 0, 

A{\ + m) + V, < V'r- (8.3-5) 

II wv desire the largest possible output with the smallest value of R, (to ensure 
, .. then we satisfy Eq. (8.5-5) with an equality to obtain 

r;, -- n 


A = 


and 


V' =^(1 - ml 


| K , ouiput voltage given by Eq. (8.5-4) then reduces to 

.Uss^JlFpl + U\" 


i■„(/) = (1 - my- 


[1 + mf(t)] cos w 0 f. 


(8.5-6) 


,,e aeain we see explicitly that we can achieve a high modulation index only at the 
.pensc of reducing c„{t) in amplitude or increasing R, to the P oint 1 

ipieciable fraction of the FET output resistance /•„. If R,. - tht11 sc l lullt 
um iition no longer exists. 

As a numerical example let 

i- -pv V P = -4 V. V 0 = 0.7 V. loss = 4 mA. 


„ , he maximum (Lm Let us new uhoose parameters 

•"the circuit of Fia. 8.5-1 to achieve a maximum output voltage with hi 2 - 

Since |r.(0L„ < Voo+l', » ^.uralion-rcgion then frw. 

, IS 5 6) we obtain R, < 3.87 Q: thus a reasonable choice would b«. R,. - 3-6 k - 
r.ch ,s much less than the typical values of r 0 , say 100 kQ. With this^ value R, 
d ;1 choice for the bandwidth of the output-tuned circuit of 5 x 10 rad/stc (the 

till! point corresponds to ojJ. 

r _ ^ __ = 566 pF 

( 3.6 kfi)(5 x 10 s rad/sec) 

,d in turn /. = 1/wgC = 18/iH. Finally, A = 2.35 V, \\ = 1.175 V, and 

r o = (4.96 V)[l + m/(f)] cos co 0 t. ; ( 8 - 5 ~ 7 > 

1 he square-law modulator with the above parameter values is shown in Fig. 
5 | hc gate bias circuitry is obtained by first noting from Fig. 8.5-1 that 


I0 7 rad/sec. and « m = 2.5 x l0 7 rad; 


'sec. 


!•,,,= V), + A[ 1 +if(t)] + F, cos 10 7 f 

= (-1.65 V) + (1.175 V)/ (0 + (1.175 V) cos 10 7 f 


(8.5-8) 


I ( | K . M applying the - 1.65 Kto the gate by bleeding down the - 12 V supply and 
iplmg lhe ac sources to the gate through a capacitor. 
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8.6 TUNED-CIRCUIT MODULATORS 

As we shall see in Chapter 9, it is generalh difficult to provide linear, high-power 
output amplifiers for AM signals; therefore, one usually tries to accomplish this 
modulation at as high a power level as is possible. In vacuum tube transmitters such 
modulation is almost inevitably performed in the last stage. To the extent that the 
transistor behaves as a current source, the triode vacuum-tube-type modulator cannot 
simply be ‘’transistorized.” As we shall see in Section 9.9, it is possible to construct 
efficient transistor power amplifiers if one both drives them with a modulated signal 
and simultaneously modulates the collector supply. It is the purpose of this section 
to present an idealized version of a circuit that can be used to perform the initial 
modulation of the carrier signal so that this premodulated signal may then be used 
to drive a power-amplifying stage. As we shall see, at first glance both the modulating 
and the power-amplifying stages look identical, but they do indeed operate in some¬ 
what different fashions. 

The basic modulating circuit being considered is shown in Fig. 8.6-1. The 
operation of this circuit requires the collector-base junction of the transistor to become 
saturated (or to turn on) at the peak of every driving carrier cycle. The current pulse 
that flows as a result of this saturation has two effects. The direct effect in the output 
circuit is to cause the output tuned-circuit voltage amplitude to follow the variations 
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L 



/(,) The indirect or reflected effect is to increase the loading in the base circuit, 
us effectively causing the input driving voltage also to follow the variations m f(t). 

In order to concentrate our attention on one problem at a time, we assume to. 

>■ present that the input voltage is supplied by a voltage source. That is. we neg^ 
!\ possible variation of the input driving signal. Also, m order to be abL to maU 
simple calculations, we make the further assumption that the voltage drive is 
illicicntly large ( \ » 10) so that the transistor collector current may be assume 

i IDaw lis .i 1 i.iin of impulses of strength */. 

II ihe transistor is modeled as a current source in parallel with an ideal .oce 
hI ■, battery V CF . then by splitting the current source into two parts [and then 
•moving tlJonein parallel with the V cc 4 V m f(t) voltage generator] and redraw mg 


L 



(a) 


(b) 


i u . K.6 2 I wo equivalent forms for the model of the circuit of Fig. 8 6-1 
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the circuit, one can reduce the circuit from the form of Fig. 8.6—2(a) to the form of 
Fig. 8.6—2(b). If m is defined as 


and g(f) is defined as 

g(f) = (V C c - VcE.J[ 1 + '"/(')]■ 

then this circuit reduces to the form shown previously in Fig. 8.2-6. 

The initial buildup of the tuned-circuit voltage in such a circuit is shown in Fig. 
8.6-3. This buildup continues until the step on the tip of one of the carrier cycles 
exceeds g(t) and the tuned-circuit voltage is caught at this value. Thereafter, so long 
as g(r) does not vary too rapidly, the diode will conduct on every peak and the circuit 
will “ring” between the peaks at its natural frequency, oj 0 . 


ffin 




Lit) 

Strengl 

th of q 

I 1 

1 





- f - ff yr 4T 57 67 77 f — 


/, (0 q X 5 (t--nT), 7—2ti,6jo 


Fig. 8.6-3 Transient buildup of the tank voltage in a tuned-circuit modulator. 

If the tuned-circuit Q T is high enough (say more than 30) so that the energy 
decay between resettings can be considered linear, then for any constant value of g(0 
the size of the step at each peak will be approximately g(t)n/Q T . Therefore, the 
higher the value of Q T , the smaller the distortion at each cycle peak. In a practical 
circuit we do not drive with impulses; hence the output voltage does not have steps. 
For example, with current pulses that are 90° wide the voltage transient in the tuned- 
circuit voltage will be nearly imperceptible, even though the fundamental current 
into the tuned circuit is essentially the same in the case of impulse, and in the case of 
wider current pulses. 


Fnilurc-to-Follow Distortion 


If g(/) increases too rapidly in a cycle, then the maximum step in the tuned-circuit 
voltage, AV = q/C , will be insufficient to cause the diode to conduct and the tuned- 
circuit voltage will not track the modulating signal. 
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[g(r 0 )/ a l + s( f o) C I\ R i.' 

":“SS;;ES2SS2S=| 

>01 of Ftp fo-O ■ 1 ■ . ,. ikt> of a slow Lille 

ti^rS^ion JL. .ha", «* is vaUd for ,dl values 

| , l !;;;:,\, drive sig n„. Uae c lr ca,„. 

ill ihe rate of change of the modulation. 

huso Distortion . 

.. 

“ m " compo, ’ em ° f ,hc 

ircuit voltage will result. To prevent such distortion, 

g(r 0 + 7 ) > gdoK’ (S ' 6 - ) 

' a WhenS ishtglTand the rate^f change of g(D is low .this equation mas be approxi- 

[g( f0 ),2] + giro) * o- ,8 - 6 - 3) 

\s m the case of failure-to-rollow distortion, a more inxoKeed unal>sis shows that 
may he combined to yield ^.6-4) 

Sinusoidal Modulation 

l or the specific case of sinusoidal modulation where 

g( f ) = ( V cc - I, ,X 1 + "i cos toJ). 
i ,.F„ (8 6 41 in order to show the restrictions necessary on m to avoid 

■r^^ion &&«*•* ^.-■*—. . 

1 


m < 


v ; 1 4 - 


(8.6-5) 
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for upward-going modulation the restriction is 


[1 1 R t _{ V&c “ ^ 

m < — 4=^ 

x 1 4 twja) 


( 8 . 6 - 6 ) 


Hence if I t R, is greater than 2(V CC - V C eJ- then the downward-going restriction 
governs in all cases. For 100% modulation this restriction on the minimum size for 
/, i s imposed at any rate; hence no additional hardship is added by the rate of van- 

ation of the modulation. ... . 

One way to ensure that m always satisfies the necessary restrictions is to place 

the modulating signal through a low-pass filter with a -3 dB bandwidth lower than 
a and to obtain gU) at the filter output. Specifically, if the filter transfer function is 

H(jto). then 

g(f) = t Vcc - VceJH(0) jl + [rn m f + arg H(./mJ]|. (8.6-7) 

Since the resultant value of m from Eq. (8.6-7%.s |//(MJ///(0), then, if this function 
is always equal to or less than Eq. (8.6-5) will always be sat.sfied. 

Figure 8.6-4 illustrates this situation. 



Fi«. 8.6-4 Prefiltering of the modulation to 
ensure no distortion in the modulated output 
[IyR L > 2{V ct - 


For a practical circuit the phase-distortion restriction should be reduced, since 
with a spread-out current pulse an earlier conduction time for the diode conduction 
should lead to a less abrupt phase shift in the output. Certainly, if Eq. (8.6-5) is satis¬ 
fied, then distortion should be avoided. 

To summarize: We have seen that, if the collector-base diode of a transistor 
conducts on every cycle, then the circuit of Fig. 8.6-1 performs as an AM modulator. 
As was pointed out in a previous section, it is possible to obtain 100% modulation 
from such a circuit without the strain of driving the tuned circuit between zero an 
2(V CC - V CF t ) if one merely modulates to a peak value of, say, 70% and then sub¬ 
tracts a carrier component sufficient to bring the valleys down to zero. 
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Once again we shall point onl that, though the modulator of this section looks 
e the modulated power amplifier of Section 9.9 the operation of the two devices is 
a identical. The modulated power amplifier can operate perfectly satisfactorily 
cn if the collector-base diode never goes into conduction, whereas the whole basis 
operation for the modulator of this section is the conduction of this diode. 

tOHLKMS 

I I ind the amplitude and frequency of the spectral components of r(f) = g(r) cos <o 0 r for 
each of the following cases: 

a) g(f) = (5 V) cos w„,f. w m « 

b) g(r) = (5 V) + (3 V) cos o)j, o>,„ « o 0 . 

c) j>(f) is a symmetric square wave which varies between 0 V and 5 V with a period T = 
l/ru m » 1 /uj 0 . 

1 I'lie voltage r(r) given in Problem 8.1 appears at the input of an antenna having an input 
resistance^ lOOfi in the neighborhood of w 0 . Determine the carrier power and the side¬ 
band power delivered to the antenna for each g(r) given in Problem 8.1. 

1 The voltage r(f) given in Problem 8.1 is applied to a single tuned circuit having a center 
frequency ofw 0 . a bandwidth of2w m ,and unity transmission at Find the voltage at the 
filler output for each g(r). Sketch the frequency spectrum in each case. 

; | | he modulation g(f) = (5 V)cosw,r + (10 V)cos ci 2 l (r.-J k < oj 2 « w 0 ) is applied to the 

SSB modulator shown in Fig. 8 1 5. Determine 

a) g(f). the Hilbert transform of g(f), 

b) an expression for r s5fl (f), 

c) the spectral components of r ss ^(r), and 

d) the power c SSB (t) delivers to a 100 Q resistor when placed across it. 

< s show that, when g(f) is placed through two Hilbert transformers in cascade, the output of 
the second Hilbert transformer is -g(f); that is. H[H g(f)] = 

U< Determine the amplitude of the carrier which must be subtracted from t(t) = (10 V)[l + 
0 2/ (r)] cos w 0 t to yield a modulation index of 0.9. 

K / In the circuit shown in Fig. 8.2-2, g(t) = (5 V)(l + cos 10V), w 0 = 10 7 rad/sec. and H(jw) 
is a single tuned filter having a bandwidth of 2 x 10 4 rad/sec and a center frequency of 
3 x 10 7 rad/sec. Assuming that the filter has unity transmission at resonance, find an 

expression for 

X X lii the circuit shown in Fig. 8.2-5, A = 10 V, F, = 5 F, and 

f0, r, < 0, 

r " _ { v, + 41 f, r, > o, 

wIktc r„and t’, are in volts Calculate the maximum output modulation index which can be 
achieved without causing envelope distortion in r 0 (/J. 

X i) I-or the circuit shown in Fig. 8.P-1, find r 0 (f). What is the modulation index? Sketch i u (0 
If / (/) = cos 10 3 r. 
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(2 V)f(t) 


Figure 8.P-2 





















































AMPLITUDE MODULATION 


For the circuit shown in Fig. 8.P-2, calculate r 0 (r) if f(t) = cos 1.66 x 10 5 r. Repeat, assum¬ 
ing that f(t) is a square wave with transitions between +1 and — 1 and with a 100 ^sec 
period. 

a) For the circuit shown in Fig. 8.P-3, determine an expression for v Q (t) assuming that none 
of the transistors saturate, that all the transistors are identical, and that 

|r|(f)| < 100 mV and 0 < v 2 (t) < \ V P \ + K 0 . 

b) Evaluate c 0 (r) for the case where 

loss = 4mA, V P = -2 V, R L = 2 kQ, ± V cc = ± 10 V, 

R B = 3.^kQ, v x = 100 mV cos 10 7 f, and i 2 (0 = (1 V)(l + 0.6 cos \0 3 t). 
Does any transistor saturate? 



Figure 8.P-3 
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8.12 For the two-quadrant multiplier shown in Fig. 8.P-4, show that 

cujR L r 


i'M = 


2 kT(R + r) 


•yMUti 


provided that 

a) g, and Q 2 are identical with sufficiently high values of p so as not to load r, 

b) neither Q { nor Q z saturates, 

c) I K (t) ^ 0, and 

d) kv/'(R + r)\ < 16 mV. 

Given 


R = 1 kQ, r = ion, R l = 2 kO, V cc = 10 V, 
Vylt) = 1 Vcos 10 7 r, and I k (t) = (2.5mA)[l + m/(r)], 
find an expression for u 0 (r). Are the assumptions justified? 


8.13 Figure 8.P 5 illustrates a circuit for unbalancing a differential output. Show that if Q f and 
Qi are identical transistors, i = 1, 2, 3, with high values of /?, then 


~ (h ~ h)R l- 

(This is the same \oltagc that would be obtained differentially between the collectors of 
Q> and Q l if were placed in the collectors Of both O, and 

Show how this unbalancing network may be used in conjunction with the circuits of 
F igs. 8 J 10, 8.P 3, and 8,P-4. Write an expression for for each case. 
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14 For the circuit shown in Fig. 8. P-6, determine an expression for i„(f) as well as r„,(0 mld 

Assume that all transistors are identical with p > 200 and V HH % 0.7 V. 

15 Determine an expression for v a (t) in the circuit shown in Fig. 8.P-7. Assume that P = 99, 
y BE ~ 0.7 V, and that the tuned circuit passes the modulation. 

16 For the circuit shown in Fig. 8.4-1, 

g(r) = (10 V) cos 10 3 f, w 0 = 10 7 rad/sec, = 1 kfi. R L =\kSl, 

C = 1000 pF, L=10/iH, and g m =10.000/il) 

Determine the minimum value of V, and the maximum value of R, which permit proper 
circuit operation. With these values write an expression for i y (f). 

17 For the circuit shown in Fig. 8.P-8, calculate rjl) if I DSS = 4 mA and \ P — 4 V. 

18 Derive Eqs. (8.6—1) and (8.6-3). 

19 For the circuit shown in Fig. 8.P-9, 

,\(0 - V Q$(t - nT). 

;i = — oc 

where T = 2n x 10“ 7 sec and Q = 30* pC. Make an accurate sketch of v 0 (t). Indicate 
regions where failure-to-follow distortion occurs. 
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8.20 For the circuit of Problem 8.19, r(f) = (10 V)(l +mcosl0 3 r)* Find the maximum value of 
tn before either phase distortion or failure-to-follow distortion occurs. 

8.21 For the circuit of Problem 8.19, r(f) = [10 - 9/i(f - 6)] V. Assuming that t t occurs on a 
negative peak of r 0 (r), write an expression for (or plot) i 0 {t) for two carrier cycles beyond t,-. 
Is there any phase distortion? 



Figure 8.P-6 
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Figure 8.P-8 

v.m 




Figure 8.P-9 
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POWER AMPLIFIERS 


pi cv ions chapters we have been concerned with performing some operation upon a 
ami, raihei than with the efficient conversion of supply power into signal power, 
llus chapter we shall concentrate upon this power conversion problem. Again we 
ill begin by considering the basic problems in a device-free context, and then we 
ill modify these general results by taking into account the additional limitations 
posed by specific types of devices. 

Intuitively we see that the efficient conversion of supply power into signal power 
limes that the losses in the conversion device be minimized. If we consider the 
1 111ency ranges and circuit adjustments where device voltage drops and device 
i mils are in phase, then it follows that device power is minimized if maximum 
i lent Hows during minimum voltage drops while maximum voltage drops are 
ompanied by minimum current flow's. 

In add ii ion, if the signal to be amplified is either absent or small for a substantial 
it ol the time (speech or music, for example), then it is clear that the long-term 
in age device dissipation will be minimized by minimizing the “standby" or 0-point 
w$r through the device. 

Power amplifier output for a given device is normally limited by one of two 

l oi s : 

) excessive distortion or 

) some device and/or circuit limitation (other than distortion). 

1 xamples of the device limitations include: (a) voltage breakdown, (b) current 
handling limit, and (c) maximum allowable device temperature. Examples of 
combined circuit and device limitations include: (a) operating path limitations 
<c g , v iolation of the “safe operating region" or SOAR!) and (b) thermal runway .i 


dev u c manufacturer may specify regions of the characteristics of a certain device in which it is 
Ir to operate. These regions may be functions of the type of output circuitry and the shape 
I liet|uciic> of the driving waveshape. Most high-pow r er transistors have such regions as a 
lion ol their specifications. Part of the design procedure for any power amplifier is to ensure 
t ilie operating path (see Fig. 9.4-3, for example) lies completely within the “safe” operating 

ion 

Inn m.i! runaway is a phenomenon wherein device self-heating causes more dc current to 
’ i In f li in In lo more device healing, and the process continues until the device is dcslro>cd 
i, posihve feedback problem is peculiar to transformer- (or choke-) coupled circuits, since 
li dc resistive loads the increased device current must decrease the device dc voltage and 
mu,illy lire circuit will reach equilibrium. The problem is controlled by a combination of 
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9.1 “IDEAL" POWER AMPLIFIERS—CLASS A, SINGLE-ENDED 

Initially we shall concentrate on the limitations imposed by distortion caused by the 
drive waveshape and the circuit configuration. That is, we neglect gradual internal 
device distortions by assuming that until the device reaches cutoff or saturation the 
output parameter (current or voltage) is a faithful copy of an input parameter (current 
or voltage). 

We further simplify the situation by assuming that our devices are “current- 
source-like" or “voltage-source-like." For example, with a “current-source-like" 
device the output current depends only on the input parameters and is independent 
of the output voltage. 

Figure 9.1-1 shows a broadband version of such an idealized device together 
with a possible circuit for its use as a pow r er amplifier. If such a circuit is operated 
in such a way that i d always exceeds, zero, i.c., the device never reaches cutoff, it is 
called a Class A amplifier.t 



LD (b) 

Fig. 9.1-1 Device characteristic and possible Class A power amplifier circuit, (a) /, as a param¬ 
eter. (b) Idealized circuit. 


reduced thermal resistances, increased bias stability, and the use of external temperature com¬ 
pensation elements. For details, see Chapter 3 of Transistor Circuit Analysis by M V. Joyce and 
K. K. Clarke (Addison-Wesley, Reading, Mass.. 1961). 

t Power amplifier classes are defined in terms of the device conduction angle and or the type of 
device operation: 

Class A: “Linear” operation, 360° conduction angle 
Class B: “Linear” operation, 180° conduction angle 
Class C: Fixed drive, less than 180° conduction angle 

Class D: Su itched operation, conduction angle may vary with time from 0° to 360° 
oi may be fixed 

Class AB: “Linear” operation, conduction angle less than 360° but more than 180° 

In certain cases a particular circuit may be viewed as belonging simultaneously to several different 
classes. 
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II is apparent that among the variables to be chosen in this circuit are I co h, R L , 
c (J -point, the waveshapes of i i , and the peak value of the driving waveshape. The 
nice of these variables indicated in Fig. 9.1-1 is the optimum one assuming a given 
a given /, , and the desire to operate in a Class A fashion with the maximum 

>ssiblc efficiency: i.e. v d = V mim = when i d = 7 nuix . 

If i t is symmetrical about 7 Im d?2 and never passes cutoff or / fmax , then the output 
rrent will be symmetrical about which will be equal to l dc . At the same time, 
ice we are assuming midband operation where the transformer reactances may be 
glccted and the upper and lower breakpoints are widely separated, the device 
ill age will be swinging symmetrically about V cc . 

In some cases, certainly with very low'-frequency signals or with devices that have 
i y short thermal time constants, one wishes to consider instantaneous rather than 
or age device power. However, it normally suffices to average the power over a 
He of the lowest-frequency signal to be amplified. To locate the circuit of Fig. 

I 1 in the power amplifier hierarchy, let us begin by calculating its power output, 
>uei input, power dissipation, and power conversion etliciency //, all as a function of 
pul \\n\eshapc. 

ij = Iq + I\ cos tot, Iq + /) < 1 mjx , 

I Q = / dc , K, = irR. 


I'j — l( ( ■ 4 “ / i R i COS (’)t, I i R ^ I ( I sal ’ 


(9.1 1) 


r dc = i d y cc , / J as = 


1 i*,. 


»/ = 


I ^ 


2/ dc i; r p a , 


/’do.ic, = /’do - /’ao = /’dc(l - '/) = /’ac 


1 - I, 


(9.1 


me /' (k is the power supplied by the battery and P. lc is the power consumed by the 
ad (Actually P ac is the power available at the input terminals of the transformer, 
mie small-output power transformers have transfer efficiencies as low as 0.60; 
*iu c all of P ac may not actually reach the load.) 

When this circuit has no sinusoidal drive, all the power supplied by the battery 
by the power supply must be dissipated by the device. As the drive increases, so 
>es //, and the device dissipation falls. With the maximum drive allowable before 
1 1 oil or saturation occurs and gross distortion results, one finds 


= 7h,TT ( 


h c (Vcc -KJ 


n ,im 


Kc ~ Kat 
2 Vcc ’ 

(V cc -F F sat )/ dc 


(9.1-3) 


/> — 

(JCVICC lr ,in 7 

line /,/s, 1 (( - and /, =* I dc . Suppose that K sat = 0.05 V cc ; then = 0.475 
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while falls from K cc / dc with no sinusoidal drive to 0.525 F cc / dc with full sinu¬ 

soidal drive and P ac climbs from zero with no drive to 0.475 F cc / dc at full drive. 

Figure 9.1-2 indicates the relative values of P dc , P ac , F devicc ,and rj as a function of 
/i// dc or V x {V cc — T s . lt ). In all cases the normalization is with respect to P d 

From Fig. 9.1-2 it is obvious that, if the drive signal varies in amplitude and is 
occasionally zero, then the device must be capable of dissipating 7 dc V cc watts and the 
overall long-term efficiency may be 10 ° 0 or less. 



Fig. 9.1 -2 Normalized powers and efficiency 
for a sinusoidally driven Class A amplifier 
(Km = 0.05 t cc ). 


Sqiiare-YVme Dri\e—Broadband Load 

If we assume that the device and the output transformer will both handle square 
waves without distortion, then, if the peak-to-peak value of the square-wave current 
is 7 p , where I p < 27 dc , it follows that 


P JC = 



n 


4 I dc V C c 


l I„ \ 2 KX ~ K a, 

\2/ d J V cc 


(9.1-4) 


In this case i/ inJX = 1 - while P dclice decreases from P d . with no drive to 

/ dc F SJt at maximum drive. 

Figure 9.1-3 indicates the normalized variation as a function of / /2/ dc or 
I () U ( < — I). If the drive ever drops to half its maximum value, the efficiency will 



P.t. s P- ■ ( , J , 
n . 

P^,JP« 


Fig. 9.1 -3 Normalized powers and efficiency 
for a square-wave-driven Class A amplifier 
(Kat = 0.05 V cc ). 
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drop from 95% to 24% while the device dissipation will rise from 50% of the dc 
(Lpoint power to 76 % of this power. Hence, except for the special case of continuous 
maximum drive, the device must be prepared to dissipate l dc V C c and the average 
overall efficiency, while higher than in the sine-wave case, may easily be 20% or less. 

C lass A Narrowband Operation h 

As we have seen, a power amplifier consists of a controlling device, a load, a basic 
power source, and a driving waveform. We have also seen that the results obtained 
with power amplifiers are quite sensitive to the type of driving waveshape. The 
results are also a function of the load circuit. In general, there are two useful types of 
loads. In the broadband case one wishes the load to look ‘‘resistive 1 ' and “constant 1 ' 
over a frequency range of at least 10/1 and more normally 100/1 or even 1000/1 or 
more In the narrowband or high-Q case one is often satisfied if the 70% variation 
points of the load impedance are within several percent of the center frequency. 
Again one would normally like the impedance to be resistive at the center frequency. 

One basic difference between the two types of loads is that in the broadband 
case the load cannot be counted on to remove signal distortion, while in the narrow- 
band case the filtering properties of the load may lead to output \oltages or currents 
that are quite different from the driving waveshapes. 



If we replace the broadband transformer and load combination by a high-Q 
parallel RLC circuit, then the circuit of Fig. 9.1-4 will result. In order to see the 
different effects of driving waveshapes and to compare the broadband and narrowband 
eases, let us calculate the results for this circuit with sine- and square-wave output 
device currents. (Again we assume that i d contains a dc component of half its max- 
'mum value, / max , K sincwavc = 2(V rc - K s;l ,)// m; , x while K squ , roua « equals (V cc - K s;ll )/ 
II mju . We also assume that the driving waveshape has a fundamental radian fre¬ 
quency of oj 0 .) The results are shown in Table 9.1-1. 

The results for the case of sinusoidal drive are identical to those for the broadband 
:ase as summarized in Fig. 9.1-2. On the other hand, the case of the square-wave 
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Table 9.1-1 


Sine wave 


— ^dc + f i cos f, V 

Fdc = Keltic 


V\ = I t R < Vcc - K* 

IjR 


>r = Lll±) 2 l 


2 v 

ic. = Pdcd - '/) 


Square wave 


*d — ^dc +“ 


K I 


^1 f p ’ % ^max 


p - 

ac k 2 


1 //. 


n = Mi 


1 — 

Ka,\ 

l Vcc 

1 


driving waveshape now has a maximum possible conversion efficiency of 0.635 
(practical efficiency of 0,60 if = 0.05 V cc ) in comparison to a broadband practical 
efficiency of 0.95. For a case where P dc = 10 W the practical device dissipation is 
iW for broadband maximum drive and 4W for narrowband maximum drive. 
This eightfold increase in actual dissipation with a maximum amplitude square-wave 
drive is the significant difference between the broadband and the narrowband cases. 
The important difference between the sine- and square-wave current pulse drives 
into a tuned-circuit load is that for the same supply voltage and the same maximum 
allowable device current the square-wave drive case yields 4/n times as much output 
power. 

9.2 CLASS B LINEAR RF AMPLIFIERS 

When the signal to be power-amplified is amplitude-modulated in one of the forms 
discussed in Chapter 8, there must be a linear relationship between the envelope of 
the power amplifier output and the envelope of the input driving signal. 

This desired linearity of the envelope transfer function does not preclude the 
proper piecewise-linear operation of the device and does not require “undistorted 11 
current or voltage waveshapes throughout the system. What is required is that there 
be a linear relationship between the amplitude of the fundamental component of the 
device output current pulses and the input envelope. With such a relationship and 
with a narrowband output filter, one can obtain a useful power amplifier for SSB, 
suppressed carrier or normal AM signals. 

By using a current pulse train instead of keeping the device current always on, 
one expects to reduce device dissipation and increase conversion efficiency. This 
increase in efficiency should occur because current flow will be stopped during the 
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l of ihc period when the device voltage is high and/or the device voltage will be 
need during the part of the cycle when the current is high. Two possible current 
sc shapes are half sine waves and a train of rectangular pulses of width t(t < T 
ere <o 0 = 2 n/T). 

figure 9.2-1 indicates two idealized possibilities for a combination of device 
uacteristic and driving waveshape that, when followed by an appropriate narrow- 
ul filler, will allow “linear" RF power amplification. 

The fundamental component of the half-sine-wave tips is equal to l J2\ hence, 



;. 9.2 I Two possibilities for device characteristics and driving waveshapes that will allow 
near" RF amplification, 


lie device characteristic is straight all the way down to the origin, one may linearly 
iplify a 100% modulated AM wave in a single-ended Class B amplifier with a si- 
soidal driving waveshape, For any particular value of I p for which 


I , / < V <* 

MUX’ P - p 


f H.. 


/, = -J!, and V t = I t R, 


that 


Pa,- = 


Vcch 


I 2 

P., = 


and 


n = 


Ij^L * 

■ V cc 8’ 


d since R l = 2[V CC - K.J/I max , to achieve optimum efficiency 


^CC fsatl 


(9.2-1) 


licit has a maximum value of (7t/4)(K cc — V x ^/V cc wh en I p — ^max- Figure 9.2 2 
licates the operating path for this case and compares it with the Class A case 
town dashed). 
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It is apparent from this figure why the Class B device dissipation should be 
reduced with respect to the Class A dissipation. For the high-voltage half of v,, the 
device carries no current at all. This crowding of the current into the low-voltage half 
of the cycle is intuitively exactly what one wants in order to reduce the power loss in 
the device. 

It is also apparent that maximum device dissipation will no longer occur at the 
maximum drive point but at some intermediate point where the product of the 
device current and voltage drop goes through a maximum. To find this maximum 
dissipation point, one differentiates P devlcc = P dc - P ac with respect to / and sets 
the result equal to zero: 

W' = r. _ YSL _ p _ fCC^mj x Fee , Q - .. 

1 mux 71 V cc - vj Jc,lu '. 71- y cc - yj (9 - 


Thus for equal values of V cc and I max the Class B stage has a maximum device dissipa¬ 
tion of approximately ^ that of a Class A stage. 

Put another way, the ratio of the maximum load power, P ai; , to the maximum 
device dissipation is 


Vcc Z 

K-c 


■ 4 

device m;iXi ^ 

F cc — F sal 

device,. 2 f% 


for Class B, 


for Class A, 


(9-2-3) 



Fig. 9.2 2 Class A and Class B operating paths (sinusoidal input signals), 
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Alien |-„„ = 0.05 L co the ratio for the sinusoidally driven Class B stage is 2.2 
.pared io 0,475 for the Class A stage. Thus to supply a maximum load power of 
W via a Class A stage requires a device capable of dissipating 210 W, while a 
It stage requires only a 45 W device. 


( I.\SS C “LINEAR” AMPLIFIERS 

I, :l sinusoidal driving signal, when one attempts to increase the conversion effici- 
v Lev ond 7 t/ 4 by reducing the conduction angle of the current pulses to less than 
one loses the linear relationship between the fundamental component of the 
■.eS-flnd their peak value. The reason is that in this case the conduction angle, and 
. e i he ratio of the fundamental current to the peak current, becomes a function of 
amplitude. 

()n the other hand, for a rectangular pulse train of any finite width the fundamen- 
amplitude is related to the peak amplitude by 

/, = — sin ^ (9.3-1) 

71 1 

I,a i a linearly modulated pulse AM signal at the input of a zero-biased piecewise- 
•ai staee would yield a linearly modulated AM signal across its output tank circuit. 



Fig. 9.3-1 RF amplifier with pulse drive. 


If one considers the case of a fixed-amplitude pulse train into an output-tuned 


.3-1, then, for / lmn 

^ R L — Vcc Kan 


Vcc ~ V S3l n 

1 


I 2 sin (™/ T )' 

1 h Yi^ n A( V CC - Ka.tfma* 

(9.3-2) 

' UnJ \ T l 

71 


— i p —I V 
■ I T" * max 1 

■* mflx J 


(9.3-3) 

Ip %C — Ksat 

sin (nxjT) 

(9.3-4) 

*max ^CC 

tzt/T 
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For a given value of I p H m . lx the available output power increases as a sinusoidal 
function as t/T increases from zero to % At the same time, the circuit conversion 
efficiency decreases as a sin x x function. Table 9.3-1 indicates the relative 7%, 
efficiency, and in I — (sin .v x) the relative dev ice dissipation for a pulse-driven Class C 
amplifier with the conduction angle as a v ariable. Note that increasing the conduction 
angle from 120° to 180° increases the output power by only 15% but increases the 
device dissipation 1.56 times. From these data one would normally expect to operate 
with r/T in the range from £ to j (120° > 0 > 60°). 

Table 9.3-1 


0 

T 

T 

stn j 

sin (7 tt T) 

j Sill .V 

nr T 

V 

IS0° 

l 

’ 

1.00 

0.635 

0.265 

120° 

i 

X 

0.866 

0.83 

0.17 

90° 

i 

4 . 

0.707 

0.90 

0.10 

60° 

t 

n 

0.500 

0.955 

0.045 


Note that these data are perfectly valid if the bias point is chosen anywhere to the 
left of the breakpoint in Fig. 9.2-1 (b). The only time that breakpoint bias operation is 
necessary is when “linear” envelope amplification is required. 

As in the Class B case of sine-wave drive w ith a constant supply voltage, when the 
device operates in an on-ofT fashion the maximum device dissipation does not occur 
at the maximum drive but at some intermediate level. Again this maximum level is 
found by writing F devicc = P dc — P lc , differentiating with respect to / p , and setting the 
result equal to zero. When this is done for the case of rectangular pulses the point of 
maximum device dissipation, J pnuM , is found as 


^ _ 1 V cc sin (ni/T) 
/ m;,x 2 V cc - r; al 71 x/ t 

At this drive level the actual efficiency is 

sin [nr 7)1- 
kt T ' 



(9.3-5) 


(9.3-6) 


which for 0 — 90° and 1% = F cc /20 is down from 0.855 at maximum drive to only 
0.405 of the maximum device dissipation point of I Pmd JI maK = 0.475. 

Figure 9.3-2 indicates the operating paths for no modulation and for 100%, 
positive peak modulation for a 90° rectangular pulse drive Class C “linear” amplifier. 

It will be demonstrated in Section 9.9 that the overall efficiency can be increased 
il the output voltage is varied in step with the input. The general results of that section 
can also be applied to the pulse-driven linear Class C amplifiers of this section. 

For ordinary power amplification of unmodulated signals, Class C is preferred 
over Class B. At higher frequencies the pulse-like drive signals are difficult to produce 
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No modulation 






Modulation peak 


Fig. 9.3-2 Operating paths for 90° “linear” Class C amplifier. 

ul one tends to use sinusoidally driven Class C amplifiers. Such amplifiers are 
jCussed in Section 9.4. 

With a triode vacuum tube the output current pulse is a function ot the output 
,ltage; hence direct output modulation or such stages is possible. Furthermore, 
cy can be adjusted for reasonably linear operation up to nearly 100',',, modulation, 
here fore, vacuum tube amplifiers are modulated in the final power amplifier when- 
cr possible. Normally single-sideband and suppressed carrier operations are per- 
imed at low power levels. These signals do require linear power amplifiers for all 


ubsequent stages. . 

'Transistors would seem to lend themselves quite readily to the modulated Class 

l amplifier scheme of Section 9.9. Since the best-modulated Class C amplifier 
eldom has an overall efficiency of more than 80one'is really sacrificing almost 
olhing in this case. 

Of course, FM, PM, binary AM, and the various industrial uses ol CW are com- 
.Icicly indifferent to the “linearity" of the power amplifier employed. 
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he normal R F power amplifier does not have a piecewise-linear device characteristic, 
m is it driven bv a “square” pulse. It is normally operated into a tuned-circuit load, 

, that no matter what the shape of the input current pulse one can begin by assuming 
nil the output voltage is sinusoidal. If one knows the actual input driving waveshape, 
one knows that the output voltage is sinusoidal, and if one has the proper device 
haracteristic, then one can always calculate the output current waveshape. 

In some cases this current pulse will have a known analytic form, and the dc and 
mdnmental terms ninv be written by inspection. Even if the analytic form is not 
nown, one can normally approximate any symmetrical pulse by one of seveial forms 
uch as rectangular, trapezoidal, triangular, cosine, cosine squared, or sine-wave tip 
If i he output circuit is timed to be resistive, then a symmetrical input pulse will 
ield a symmetrical output pulse.) 


9.4 


RF CLASS C AMPLIFIERS 41 1 


To aid in the analysis of the current pulses, the appendix to this chapter tabulates 
the equations for various pulse forms and presents normalized curves for / dc , l x , and 
/ 2 vs. the pulse width or conduction angle. As these curves indicate, the variations 
among the differential waveshapes are not large; consequently an exact fit is not 
necessary in order to obtain a reasonable estimate of the fundamental and dc values. 



The circuit oT Fig. 9.4-1 provides an example of the use of these curves as well as 
of the determination of the current waveshape for an idealized triode vacuum tube 
in which the plate current is a function of both v PK and v GK . In order to simplify our 
example slightly, let us assume that the device characteristics are as shown in Fig. 
9.4-2. (As shown in Fig. 9.4-2, this tube has a constant // = 10 and a constant 
r p = 1.8 kH. In a real tube the curves would be neither straight nor equally spaced.) 
The bias has been chosen so that with a sine-wave drive of 5.4 kV peak and with a 
Knin = + 2 kV for the plate-cathode voltage, the conduction angle will be 120°.t 
For comparison purposes let us assume three different driving waveshapes. 
In each case the bias and supply voltages are constant but R L is changed, so that we 
always drive up to l gk = l pk = 2 kV in the upper left-hand corner: 

1. Sinusoidal: 5.4 kV, 0 p = 120° 

2. Pulse: 5.4 kV, 0 p = 120° 

3. Composite: (5.4 kV) (1.1 cos cot — 0.1 cos 3 cot), 0 p ^ 140° 

The operating paths for the three cases are shown in Fig. 9.4—3. These paths are 
constructed by drawing the driving voltage along the vertical axis centered at — 3.4 k V, 

t For idealized tubes the relation among Vbb' Vcc' L 1 ' and the conduction angle 0 p may be written 
as 

y \ V UU , I I'Mmhi -F COS (<y2j I 

CC M 1 t‘ jt ~co S (V2)_T 1 ’ 

hence for V BB = 12 kV, = 10, i Pk . = 2 kV, v GK = 2 kV, and 0 = 120°, it follows that 
V cc = - 3400 V. 
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vung a 10 kv sine wave alone the horizontal axis centered around 12 k\. and 
lime the resultant Ltssujous pattern. All the circled points in any vertical line 
resent the same angular distance measured from the peak of the current pulse 
h orn the valley of the output tank circuit voltage). Note, as in previous cases, the 
rente dependence of the operating path on the driving waveshape. 

Once the operating path is sketched, the current pulse is drawn almost by 
section, since each circle indicates the plate or grid current Tor us particular 
.■ulai displacement. The respective current pulses are shown in Fig. 9.4 4. 

Ill order to compare the three eases let us approximate the various current pulses 
follows. 

Sinusoidal drive: 

/ /{ — cosine pulse of 120° width, /j = 3.8 A, / dc — 2.1 A; 

/' {; triangular pulse of 102° width, I Gl = 0.85 A, 1 G0 = 0.45 A. 
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2. Pulse dri\e: 

in —square pulse of 120° width minus a triangular pulse of 120° width and 0.2 A 
height, /, = 5.5 - 0.6 - 4.9 A, / dc = 3.33 - 0.33 = 2.0 A; 
i G —square pulse of 120° width and 2.2 A height plus a triangular pulse of 120° 
width and 1 A height, I Gl = 1.2 + 0.30 = 1.5 A, I G0 = 0.733 + 0.167 = 0.90. 

3. Composite drive: 

i H —symmetrical trapezoid of 140° width, /, = 5 A, / lc = 2.0 A: 

i G —cosine pulse of 120° width, I G , = 1.14 A, / G3 = 0.42 A, I G0 — 0.63 A. 
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Fig. 9.4-3 Operating paths for three different driving waveshapes and load resistors 
i\' cc = 3400 V, V BB = 12 kV). 


















. i K . 4 Plate and grid current pulses for the three operating paths of Fig. 9.4-3. (a) Sinusoidal 

hive (b) "Pulse” drive, (c) Composite drive. 

1 rom these current waveshapes and their harmonic analyses in addition to the 
issumption of a known driving waveshape and a known output waveshape (10 kV 
vnk sinusoid), we can derive values of i H and i G for the necessar> value of R r as well 
is the various powers listed in Tables 9.4-1 and 9.4-2. 

The grid circuit calculations are explained in Section 9.8. 

Which driving waveshape is allowable will depend on the device limitations. 

I oi example, if the peak allowable current! is 10 A, then the pulse drive would not be 
satisfactory although the other two would be. (Actually the peak cathode currents 
In not differ too drastically, since for the pulse case the valley in i H corresponds to the 
peak in i G .) If the peak plate dissipation is 7 kW or the peak grid dissipation is 900 W, 
i hen only the sinusoidal case would be allowed. The composite drive does yield the 
IIP no output power as the ‘"pulse 11 drive, but does it at a higher efficiency, with 20 /0 
less peak current, with 76% of the grid dissipation, and with a waveshape that is 
much easier to generate than is the pulse waveshape. The last column of Table 9.4-2 


| I he maximum cathode current should be supplied by the manufacturer of the device. If it is not 
ihcn the most reasonable procedure is to find the peak allowable cathode current in milliamperes 
|u-i watt of filament power for another tube having the same type of filament material and rough!) 
ihe same power rating. This "constant can then be used to determine f°r die tube in 

pillion 

l or pure tungsten filaments run at their rated power input, this value is usually about 
5 m A'watt. As the filament power decreases, the emission per watt falls but the life increases 
11 uis reducing the filament power to 90% of its rated value (normally this means reducing the 
filament voltage to about 95 % of its rated value) will approximately double the life of the filament 
while reducing the maximum emission per watt to perhaps 75% of its original value. 

I he lives of thoriated tungsten filaments cannot be extended by low-power operation, 
gfomially the filament voltage for these tubes should be regulated to within 5% of the nominal 

value Such filaments are much more efficient emitters than pure tungsten. However, they should 

I,ai Ik? operated within a factor of 2 or 3 of their temperature saturation currents; hence one 

ha^ a nominal mA/watt figure in the region of 15 to 17 for this type of filament. 

Oxide-coated cathodes are generally too delicate to withstand the ionic bombardments ol 
high-voltage operation. With small tubes that have oxide-coated cathodes one can assume that 
peak cathode currents of 40 mA/watt will not cause damage. 
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indicates the power gain of the stage. From this and from the driver power figure 
it is apparent that a power amplifier will be needed to drive this stage. 


Table 9.4-1 Plate circuit values 


Driving 

waveshape 

Rj_.fi 

P«.lt W 

f%.kW 

f’pu^kW 

n 

Sinusoidal 

2620 

19 

25.2 

6,2 

0.75 

Pulse 

2040 

24.5 

36 

11.5 

0.685 

Composite 

2000 

25 

35.5 

10.5 

0.705 


Table 9.4-2 Grid circuit values 


Driving 

waveshape 


P w 

1 tohullcrvor lito*circuit * 

fVu. w 

PJP^r 

Sinusoidal 

2300 

1530 

770 

8.3 

Pulse 

4850 

3050 

1800 

5.05 

Composite 

3400 

2253 

1147 

7.1 


it is apparent that one could generate a series of curves of P ac , and P devi vs. 
conduction angle for different assumed device current waveshapes. In general/the 
results will all be similar to those of Table 9.3-1 for the rectangular pulse. That is, 
the power output will rise as the conduction angle increases, but the device dissipation 
will rise even more rapidly; hence normally the conduction angle must be held below 
180°. 

In order to increase the efficiency while maintaining the power output, one wants 
to operate the device completely as a switch so that the device voltage drop remains 
at or near the minimum value over a half-cycle of current flow. The next section 
examines such svvitched-device or Class D circuits. 

9.5 NARROWBAND CLASS D POWER AMPLIFIERS 

The two basic forms of the RF Class D power amplifier are shown in Fig. 9.5-1. 
In both cases the switch is driven back and forth at the resonant frequency of the 
tuned circuit. Initially the time when neither contact is made is assumed to be zero. 

Voltage-Switching Case—Ideal (100% Efficiency) 

Since the switch spends half its time in each position, the voltage i\(t) is a square 
u ave of amplitude 21% This square wave can be expanded by means of F.q. (4.2- 4) 
to obtain a dc value of F% and a fundamental value of % = 4k%/7r. Since the circuit 
resonant at the fundamental frequency of the square wave and is assumed to have 
<Ji > 5, the current is essentially a sinusoid of peak amplitude/, = VJR. Since this 
current must also flow through the switches, it follows that the current through each 
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Switch 



i^. 9.5 1 (a) Voltage-switching Class D circuit, (b) Constant-current-switching Class D circuit, 


witch is a half sine wave. However, once the current through the battery is known, 
toii / J dc can be calculated and the analysis problem is solved. 

'oilage-Switching Case—Practical 

he efficiency of this circuit departs from 100% because of losses in the switches and 
i the inductor and/or capacitor. Since the device is assumed always to be saturated 
, hen on, the closed switches may be modeled as shown in Fig. 9.5-2. 


r 

°-11-AV—° 

Fig. 9.5-2 Device model in saturated region. 


Now if rj is the combined effective series loss element of the inductor and the 
ipacitor and if Rr = r s 4- r L + R, then the effective peak-to-peak input voltage 
.[iiare wave is reduced in magnitude to 2(K CC — V Q ), from which 


Vi = 


4 (V ct 


V n ' 




and 


I d c = -■ 

71 


)bviously the devices must not break down at a voltage of 2V CC \ on the other hand, 
l hey are to be used to the limits of their current, then the peak current / 1 will be set at 
(certainly I x < / max ). 

With these assumptions. 


R dc = 2 V cc l dc , 
P~ Vcc 


device 


Vjh 4(V CC - V 0 ) /„,7r 
ac 2 " 71 2 ’ 

- V 0 


(9.5-1) 


dc 


Vcc 
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and 


R V cc — V 0 


If/ i = Cax. then 


and 


p _ 

perdeviee 


R l ]/ cc 


1 

V 0 ) 



IV I 

_ “*CC*inux 

- P, 

K 

V I 

__ ^O^mux ^ 

[Lss 


“( ^ CC — ) 


/ A 

max p - 


(9.5-2) 


(9.5-3) 


(9.5-4) 


For example, if = 2 A, V cc = 20 V, V 0 = 0.4 V. ,- s = 0.25 Q. r L = 0.I25Q, and 
H) Vhus ' thCn ^ lmaX = 12 ' 12 ^ andtheloaded Cofthe series circuit is approximately 


F dc = 25.4 W. 


= 24 W. ij = 0.95. 


and 


FdeOce = 0.255 + 0.25 = 0.55 W. 

Hence the ratio of ac load power to total device dissipation (two devices) is nearly 

22/1; this value should be compared to the ratio of 2.2/1 for the Class B sinusoidally 
driven stage. 

Figure 9.5-3 illustrates two transistor arrangements that would be possible as 
switches. 

As we shall see in a subsequent section, it is a straightforward matter to build a 
transformerless driver for the complementary symmetry version of the switch. The 
driving circuit must supply enough turn-on current to keep the on transistor 
saturated during its conducting half-cycle, and then enough turn-off current to get it 
out of saturation rapidly. If the base current is sinusoidal and p is constant as the 
current varies, then I Bl > IJp , so that if I y = 2 A and /? 5 : 10, then l Bl > 200 mA. 
The turn-off problem is important because if one unit stays saturated while the 
second unit comes on, the result is almost a dead short from 2K rc to ground. Unless 
the power supply has a current-limiting feature, the transistors may be destroyed by 
these repeated surges. 

If a square-wave drive is employed, then a “speed-up" capacitor might be added 
m Parallel with the base resistors to increase the turn-off and turn-on times. 

As Lhe caii ici (iequency increases, the assumption of negligible transition times 
for the switch will no longer be valid. Since a heavy current flows durina this interval 
hile the switch is going off, the rise time does not have to become appreciable before 
die transition-region losses are equal to the saturation-region terms and the very 
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Fig. 9.5-3 Two possible voltage-switching circuits 


calculated values for P device are doubled or tripled. In estimating the transition 
>sscs, we can assume linear rise and fall times, each of duration t,. Then the total 
ansii ion-region power loss will be approximately (t,/T)P dc . Thus if the device 
>wcr for our previous example is not to be more than doubled, we need tJT < 0.02. 
his means that for operation at 500 kHz, t, < 40 nsec, and for operation at 1 MHz 
■ 20 nsec. 

Since these numbers represent approximately the limits of present-day power 
ansistors, one can hope to achieve ratios of load power to total device loss of about 
V I on ly up to center frequencies of about 1 MHz. For lower frequencies the gains 
• ci the Class B or Class C stage can be impressive. 

urrent-Switching Case—Ideal 

" l,ie circuit of Fig. 9.5—1(b) the current through each of the two switches has the 
im of a square wave of amplitude 2I p . These square waves may be expanded to 
'’vide a de value of ! p through each switch and a fundamental component 4/ (I n 
Inch, because of the phase reversal between the two switch currents, may be viewed 
Mowing out of the bottom of the tank circuit and into the top. That is. from the 
cwpoint of currents, the circuit of Fig. 9.5—1(b) may be replaced by that of Fm 
s I. 

Since the tuned circuit is presumed to have a reasonable Q. we neglect the har- 
onic generators; and since the switch is presumed to spend equal times on each 
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Fig. 9.5-4 Equivalent circuit (from the current viewpoint) for Fig. 9.5-1 (b). 
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Fig. 9.5-5 Device current and voltage in the current-switching circuit. 
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Current-Switching Case—Practical 
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Fig. 9.5-3 Two possible voltage-switching circuits. 


IU ciilcukited values for P device are doubled or tripled. In estimating the transition 
isses, wo can assume linear rise and fall times, each of duration t r Then the total 
ansiiion-region power loss will be approximately (r,/T)P dc , Thus if the device 
mver for our previous example is not to be more than doubled, we need t,/T < 0.02. 
Ins means that for operation at 500 kHz, t, < 40 nsec, and for operation at 1MHz, 
■ 30 nsec. 

Since these numbers represent approximately the limits of present-day power 
nnsisiors, one can hope to achieve ratios of load power to total device loss of about 
) I only up to center frequencies of about 1 MHz. For lower frequencies the gains 
vci the ('kiss B or Class C stage can be impressive. 

urmit-Switching Case—Ideal 

oi the circuit of Fig. 9.5—1 (b) the current through each of the two switches has the 
'ini ot a square wave of amplitude 2 I p . These square waves may be expanded to 
ovidc a dc value of l p through each switch and a fundamental component 4I p /n 
Inch, because of the phase reversal between the two switch currents, may be viewed 
■ ''"wing out of the bottom of the tank circuit and into the top. That is, from the 
cwpoint of currents, the circuit of Fig. 9.5-1 (b) may be replaced by that of Fir 
s I 

Since the tuned circuit is presumed to have a reasonable Q , we neglect the har- 
omc generators; and since the switch is presumed to spend equal times on each 
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Fig. 9.5-4 Equivalent circuit (from the current viewpoint) for Fie. 9.5-1 (b) 
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Fig. 9.0 5 Device current and voltage in the current-switching circuit. 


half, we combine the fundamental generators. Now R = 4/ R/n and the tanL • •, 


Current-Switching Case—Practical 


of rwi da ; ui ' ,llC COmtam current SL, PP J > most be able to adjust itself to the needs 
of the circuit: hence it would be mechanized bv an ind act a nee / h ,7 1 ", 

hve tones as great as L in series with a supply voltage i;,. Then s ?n ceP 

=Tand S § ** * ’" ^ ,hat *case whemthem'is 
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x 2 Vcc 
2 R 


(9.5-5) 


I! we wish to set 2/„ at / ma , for each switch, then we must set R at a particular value 

„ ,h! ” L C P0WOT "W-** can be calculated intmelt 
this case the current during conduction is constant; hence for any particular 

V lin lb Tl S1 7n lhe m ° d f ° f Fig - 9 - 5- 2 back t0 a single battery of value I 

(Tff- 
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R, = RRJ(R + R t ) = 


4/„\ 2 !/fankK 


F dc — 2/ p V cc -, Reload 

P . = / F 

1 eachdcvicc p sat’ 

li is choseri to limit the value of 2/„ to a value that the device can handle: 


(9.5-6) 

(9.5-7) 


Hh-r ~ W (9.5-8) 

— 1J 

milt 

ana R above this value will reduce the power available to the load. 

In order to compare the voltage- and current-switching cases we might calculate 
icrical values for a set of parameters similar to those used in the voltage-switching 
• Such \alues are shown in Table 9.5-1. 


Table 9.5-1 


Current switch 

V cc = 20 V, / M1J , = 2 A 
Uu. = 0.9 V 
R, = 4.9 kfi. Qi * 100 

Loaded 0^10 

R = 48.5 Q 
Pj. = 40 W 
= -'7.8 W 


The current switch is not subject to the problem of excess current when both 
itches are closed simultaneously, but it does sufTer from excess device voltage it 
lh switches try to open at once. It also suffers from the practical difficulty that the 
n-o-fT switching starts from the full on current rather than from the theoretical 
Inc of zero device current that should be present in the voltage switch at the instant 

switching. r , 

If the peak current of the devices is limited, then the square current pulse ol the 

i rent switch will provide more load power than the half sine pulse of the voltage- 
iu-liine case. On the other hand, if the circuit is device dissipation limited, then in 
•ory the circuits can yield exactly equal outpuLs. In practice, the actual efficiency 
the current-switching circuit tends to be lower than the efficiency of the voltage- 
itching circuit; consequently, if the device dissipation is limited, the voltage swatch 
lhe better choice. 


Voltage switch 

Vcc = 20 V, / max — 2 A 
y 0 = 0.4 V,r s = 0.25 Q 
r,^ = 0.125 k 0,2/. * 100 

Loaded Q ^ 10 

R = 12.1 fi 
p dc = 25.4 W 
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Other factors to consider when making a choice between the circuits have to do 
with the potential device failure mechanisms and whether excess current or excess 
voltage seems more dangerous. More details on breakdown and losses in this type 
of circuit can be found in a paper by Chudobiak and Page.f 

9.6 BROADBAND CLASS B AMPLIFIERS 

To supply the baseband power necessary to drive a modulated Class B or Class C 
stage or to drive the loudspeakers of a public address system or to drive the loud¬ 
speaker of a radio or television set, one would like a broadband, high-gain, distortion¬ 
less amplifier built of the least expensive possible devices. 

In Section 9.1 we investigated Class A amplifiers and found that, though their 
distortion could be low, their overall average efficiency was very low and. in general, 
their required device dissipation was more than twice their peak ac load power. 

In Section 9.2 we combined a device having half-sine-wave output pulses of 
current with a filter to obtain a “linear'" amplifier for the “envelope” of narrowband 
signals. With broadband signals w r e cannot use a filter; however, we can combine 
two devices so that they alternately force half-sine-wave pulses through the load in 
opposite directions. Such a scheme will give us the advantages of Class B over wide- 
frequency ranges. Figure 9.6-1 illustrates one of the basic forms of a Class B broad¬ 
band amplifier. 



If the current waveshapes of generators 1 and 2 are as shown in Fig. 9.6-2, where 

Kc ~ Kal 




Rl 


is the maximum value for J pl and I p2 , then for this maximum drive 

p ^ (VCC - UJ'max 


(9.6 1) 


+ VV. J. Chudobiak and D. F. Page, “Frequency and Power Limitations of Class D Transistor 
Amplifiers,'' IEEE Journal of Solid State Circuits, SC-4, pp. 25-37 (Feb. 1969). 
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. 9.6 2 Current waveshapes for Class B amplifier with sinusoidal drive 


A. = iv cc —. 


>1 


n E cc - 
4 


- 

VfC ' 


(9.6-2) 


1 he maximum drive efficiency in this case is 50% higher than it was in the case of 
, A sinusoidal drive. As was true for narrowband operation, such a comparison 
l sufficient to give a good indication of the relative device dissipation possibilities 
e two eases. As before, the peak device dissipation does not occur at peak drive 
for a sinusoidal signal, occurs when 


I'cc 


- V. 


In 2 


V cc 


V —l' 

' CC Cal 


(9.6-3) 


Cax 71 KC 

\ t-aiii we lind that for Class B the device (there are two devices now) must dissipate 
about 1 as much power in the worst case as does a Class A stage that provides 
ime useful peak power to the load. With variable signals such as speech or music, 
alio of necessary device dissipation is more nearly 20/1 between Class B and 


x A stages. 

legalise of this enormous differential in device dissipation, almost no Class A 
:s ate used as power amplifiers. Even in small transistor radios where the peak 
ul power may be only of the order of 50 mW, the low average dissipation and 
iverage power supply current dictate the use of Class B stages. 

> 11 e basic difficulty with the current-source Class B stages is source matching, 
.•xainple, we may look on the load current as being made up of two trains of half 
waves as shown in Fig. 9.3-2. Each of these trains has a dc and an infinity of even 
ionic values, as well as a fundamental value of 1J 2. If I pl = I p2 , then the dc 
all the harmonics except the fundamental cancel each other and we obtain a 
sine-wave output. If I pl # I p2 , then this cancellation fails and distortion results. 
| nun Ei|. (4.2-1) the resultant second- and fourth-harmonic distortions are seen 


coiul harmonic 4 I pl — I p2 
fundamental 3n I pl + I p2 


fourth harmonic 


4 V-'p 2 

1571 I pl + l p 2 


(9.6-4) 


fundamental 
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Thus if the current sources are transistors v\ith a 2 1 mismatch of /j's (not at all 
unlikely with unselected units), one will have 14% second-harmonic distortion and 
2.9% fourth-harmonic distortion from this cause alone. To keep the second-har¬ 
monic distortion term from mismatch to below 1 %, the sources should be matched to 
within 2.5%. 

Many smaller (less than 1 W) transistors from the same batch (certainly from the 
same chip) will meet this matching criterion without undue selection. 

Figure 9.6-3 shows four possible broadband Class B stages. The two emitter- 
follower stages avoid the ^-matching problem at the expense of providing only unity 
voltage gain. (We assume that the stage driving the stages shown has an output 
impedance that is small in comparison to flR L . Another emitter follower can usually 
provide such a driven stage.) If reasonably symmetrical PNP and NPN transistors 
can be found.t then, at the expense of two separate power supplies, the circuit of 
Fig. 9.6—3(a) avoids all transformers and coupling capacitors. 



4 1 he problem here is that high-power NPN transistors tend to be silicon, while high-power 
PNP units tend to be germanium. Even with different turn-on biases it is normally difficult to 
make such units track in output current over a wide range. The emitter-follower configuration 
cases these difficulties by minimizing the effect of the transistor. 
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Figure 9.6-3 
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Fig. 9.6-3 (a) Complementary symmetry Class B emitter follower, (b) Transformer-coupled 
Class B emitter follower, (c) Transformerless current-driven Class B stage, (d) “Classic” Class B 
current-driven stage. Except for the biasing arrangements and impedance levels, vacuum tubes 
could be substituted directly in this circuit. 


The other three circuits of Fig. 9.6-3 suffer from poor bias stability unless some 
emitter resistance is included. [In Fig. 9.6-3(b) the winding resistance of the trans- 
former may sene this purpose.] The problem is that, unless R E is small with respect 
to the load (or the reflected load), it both consumes power and reduces the available 
output voltage sw ings. With a 5 A peak current, a 0.2 D. resistor consumes 1 V of the 
available swing as well as 1.25 W of the output power. 

All four circuits indicate a ‘•turn-on" bias for the transistors. This bias is neces¬ 
sary to avoid a dead zone or cross-over zone where with small input signals both 
units would be off or so nearly off that the gain would be reduced. The trick here is 
to just minimize this distortion without causing excessi\ e standby pow er dissipation. 

The circuit of Fig. 9.6 3(c) avoids an output transformer by using a large coupling 
capacitor. (The lower 3 dB point is at 1/KC; hence if R = 4 Q and if / low = 20 Hz is 
desired, then C = 2000 ftF.) The capacitor charges up to V cc (we assume matched 
transistors), and the circuit is similar to the basic model of Fig. 9.6-1. Even though the 
top transistor has its emitter connected to the load, it is the collector current that 
Hows through the load; hence /(-matching is vital for this circuit. (The transistor 
operates as a current source, not as an emitter follower.) 

1 he circuit of Fig. 9.6 3(d) shows a classic transformer-coupled Class B stage. 
Its low-frequency response is governed by the transformer-load combination, while 
its high-frequency limits may be set by transistor phase-shift mismatch or by trans¬ 
former reactances. 
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BROADBAND CLASS D POWER AMPLIFIERS 

iough most present-day power amplifiers are Class B double-ended units, it is 
npting to examine the possibilities of extending the switching mode of operation 
the broadband case. 

In the narrowband Class D case, the output circuit was tuned to the fundamental 
the switching frequency. For broadband operation we must switch at a frequency 
ic h higher tjhan the top of our desired frequency band. The switching must be done 
such a fashion that the low-frequency average value is the desired output signal. 
1 output wideband bandpass filter will then remove the unwanted high-frequency 
rrier terms (and their sidebands) and the dc component. 



ii. 9.7-1 Generation of “naturally sampled" pulse-width modulation {trailing edge modula- 
>n). Time origin at zero crossing of the sawtooth's dow ngoing jamp. 


Fortunately, a switching signal of the proper type does exist. It is known as a 
laturally sampled" pulse-width-modulated signal. As developed in Fig. 4-12 
260) and Eq. 220 (p. 284) of Rowe.t the signal illustrated in Fig. 9.7-1(d) has the 
llowing frequency components: 

i([) p WM = Ip + J P y s ( t) - sin "of - ~ sin w oE f + «(')]■ (9.7-1) 

also has higher harmonics of co 0 and sidebands around them where 
2k , V„ T 

w 0 = - I |.s-(f)l < I- and r = . 

uis if s(r) is band-limited and if co 0 is sufficiently larger than the highest frequency in 


darrison E. Rowe, Signals and Noise in Communications Systems. Van Nostrand, New York 
J65). 
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s(r), then it will be possible to separate out an amplified signal proportional to s(f) 
with a filter that rejects both dc and the “carrier" and its harmonics. 

If s(f) = cos ftt, then the sin c) 0 [t + Ts(f)] term will expand into a carrier at oj 0 
and sidebands with amplitudes proportional to J„(gj 0 t) spaced at lift around 
Bn ordinary Bessel function. Since 1 <' \~ has been imposed as a 

restriction, it follows that oj 0 t < n and hence the values of J„(n) will give an indication 
of the maximum amplitude to be expected from the extreme sidebands+: 

7,(71)^ 0.285. J 2 (n) ^ 0.485, J 3 (n) * 0.34, ^(tt) ^ 0.016, 

7,(71)^ 0.056. 7 6 (tt) ^ 0.016, 7 7 (tt) % 0.0038. 

Thus if f.i is at the top of the allowable “modulation" band and a> 0 is equal to or 
greater than 8 ft. then the seventh sideband will interfere directly with the low-pass 
signal but the relative distortion will be only 

2 2 

-J 7 ((» 0 t) = - J 7 (n ) = 0.0024, 

71 71 

or one-quarter of one percent. 

Actually, if the circuit’s low-pass filter does not fall off rapidly enough, the 
lower-order harmonics may be the limiting factor. For example, J 3 ( 7 t) - I002 7 (7i); 
hence with J 0 = 8/„, the low-pass filter must provide an attenuation of 1/100 or 
40dB only two decades above the maximum modulation frequency. To do this and 
simultaneous]} a\oid attenuating the desired signal will require a very sophisticated 
low-pass filter. The problem is eased by raising the carrier frequency. The limits 
on such increases are device frequency limitations that prevent square-cornered 
operation and hence increase device dissipation and the difficulty of containing the 
RF interference caused by the harmonic-rich modulated carrier. (For example, one 
should avoid submultiples of the common IF frequency of 455 kHz.) A 120 kHz 
carrier should be satisfactory for ordinary non-high-fidelity amplification with s(f) 
normally below 6 kHz. 

A complete Class D audio amplifier is illustrated in Fig. 9.7—2. As in the narrow r - 
band case we may consider constructing a switching circuit to switch a constant 
current between two ends of our filter, or we may consider a switching circuit to 
effectively switch the input of the filter between two different voltages. 

Figure 9.7-3 indicates the basic voltage-switching case. At first glance this circuit 
appears to be identical to the narrow band circuit of Fig, 9.5—1 (a). This is a case where 
looks are deceiving; since this filter must function as a broadband bandpass filter, 
not as a narrowband filter, the switch is no longer driven in a square-wave fashion, 
and, as we shall see, the turn-on requirements for the switch in the broadband case 
are much more stringent than they are in the narrowband case. 

When R/L » 1/RC, the poles in the input admittance of the filter are widely 
separated and its asymptotic magnitude-vs-frequency plot is as shown in Fie 
9.7^4. 

^ For smaller values of ojqT the higher-order Bessel functions decay much more rapidly than 
linearly; hence the maximum percentage distortion will occur at maximum modulation. See 
Chapter 11 for details. 
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Fig. 9.7-2 Class D PWM broadband power amplifier. 



Fig. 9.7-3 Basic voltage-switching broadband Class D power amplifier 



Fig. 9.7^4 Magnitude of the admittance of the filter of Fig. 9.7-3 (R/L » \/RC) 
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If the switch is driven back and forth between the two terminals by a signal of 
the form shown in Eq. (9.7-1), then we may write 


MO =l'cc+ - — 

' c 71 


sin oj n t — 


21 


cc 


sin cu 0 [f + rs(t)]. (9.7-2) 


If s(t) is restricted to lie between 1 RC and R/L and if cj 0 » R : L. then the capacitor 
will charge to 1^ and the network current will be 




W'C 



(9.7-3) 


where V m < V s is an additional restriction. For example, if V m = V s and s(t) = cos /u, 
then 

. Vcc 

h = -^-cos jit. 

As shown in Fig. 9.7-3. the switch has no dissipation ; hence all the input power is 
converted into ac output power. 

If the device (switch) has a peak current limitation / max , then 

R > K c 7 II1JX - 


If* = K'r/fm;i\ * then P, w = \ cc I m:{X 2 and P a , = 2 K a 7 dc : 


hence 


If the switch losses can be modeled completelv as resistors R s , then the efficiency 
becomes 

Rl 

>1 — —--. 

Rs + Rl 

In this case the previous R is now R s + R L , where R L is the actual load resistor. 

* Figure 9.7-5 indicates the filter input voltage and the current through V cc for the 
case where s{t) is a sine wave that lies between 1, RC and R/L. As the figure clearly 
indicates, the switch must carry current in both directions; hence for efficient opera¬ 
tion without excessively large driving signals, the switches should be symmetrical 
devices (not vacuum tubes) capable of carrying current in the reverse direction. 

If the signal is sinusoidal and driven so that the peak current through the swatch 
is ^max ’ then for the case where the sw itch is replaced by a battery, F sat ,t 


= 


(V CC - KalVma, 


Pdc ~ — ^CC^dc ’ R perswiteh — Kai^dc* (9.7—4) 


Since P dc = P ac 4- 2P perswileh , 


/h, - 




and = 


1 a 


(9.7-5) 


* cc 


t A battery is not really as good an approximation to the switch as a resistor is, since the switch 
current is not constant but varies over the cycle. 
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Mg. 9.7-5 Battery and upper switch current and filter input voltage when .v(r) is a sine wave 

a„, * g. 

This efficiency is, of course, exactly the value we achieved previously for a maximum- 
amplitude square-wave drive. The difference is that now we have a sinusoidal output. 
Kven though our baseband may only extend to 5 kHz, we shall want a switching 
liequcncy of 100 kHz or more, and hence the problem of transit ion-time dissipation 
as discussed in Section 9.5 is still present. 

Actually the situation is considerably worse in this case, since now the switch 
must be turned on and off while the current is at nearly its maximum value, while in 
(he narrowband case theoretically the current was going through zero at every 
voltage-switching interval. 

Figure 9.7-6 shows a possible mechanization of Fig. 9.7-3. When Q l is saturated, 
then Q 2 is on and Q 4 is off. With Q 2 saturated, Q 3 is turned on with (for the resistive 
values shown) 

, ^2(V CC - KJ- V BEv 


or with V cc = 10 V and V SAl = 0.5 V for each of Q x and (T, 


1 B 


17.2 

66Q 


260 mA. 


If a R > 0.8, then the transistor Q 3 can be kept on for reverse currents of 1.3 A, 
since I B > (1 — a R )l CR marks the edge of reverse saturation. 

When gi goes off, Q 2 and Q 3 go off and Q 4 is driven on with essentially the 
same base current as Q 3 had on the other portion of the cycle. With the values shown 
m lag. 9.7-6 the load resistor should be 10/1.3 = 7.7 Q. For a smaller load the turn-on 
drive or the switching transistor reverse alphas would need to be increased. 

Since the circuit always requires 260 mA of base current, it really would seem 
fair to charge it with 2 V CC I B ^ 5 W of additional power drain. It is true that the Class 
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Fig. 9.7-6 Practical Class D pulse-width-modulated power amplifier. 


B stage also draws base current; however, in that case the base current is smaller and 
tracks the signal in amplitude instead of being constant. 

Current-Switching Circuits 

It would appear that one could construct a broadband current-switching circuit 
as the dual of the voltage case just discussed. The parallel RLC filter in this case would 
have coi ow = R/L and co high = 1/KC. For a sinusoidal output from a configuration 
similar to Fig. 9.5-4 or 9.5-1 (b), the individual "switch” currents would have the shape 
ofr\Tn Fig. 9.7-5 and a peak value of/ p (assuming a current source of2/ ). The “switch" 
voltages would have a sinusoidal “envelope,” but would be zero whenever the 
switch was closed and I p was flowing. This circuit would seem to have the advantage 
over the voltage switch of having to carry current in only one direction. It has the 
disadvantage of having to hold the transistor off for a reverse collector voltage equal 
to the peak output voltage. 

The practical difficulty with such a circuit is that the true dual of the battery has 
not yet been invented. Thus one is forced to use a battery V cc in series with an in¬ 
ductor L cc as an approximation for a current source. 
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One now has difficulty properly relating L cr , carrier frequencies (switching rates), 
md allowable modulation frequencies. Now, in addition to having the problem of 
;eparating the carrier frequency ripple from the modulation frequency in the output 
larallel RLC filter, one must separate these frequencies so that L cc can be chosen to 
ie an ‘'open circuit" at the carrier frequency and a "short circuit" at the highest 
nod illation frequency. This additional restriction tends to demand that the switching 
requency be raised to be at least 100 times the highest modulation frequency, thus 
ncreasing the difficulty of obtaining a reasonable approximation to an ideal switching 
lev ice. 

Except in special cases in which one wants a constant-amplitude, high-efficiency, 
variable-frequency power amplifier, the current-switching broadband or Class D 
vpe of circuit would seem to be primarily of academic interest. 


>X PRACTICAL POWER AMPLIFIERS 

\ number of practical problems arise when one attempts to construct a power 
mipliher. These problems include the provision of driving signals, the provision of 
proper bias, the design of circuits that protect themselves against accidental destruc- 
1011 , and the "matching" of the actual loads to the optimum impedance required bv 
he device for efficient operation. 

Let us consider first a fixed-amplitude Class C \ acuuin-tube povv er amplifier of the 
vpe considered in Section 9.4 and illustrated generall) in fig, 9 4- I. In this case we 
issumc a bias and a drive and calculate the desired high-frequenc) resistive-load 
mpedance. In the process of these calculations we also calculate the waveshape of the 
Mid circuit current waveshape. From these waveshapes we can calculate the funda- 
iicntal and dc values of current. Now with the assumed value of driving voltage we 
an calculate the effective input impedance of the circuit as well as a bias resistor that 
n conjunction with I 00 will supply the desired bias. If the bias is supplied complete!} 
w an I Ci o-Rg combination, then when the drive circuit is turned oil the bias is lost, 
or the case of Fig. 9.4-3 the tube dissipation at V Bn = 42 kV and V cc = 0 is 66 k\V. 
a more than six times the "normal" operating dissipation. Such a dissipation will 
mdoubtedly lead to damage or destruction. One might choose to obtain enough of 
lie bias from a fixed supply to prevent device destruction and the rest from a "grid 
oak" combination. 

This self-biasing arrangement has the advantage that the bias adjusts itself to the 
having signal in such a fashion as to tend to keep the output constant. That is, if the 
1 1 ive signal decreases, then so does the bias, or vice versa; hence the output current 
uilse shape changes much less than it would have if the bias were fixed and the 
-a me change in input level occurred. 

Figure 9.8-1 illustrates two possible bias arrangements. In either case C Ci 
JumId have an impedance at the operating frequency that is small enough so that 
f rl Mowing through it will cause a voltage drop of 1 % or’less of the desired driving 
.ullage. Also, in either case, Fp. irlilll + I C0 R C should equal the desired bias voltage. 
Normally the circuit of Fig. 9.8—1(a) is to be preferred, since the other arrangement 
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Fig. 9.8-1 Class C bias arrangements 


has an ac power loss in R Cj that is not negligible and which must be supplied bv the 
driver stage. 

As an example, for the sinusoidal drive pulses illustrated in Fig. 944 (a), if 
^partial = 1200 Y.thcn R g = 2200, 0.4^ = 4.9 kQ The dc power loss in this resistor is 
2200 x 0.45 = 1000 W. In the circuit arrangement of Fig. 9.8-1 (b) there would be 
an additional ac loss of 3000 W in R a . The power that must be supplied bv the driver 
for Fig. 9.8-1(a) is (5400 x 0.85). 2 = 2300 W, of which 540 VV goes to "charging" 
and 2300 - 540 - 1000 J|760 W is dissipated in heat at the grid cucmt 
Smce the driver must supply 2.3 k\V into a 5400 0.85 = 6350 Q load, it must also be a 
power amplifier. 

Drive Signals 

Since i G flows in pulses, it will contain a third-harmonic component; hence one could 
generate the required nonsinusoidal drivmg waveshape to supply the proposed curren t 
waveshapes of Fig. 9.4 4 by including a second tank circuit in series with those shown 
in the grid circuits of Fig. 9.8-1. If this second tank circuit is tuned to the third har¬ 
monic of (Oq and is loaded so that I Ci causes a 540 V drop across it, then the desired 
gi id waveshape v\ ill result ( I G3 flows in the opposite direction to the input fundamental 
current from the driving stage). If one assumes that the current from the driver is 
purely fundamental by the time it reaches the secondary, then all the power supplied 
h} the driving stage is at the fundamental frequency. 

A Class C transistor stage is usually run with zero bias or with at most a small 
emitter resistor; hence the input circuit calculations are much simpler than those of 
Hie vacuum tube case. In general, with transistor circuits the fundamental input 
impedance of a power amplifier will be very small, perhaps only a few ohms - thus an 
impedance step-down circuit or transformer will be necessary between the driver 
Jind the power amplifier. 

( oupling Networks 

l! is relatively simple to say what the coupling network should do, but somewhat 
more cumbersome to explain how to make it do what is required. Ideally, the coupline 
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■twork should "transform" the actual load to the desired resistive value at the 
aerating frequency while presenting zero input impedance at all harmonic fre- 
lencies. At the same time the network should have a transfer function that passes 
,e desired modulation pass band without causing amplitude or phase distortion while 
[ferine infinite attenuation to all harmonic frequencies. To some extent these 
:quirements may be contradictory. Certainly they must all be checked individually, 
nee satisfying one of them does not guarantee the satisfaction of the others. 


1 

1\(P) r 2 C 2 

*- m~ -— r/W-— 1 


1 M # 

c^z L y 5iL ; R 


(a) 



(b) 


Fig. 9.8-2 Output coupling circuit, (a) Coupling circuit, (b) Possible circuit model. 


The classic coupling network for vacuum-tube power amplifiers provides an 
.-.sample of an almost ideal coupling situation. The circuit and a useful model for it 
ire shown in Fig. 9.8-2. This particular model is chosen from the multitude ol 
xissible models because it leads to a simple presentation of both Z in and the transfer 

impedance. , , 

If the admittance to the left of the transformer in Fig. 9.8-2(b) is called Y t (p) 

while the admittance to the right is called Y 2 (p), then it is apparent that 

1 ^ , Y 2 {p ) _ h Y 2 (p)R 2 ( 9 . 8 - 1 ) 

Zin * P ' _ T^p) + n 2 Y 2 (p) an ft (P) Y i(P) + ” 2 y 2 (p) 


loth the input and ihe transfer impedance have identical poles. The transfer im- 
edance has two zeros at the origin and a scale factor of io^MR z while ihe inpui 
ripe dance has complex zeros at the roots of p 1 + piR 2 T-,) + I F 3 C 2 and a single 
ero at the origin. The scale factor for this case is 1/C 

The poles for either function may be found by the root locus technique. From 
q. ( 9 . 8 - 1 ) the poles of either function are at the roots of 


0=1 + 


L 3 C 


p~n~ 

, p 1 

r + + PP 



(9.8- 
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In order to concentrate on the important aspects of the circuit, we make the 
following very reasonable assumptions or approximations: 

a) Since the unloaded Q of the primary alone should be equal to 100 or more, we 
assume, for the purpose of locating the first pole pair in the denominator of 
Eq. (9.8-2), that K, approaches infinity. (To calculate the network loss and the 
network transfer efficiency, we must reinstate the actual R { .) 

b) With respect to the upper complex pole pair we neglect the angles from the 
lower poles and zeros. If R 2 /2L 3 > coj 4, that is, if the loaded Q of the mythical 
secondary exceeds 2 , and if we are interested in the loci from and after the poles 
coalesce, then the maximum angular error is 14° or 7° from each upper pole. 
Certainly in an initial consideration this neglect is justified in terms of obtaining a 
simpler explanation. 

With these assumptions, if the upper complex poles are initially lined up hori¬ 
zontally, that is, if 


or 


1 

pc; 



1 


(9.8-3) 


1 

PP 


1 + 


R 7 


, P 


(9.8-4) 


where col = 1 /L i C,, then as // increases they will move toward each other and coalesce 
at R 2 /4L 3 from the 7 -axis; they will then move apart along a line parallel to the 7 -axis, 
figure 9.8-3 illustrates the simplified locus. 


T" 


l 


RlllLy 

I 


"7-aXIS 


UMVPSPCJ D = LA kPLS! 
FACULTY 0z PGEPS 
DEPARTARJEMfO 0; C:CUKEW 
Y n;ELK>T£CA 

MONTEVIDEO - URUGU 


Fig. 9.8-3 Simplified locus of upper pole pair. 


If we restrict ourselves to values of n that cause coalescence or vertical splitting, 
then from the root locus magnitude condition and from Eq. (9.8-2) 


n 

2y/L 3 C 1 cl 


1, 


(9.8-5) 


'here d is the distance from the original right-hand pole (actually from either original 
polel to the desired coupled pole positions. 
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Two positions would appear to be of primary interest. In one, the poles have 
jusi coalesced. In the second significant position, the poles have moved apart verti¬ 
cally by 45° so as to yield a maximally flat transfer function. The results for these two 
cases are summarized in Table 9.8-1, where R ln is the desired input impedance at 

Table 9.8-1 



Coalescence 

Maximally flat 

il 

R 2 /4L, 

R 2 2 

V'2 

R in R 2 

4 L 3 /C, 

2L 3 'C, 

\I L k 


jRl Kin 




l,' (y o^ 1 


l 2 

J 

L 3 + A/ 2 


C 2 


1 




} + (iffe). 


'/i 





I\ j F /\j n 


*h 

k 

M 7 ,■ , 

— i(.yro 0 ) 


R 2 — r 2 
r 2 

M x L~L 2 

\ &in &2 



fable 9.8-2 indicates the relative magnitudes of Z in and Z 2 l as a function of do). 
whnc &!> is measured from a> 0 = l/ x /LpCY Note that by the second harmonic we 
ai e assuming that the responses for the tw'o cases are identical. This is not an exact 
lesult, but is a very good initial approximation. It is apparent that the maximall) 
llal case is to be preferred whenever it is possible, since it gives a better "in-band" 
i hai acterislic without causing any appreciable difference in its response to harmonics. 
To place these results in perspective, let us consider a numerical example. Assume 

that 

K iM = 2000fi, R 2 = 50 Q, co 0 = 10 7 , and Q, = Q 2 = 100. 

Now to keep the primary circuit losses down to 5% of the power passing through it 

— = 0.95 or K, = 20 R in = 40kfi.+ 

K.+Kin 

I At mall v /\ IM should include R,. So long as R j » R in , the separation shown is reasonable. 
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If Q v = 100 and R ] > 40 D, 

L { > 40 /*H for oj 0 = 10 7 . 

If we choose Lj = 40 //H, then 

C, = 1 jo>%L x = 250 pF 

and 

M = L ls J R 2 /Rj = v /40/iH = 6.35 /;H. 

From Table 9.8-1 (the second line) we see that the difference between the two 
pole positions rests in L 3 (and also, therefore, in L 2 and C 2 ). The results for the two 
cases are shown in Table 9.8-3. 

The maximally flat case has a slightly lower circuit efficiency (*/ ir ,. uh — ^ 
however, it also has a lower coefficient of coupling, A\ and a smaller value for C 2 
A practical problem remains as to whether the desired coil combination is physical! v 
possible. In this case, tfL, is placed over the end of L,. then the required amount of 
coupling should be possible. 

Table 9.8-3 



Coalescence 

Maximally flat 

Ly 

6.25 //H 

12.5 

L 2 

7.25 /<H 

13.5 /.tH 

C-, 

1380 pi 

770 pF 

k 

0.374 

0.275 

>h 

0.985 

0.973 

Vcircu ii 

0.935 

0.925 
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We may now examine the relative input and transfer impedance at the second 
armonic to see how effective the network is in suppressing harmonics: 

\Z in (2jco)\ 2 12 \Z 2i (2ju>)\ _ 4 £ _ J6_ 

R in "35 15’ \Z zl (jto)\ 9 2 5 225’ 

'hose results indicate that in a case similar to the one shown in Fig. 9.4-4(a), where 
,//j = 0.72., the second-harmonic voltage across the input of the tank circuit will 
e approximately 10% of the fundamental voltage, while the second-harmonic 
utput voltage will be 5 % of the fundamental voltage. 

Since the input harmonic voltage is shifted in phase by nearly 90° with respect 
o the fundamental, one can approximate the input tank voltage (this voltage adds 
o l cc t0 make the device voltage) by 

V x cos + 0.11 7 ! sin 2 co 0 t. 

he effect of such a tank voltage on the operating path, w ith a pure sinusoidal driving 
waveshape, is shown in Fig. 9.8-4. 



Fig. 9.8-4 Effect of 90° shifted second harmonic on the operating path. 


Several things are apparent from this new path. One is that the output current 
lulse shape is different from that found previously and is nonsymmetrical. Because 
he pulse shape is different, the previous calculations will be somewhat in error, 
localise the current pulse is not symmetrical there will be a phase difference between 
he assumed tank voltage and the resultant fundamental from the current pulse 
Mormally one does not want to pursue this calculation any further around the loop. 
What one does want to do is restrict the principal input harmonic voltage to the order 
>f 10% of the fundamental. 
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If one wants to reduce the harmonics, one should increase C, ; however, for a 
fixed ojq , increasing C, will reduce and cause the primary circuit efficiency to 
suffer. For the case shown, we have presented a reasonable compromise between 
the tw f o positions. 

The key term in harmonic reduction is a> 0 C,/? in , which is the -loaded” Q of the 
primary circuit. We have used a value of 5. A value of 10 would reduce the output 
harmonic voltage by a factor of 4, but would do so at the expense of network efficiency. 
For low-power circuits one often does sacrifice the output power for the sake of 
improved filtering. 

If a push-pull output stage is employed, the second-harmonic terms should 
ideally cancel. Under these circumstances one might halve C, without making the 
harmonic spreading of the operation path much worse. This would allow one to 
double L, and. if <2, can be maintained, to halve the primary losses. (In a megawatt 
transmitter 5°„ is 50 kW; hence reducing the primary losses from 5% to 2.5% is a 
worthwhile endeavor.) 

In closing the discussion of this network, it should be pointed out that the values 
for the midband Z in and transfer impedance can be obtained almost by inspection 
if both sides of the transformer are assumed to be tuned to resonance. This approach, 
combined with the idea that the harmonic content of both the input voltage and the 
output voltage depends essentially on the loaded Q of the primary circuit, i.e. on 
w cTi^in, has been in use foi perhaps fifty years. What has not been widely appreci¬ 
ated is that a technique like the root locus method lets one shape the "in-band- 
response in a relatively simple fashion. 

Pi Network 

Another network that is widely used in the output of power amplifier stages is the 
pi network of Fig. 9.8-5. In this figure R CI , R C2 , and /• are all loss elements that must 
be considered in calculating network efficiency but that may, one hopes, be neglected 
in estimating the network frequency response. 

Unfortunately, the pi network is not as amenable to a general treatment as is the 
coupled coil circuit just considered. The basic conceptual problem is that the input 
impedance of the pi network has a pair of complex zeros and a pair of complex poles 
rather than the two sets of complex poles found in the coupled coil case. As we shall 



Fig. 9.8-5 Pi coupling network. 
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c, the upper pole and zero are usually close enough together and low enough in 
eir values of Q that the simple-minded approximations normally used for dealing 
ith such circuits tend to break down. In addition the presence of both a complex pole 
id a complex zero near the operating frequency makes the passband nonsymmetrical 
id forces one to reexamine such concepts as “bandwidth.” 

We shall see that the transfer impedance has the same poles as the input im- 
xlance, but is lacking the complex zeros. However, since the center of the passband 
rarely situated directly "‘under the pole,” the transfer impedance, Z 21 (p), is also 
asymmetrical about the center frequencv 
Before we consider the general case, let us examine an approach to calculating 
ie input impedance of the circuit of Fig. 9.8-5 in which we assume that all the com¬ 
ments have known values. The method consists of combining impedances in an 
ternating parallel and series fashion as one starts with the load and works back 
>ward the input of the network. That is, one combines R C1 and R h to form R 2 and 
ien, at the operating frequency, converts the parallel C 2 -R 2 combinations into an 
juivalent series R S C S form: 

Os + 1 Ry 

C s = C 2 , R s = Qi = 0> 0 C 2 R 2 . (9.8-6) 

U 2 I T U 2 


or example, if o) 0 C 2 R 2 = 3. then 


C s = (10/9 )C 2 and R s = R 2 / 10. 


ne then combines R s and r and jtoL and l ,]o>C s . If the input impedance is to be 
sistive, then toL > \/toC s is necessary so that the result of the combination is an 
piivalent series L-R combination. This combination is then converted back into 
irallel form and the inductive part is resonated out, with C ^ leaving the parallel 
mibination of R C[ and R p as R in : 


R P = V+ 


L = 

" 1 Q: ' 


Qs = 


«>0 L s 


(9.8—7) 


here 


r s — R s + r. 


L . = L - 




From this approach we see that the network power transfer efficiency will be 

Rc 1 Rs Rc2 


>1 ci, 


Rc i + R p Rs 1 Rci t Rl 


(9.8-8) 


('iu.c, for high efiicicnc), R L2 |i 100 R L , R s > lOOr, and R cl > ]00R p are all 
.‘sirable relationships. 

Now that the loss terms have been considered, let us neglect them in order to 
mplify the algebra while we examine the network frequency response. Consider 
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two numerical examples (in both cases C, = C\): 


^vo T 2 R 2 - 3, 

o)qC' 2 R 2 — 3, 

Qi = 3, 

Qi = 3, 

R s = R 2 /10 

Rs = * 2 /io. 

uj 0 L/R 2 = 6/10 

II 

rq 

o 

Q, = 3, 

Qs = 1/3, 

R P = R 2 . 

Rp = *2/9, 

!0 oCiR,„ = 3. 

oj 0 C t R jn = 1/3. 


In one case we have no impedance change, while in the other we have a 9 1 impedance 

or^lr?^ ^ * 5 ° ^ '° ad ’ then the ste P' d ™n case would be useful 

lor a transistor power amplifier. 

by ch/n/i/I 1 /' b >' cho ° sl "S a la ^r value for c o 0 L/R 2 in the first case, and 

y chan s in r C, in an appropriate fashion, we could have obtained a large impedance 
step-up ratio rather than the 1/1 case obtained. 

In order losee how such a wide range of input impedances is possible, as well as 
o begin to understand the frequency response of the network, let us write the expres¬ 
sions tor Z in and Z 21 . assuming lossless elements in both cases: 


P 2 + 


+ 


Z in (P) = 


r 2 c 2 lc 2 


P 2 ^ c t + c, i 

rTc, + p ~lc\c 7 + R 2 c 2 LC >j 


c, 


(9.8-9) 


Z 2l(p) 


\ 

Z.C.C, 

same poles as ZJp)' 


(9.8-10) 


^ - * LCiV C; ■ Nc >- mi °-> - «*>*>^ <* 


Z JP) 


_ _ _P_ 2 + poi 0 /Q 2 +- lo\ 

C i(P' 1 + P 2 ° j o'Q 2 + p[ 1 + AfjwfT 0} TNmJQT)' 


(9.8-11) 


where a>„ is the desired operating frequency—that is, the frequency at which Z ( jo) 
real and has the desired magnitude. ln ^ 

If one knows the circuit elements, then the calculation of Z (hi) is straight¬ 
forward, although tedious if done by hand rather than by a stored program m a 
minicomputer. The problem is that- rather than knowing the circuit elements- 
one knows the frequency and the impedance-transformation ratio, and wishes to 
c ose the elements so as to perform the transformation in some optimum manner 

itint is let thr e F? Ur t her . fee / ing ^ ^ problem ’ we mi § ht ,et Qi approach infinity 
i that is, let the effective load resistance R 2 approach infinity) in Eq. (9.8-11). The 
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ouliimi equation would have complex zeros at ±jco 2 and complex poles at 
l | i as well as a pole at the origin. Now from root-locus consideration, 

i in iv he shown that as R, decreases from infinity the actual poles and zeros will move 
mo the left-hand plane,‘initially along paths that are perpendicular to the y-axis. 

| |,e 0 of l he complex zeros is just 0,. while—again from root-locus considerations 
the O of the complex poles may be shown to be on the order of 1.5 to 2.0 times 0 2 . 

II one is trying to obtain an impedance step-up, then he would expect to operate 
in the vicinity of the upper complex pole, while if he wishes an impedance step-down, 
he would expect to operate more nearly "under the zero of Z in . 

As we shall see, for the values of Q 2 in the range from 1 through 0, neither the step- 
up rim the step-down cases will be particularly symmetrical with respect to frequency. 
|„ the impedance step-down case, one has an additional complication in that-unless 
il u . v due of N = CVC, is chosen carefully—one will find that the complex pole in 
I he impedance functions will end up near one of the harmonics of the desired operating 
lieouency Since, in power-amplifier usage, the network input current is normally 
very , ,ch in harmonic components, the result will be a large voltage component at the 
in,desired harmonic frequency. For example, if N = 3 (C 2 - 3C,). then the complex 
n„le occurs near 2co 0 and both the input impedance and the transfer impedance may 
have second harmonic terms that greatly exceed the fundamental magnitudes. As 
vve s ivv in connection with Fig. 9.8—4, such a situation leads to undesirable operating 
e<piidiiious for the output device. It also leads to undesired interference terms m the 

network's output voltage. . 

I his problem of the large harmonic component is reduced by getting the complex 
nolc away from the harmonic frequency. This end is accomplished by reducing 
,|,e value of N (that is. by increasing C, with respect to C 2 ). For any given 0, there is 
a limit to the amount that C, can be increased and still allow one to obtain a real 
input impedance at the desired operating frequency. If 0, = w 0 C,R 2 , then t is 
limit may be expressed as 

„ Q-> + 1 ... 2 &- 

Q\ ts —^ 


N > 


Qi + i 


While for most combinations of Q 2 and N there are two operating frequencies 
al which Z in is resistive—the step-up and the step-down cases-in the limiting case 

these frequencies coalesce into a single point. . . . f 

Table 9.8-4 relates several of the circuit parameters, at this limiting \alue ol A, 

to various values of Q 2 . . . r , , , .■ 

-I he value of the input impedance at the second harmonic is found by evaluating 

i he input impedance with the values of components and frequencies specified by the 
ea i hei values in the table. While the exact impedance expression is somewhat cumbei - 
<( „„e. h.i all values of 0 2 > 1 it may be closely approximated by 


Z J2jto 0 ) - -j\ 



[302 + 4" 

IqJ 

l^Qi + 4J 


(9.8-12) 
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Table 9.80 P, network parameter when N = C 2 / C, has its minimum allowable value 


Qi = rj 0 C 2 R 2 

cj 0 L R 2 

0 = « 0 C,K, 



lZJ2jw 0 )\/\Z in (jQ) 0 )\ 

I 

1.0 

1 0 

1 E 

U) 

0.724 

2 

0.60 

2.5 

I 2.5 

UO 

0.635 

3 

0.40 

5.0 

1 5 

UO 

0.590 

4 

0.29 

8.5 

l S.5 

L085 

0.575 

5 

0.23 

13.0 

1 13 

1.075 

0.560 

6 

0 19 

IS.5 

J 18,5 

1.062 

0 550 


For 0, 1 the difference between the exact and the approximate expressions 

is less than 5 degrees in angle and less than 3.5 % in magnitude. 

From Eq. (9.8-12) and Table 9.8-4, we see that even if Q 2 approaches infinity, 
the magnitude of the second harmonic term will still be one-half of the magnitude 
of the term at the operating frequency. From our previous calculations vve are aware 
that this may well lead to a device output voltage component at the second harmonic 
equal to 20-30 0 of the fundamental component. Even if the device output voltage 
has no controlling effect on the output current pulse (an ideal transistor, for example), 
this large harmonic component will shift the device operating path into a higher dissi¬ 
pation region, as indicated by Fig. 9.8—4. Hence it is not desirable. 

A rational way to remove the second harmonic term from both the input and 
the transfer impedances is to parallel C, by a series-tuned, high-0, low-loss LrC 
circuit that is resonant at 2cu 0 . To be effective, this circuit must have a resonant 
impedance at 2io 0 that is small with respect to the desired output impedance at co 0 . 
In many high-powered transistor circuits, this desired impedance is only a few ohms; 
hence the series trap must have an impedance less than a few tenths of an ohm. 

Inclusion of such a series circuit will move the poles of Z in as well as introducing 
a new set of poles above 2cu 0 . If the 0 of the trap is high enough (0 > 100 is desirable), 
then these new poles will be close enough to the 2co 0 so that they will not cause 
problems at the third harmonic, while their effect at the operating frequency will be 
only second order. 

The problem remains of obtaining enough of a handle on the "bandwidth” 
nf the circuit to be able to specify it in an intelligent manner. 

To see the effect of variations in frequency, we plotted the magnitude and phase of 
>„( jio) vs. to/w 0 for the case in which Q 2 = 3, N = 0.60, and hence (co 0 L R,) = 0.4. 

I hat is for the limiting 5/1 step-down case of Table 9.8-4. With these values. a‘50-ohm 
hud is transformed into a 10-Q load when to = to 0 . into 7.45 Q L - 6° when to = 
"95,., 0 , and into 13.8 Q/L - 2.5° when « = 1.05ru 0 . Thus a 5% shift in frequency 
roughly a aO ,, shift in the magnitude of the input impedance, and only a 
relatively small shift in the phase angle. 

Higher values of 0, will move the complex zeros closer to they'-axis, and hence 
»ill allow larger step-down ratios, while keeping the impedance at 2co 0 from becoming 
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cxwssivc. For a given value of Q 2 , reducing cj 0 L/R 2 from the values in Table 9.8-4 
will increase the step-down ratio at the expense of an increase in the relative second- 
Inn nionic component. If a very large step-down is required, then a conflict may arise 
helween bandwidth and step-down ratio. Two cascaded pi sections may provide a 
solution to this problem. However, the extra reactances in the circuit will also provide 
cKlra poles that must be steered clear of the harmonics of the operating frequency. 

Smith ( hart 

A practical device that yields some insight into this matching problem is a modi- 
licd vei sion of the transmission line chart known as the Smith chart. If one normalizes 
all reactances (or conductances) with respect to the load, which in our case is R 2 , 
Mien the chart, illustrated in Fig. 9.8-6, allows one to see by inspection what com¬ 
ponent ratios are allowable. It also allows the simple inclusion of losses from the 
network’s inductances and capacitances, as well as allowing one to calculate the 
ellects of variations in frequency on the impedance. 

1 lie mechanism of the chart that is useful is that a "reflection” of a normalized 
point through the center of the chart performs the parallel-series and series-parallel 
conversions of Eqs. (9.8-6) and (9.8-7). 

1 he usual version of the Smith chart has resistive (or conductive) circles centered 
on ,i vertical bisector of the chart and reactive circles centered off to the sides of the 
, tin i Jo be useful for our purposes the chart needs several "reflection” circles added, 
as shown in Fig. 9.8-6. The circle labeled 1 is a reflection into the upper half of the 
ch, lit of the (R/Z 0 ) = 1 circle from the lower half of the chart. Since we have normal¬ 
ized i'i„C, with respect to G, the first point on the chart always lies in the lower right- 
hand quadrant at the intersection of the 1.0 "resistive’ circle and the reactive 
cn ele equal in numerical value to Q 2 = (m 0 C 2 / G 1 )- The left-hand half of the reflected 
(!{,/.„) 1 circle always contains the second point as the "reflection” of the first 

point " through the center of the chart. Now for the step-down case we plot in the 
upper left quadrant the reflection half-circle(s) corresponding to the desired step-down 
laho(s) That is, for a 5/1 impedance step-down the 5 circle tangent to the bottom of 
the chart is reflected to the top of the chart. 

Now unless we can travel around (to the right) on the resistive circle from the 
1,1 si icllcction point in the upper left-hand quadrant and intersect the reflected step- 
down circle, then this combination of Q 2 and step-down are not allowable. If the 
step down value cannot be reduced, then either Q 2 must be increased or the step-down 
must be obtained as a two-stage process. 

A numerical example may help to clarify the use of the modified chart. F irst we 
mu mali/e the components of Fig. 9.8-5 to R 2 or G,. 

(t)C' 2 = wC 2 R 2 , oL — coL'R 2 , coG ^R 2 = rvG,, 

G;„ G in /G 2 , and G 2 — G 2 /G 2 = 1- 

,A? a numerical example related to our previous calculations, consider the case 
m which (J, - (j>„R 2 C 2 = toC' 2 = 3 and for the case of lossles: components find 
die values'"(normalized) of L and C, that will provide a 4/1 impedance step-down 
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Hg. 9.8—6 Modified Smith chart. Added reflection circles aid in the easy design of pi matching 
networks. 


Hie normalized < r, J > 0 C 2 — G 2 conductance is I +■ /3, which is shown as point a in 
I tg. 9.8-6. The parallel-to-series conversion is performed by reflection through the 
tenter of the chart to point />, which has the normalized series impedance of 0.1 _/0.3. 
Now wc proceed to the right along the 0.1 resistive circle until we strike the 4/1 step- 
down circle at point r. We then reflect through the center to point d (4-/4.9). Now. by 
.iddinga normalized value o(rjC , = 4.9, we arrive back at a purely resistive case and a 
4 I impedance step-down. The difference between the reactance at point h and at 
, otnt r is 0.425, which is. of course, the normalized value of/fci L,/K,. 

If instead of a 4 I impedance step-down we had wanted a 20/1 impedance step-up. 
■*c would have continued from point c to the intersection of the 0.1 resistive line and 
the 0.0s conductive load circle." This intersection occurs at 0.1 + /[..41 (point /'). 
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A hii-li reflects into 0.05 - j0.705 (point g); hence adding wC, = 0.705G, will yield 
I hr desired 20, I impedance step-up (point h). 

Seveial things are apparent at this point. One is that component losses may be 
easily handled since, once normalized, they merely add into the appropriate section of 
die opei alion Another fact is that one is able to work in either direction on the chart, 
dmfj for evample, one can assume both C, and C 2 and read off the required normal¬ 
ized \nine of /. to tie them together. 

I o i date Table 9.8^1 to the chart, it is helpful to note that the values of the table 
eoi i espoml to the case in which the path from the equivalent of point hjust bisects a step- 
down i died ion circle in the upper right-hand quadrant. Reflecting this bisection point 
Pack into the lower left-hand quadrant indicates that either a larger or a small step- 
dow n i alio will lead to a smaller value of C, and hence to a larger value of A 7 = (VC',. 

I he chart also makes it clear that as Q 2 is increased the variation in the input 
impedance with frequency or with temperature-induced \ariations in L and or the 

< "s will increase. . . 

In addition, the modified chart may be used to find the effect of variations ot 
frequency on Y in . Once a solution is obtained, a 10° 0 increase in the three reactive 
na in? corresponds to a 10% increase in frequency; hence the normalized result is 
tlu- input admittance at the new frequency. Normally several points suffice to show 
the pattern of both the real and the imaginary part of Y in near resonance. 

Oiwc icasonable values for L, f„ and C 2 have been located, then one can 
idm n to Fiq. (9.3-9) or Eq. (9.3-10) and analyze the behavior of the pi network in 
more detail. 

Hie modified Smith chart is well adapted to dealing with added components 
•an h as a capacitor in series with L. (This capacitor might provide dc blocking and/or 
might allow L to be constructed in a more convenient size. Both of these uses are 
important at high frequencies.) It is also perfectly capable of handling a two-sec 
Idler Such a filter will have five poles in its transfer impedance and, in addition to 
the poles, will have four complex zeros in its input impedance. In this case it is even 
mon- important that one operate close to the highest-frequency pole or zero so as to 
avoid poles at the harmonic frequencies. Because the chart is a relatively fast way ol 
,dunming data, one can use it to check the variations in Z in vs. io to make sure that 
I Ik; eiicuil is operating near the uppermost pole or zero.t 

I’ole-Zero Plots 

Another way to gain some insight into the passband properties of the pi network 
is I,, plot the pole-zero patterns ofZ in (and thus the pole patterns ofZ 21 ) for several 
,hllorciil cases. It must be pointed out that this method is not a satisfactory wav 
ip m,ike an initial design, since to make the plots one must first choose the com¬ 
ponent values rather than being able to work backward from a desirable pattern to 
>m|nHii'iit values. 

•j \\iih ihe middle C equal to twice the outside ones and with equal inductances, such a two- 
■a , n,m Idler has unloaded poles in its Z in at the origin, at ±jo) 0 , and at ±j s /2co 0 , unloaded 
m iis Z IM at +0.54 (Vq and at ~t~/1.31 run« and l/FC oulS [d e . 
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As an example consider the two cases in which A' = 1 (C, = C 2 ) and in which 
Q 2 = 3. As we saw' in the previous numerical example, there are two different values 
of oj 0 at which Z in (jco 0 ) is purely resistive. At one frequency co 0 = co 2 , while at the 
other co 0 = 1.342 oj 2 . The first case corresponds to the 9/1 impedance step-down 
case, while the second corresponds to the 1/1 impedance transformation. In the 
first case the zeros of Z in {p) occur at ( — 0.1667 + j0.986)uj o , while in the second case 
they occur at ( — 0.1667 ± jOJ26)co 0 . In both cases the negative real pole occurs 
quite close to — 0.17cu 0 , while in the oj 0 = co 2 case the complex poles lie near 
(-0.082 ±yi.402)c-j o and in the second case they lie near (-0.0815 ±;1.042)m o . 

Since in both cases the center frequency is w 0 . a sketch of the pole-zero pattern 
will indicate that neither Z in (p) nor Z 2x (p) is too symmetrical around cj 0 for either 
the 9/1 step-down or for the 11 case. 

As A is reduced (for a given value of 0 2 ), the upper complex pole and zero 
approach each other until at the value of Table 9.8^1 there is only a single frequency 
at which Z in can be real. ForC 2 = 3 the minimum value of A’is 0.6. For this value the 
complex zeros lie at (0.1667 ± ;0.8975)a> 0 , while the real pole is near -0.1275<y 0 
and the complex poles are near (-0.1025 ± y'1.1375)oj 0 . In this case the passband is 
even more nonsymmetrical than in the N = 1 case. 


9.9 HIGH-LEVEL AMPLITUDE MODULATION 


Single-sideband and suppressed carrier operations are normally done at low' signal 
levels and then amplified up to the desired final power levels in Class B "linear" 
RF amplifiers. 

While normal amplitude modulation can be done at lower power levels, it is 
usually accomplished as close to the final stage as possible. What we shall try to do 
in this section is explain the ideal goal of all high-level modulating circuits and how 
one goes about achieving this goal. We shall not be able to provide specific details 
about particular designs. It is hoped that, if the reader knows what he is trying to 
do, it will be easier for him to do it properly. 

Before one tries to modulate the signal, it is w ise to compare the overall efficiencies 
of Class A and Class B RF stages when each is amplifying a 100% sinusoidally modu¬ 
lated signal. The results are as follows: 


'/ 


'/ 


3 1 Vcc ~ 

8 2 V cc 

3 K f CC ~ Cat 

44 V cc 


for Class A, 
for Class B. 


(9.9-1) 


With the same carrier but no modulation, the efficiencies drop to 


>/ 


'/ 


1 ^CC ~ f/al 

8 V cc 

^ fee ~ F sat 
8 V cc ~ 


for Class A, 


for Class B. 


(9.9-2) 
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I |ms for nomml variable amplitude modulation the efficiency of the Class B amplifier 
lies between 50",, and 75% of its peak efficiency, while the Class A stage achieves 
only 25 % to 37.5 % of its peak efficiency. For either no modulation or full modulation. 

I he ('lass It efficiency is n times the Class A efficiency. 

A logical first step toward an ideal high-level modulator would be to try to raise 
ll,e average efficiency of the Class B amplifier from the 35-55% range found here 
back to the 75% possible for unmodulated signals. 

I igure 9.9 I illustrates a circuit that allows us to have linear envelope amplifi¬ 
cation at a constant theoretical efficiency of nearly 7i/4. In this circuit C BI , is presumed 
to be a short circuit with respect to RF frequencies and an open circuit with respect 
to the "modulating" signal /(f). 



g(0 — /(O^kri C j 

h'ig. 9.9 -1 Output-modulated Class B amplifier for a modulated signal. 

Figure 9.9-2 shows the operating paths for values of/(f) of -0.9, 0.0, and +0 9 
Ini a device with a linear saturation characteristic that passes through the origin 
I n, this device characteristic (which is a good approximation for many transistors) 
the , IK nil is always operating as a fully driven Class B amplifier; hence its efficiency 
is always 

71 


1 - 


[pR sal 

2 Vcc 


(9.9 ' 
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where R sal is the slope of the device saturation characteristic and l p is the peak 
current at 100% modulation. Since peak ac power output for this case is (2V CC — 
L^sai)(%/4). the ratio of peak ac power output to peak device dissipation becomes 
even larger than the Class B result of Eq. (9.2-3) for unmodulated carriers When 
! p R s = F sal = (0.05)2 K cc , then 


„ = 0.95-, 


VrrI 

P as = 0 . 95 -^ 


162 V CC I 


and 


p d , = 

p 


2F fC /„ 


= 2.95. 


(9.9-4) 


Hence for a 100 W output on a modulation peak or a 25 W unmodulated output all 
one needs is a device capable of dissipating a peak power of 100/2.95 = 34 W. If the 
period of the lowest-frequency modulating signal is sufficiently shorter than the 
thermal time constant of the device so that one can assume averaging over a modu¬ 
lation cycle, then for a 100% sinusoidally modulated signal a 12.8 W device dissipation 
capability should be sufficient. (This is in fact the normal situation.) Thus, by “modu¬ 
lating the power supply of an amplifier driven by a modulated signal, we have 
increased the long-term average efficiency by a factor of about 2/1 and reduced the 
device’s power-handling requirements by more than 3/1. 



Fig. 9.9-2 Operating paths for a modulated Class B amplifier, “variable supply.” 

Note that, for an unmodulated input to the characteristic of Fig. 9.9—2(b). in¬ 
creasing V cc [l +/(()] upward from V cc would not lead to any variation in the output 
w hatsoever. Reduction or F cc [l +/(f)] downward from V cc would lead to the com¬ 
bination of effects discussed in Section 8.6. 

As was explained in Chapter 8, with the drive properly increased, the collector 
modulation and its accompanying “reflection” into the base circuit can lead to a 
linear modulator. 

All in all, the desirable operation of a transistorized AM transmitter would seem 
lu require that the output stage: be of the type illustrated in Figs. 9.9-1 arid 9.9-2. 

I or high-power outputs one would extend this reasoning back to include the driver 
stage. At some point where the driver power level is reasonably low. one must generate 
she AM either by a collector saturation technique or possibly by one of the other 
methods outlined in Chapter 8. 

One further method that can be used to improve the quality of a modulation 
astern is to employ one of the AM detectors from Chapter 10 to detect the final 
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niH |ula.,on and to apply it via a negative feedback circuit to correct the minor 
I 1 M 01 (ions of the whole modulation chain. 

Modulated Vacuum-Tube Amplifiers 

II a modulation transformer were included in series with V BB in Fig. 9.4-1 (and if it 
w;ls adequately bypassed for RF signals), then the effect of applying slow modulation 
Wl ,i,ld be the same as the effect of varying V BB . Actually, if we wished to modulate 
,l„s amplifier, we would first convert it to the form of Fig. 9.8-1. Furthermore, we 
would choose the time constant of R c and C c so that the bias circuit would be able 
lo hack the highest modulation frequency. With these changes.as well as a reduction 
m ihc drive signal and a slight reduction in the load impedance, we would have a 

11 Kulul;ited C lass C amplifier. f . 

It is not at all obvious intuiti\ely why such a modulator should be linear. It is a 
u , |dal reasonable linearity can be obtained through the judicious combination 
t >1 I hi cc eflccts: 

1 1 I lie finite r,, of the tube makes i B a function of v PK . 

iq | hc grid current is also a function of i PK ; hence the grid circuit loading, and 
therefore the drive voltage, is a function of the plate-cathode voltage. 

( ) |'|i L ' grid circuit bias is a function of I G0 and hence of L Pk . 

( ak ulation of these effects is complicated by the fact that now the tank load im¬ 
pedance must be fixed, it can no longer be left free to be defined as I', 7,. Thus one 
j, forced to assume a tank voltage, a drive wfflage. and n bias for a given combination 
0 f r and modulation and to derive an operating path and set ol current pulses. 

I hesc current pulses must now yield values for l m . /, .and l ao that are consistent with 
the assumed values. Obwously with so many variables this is not a simple procedure 
Intuitively what one wants to happen is this: As the modulation drops into a 
valley, the bias should increase, and the loading should reduce the drive so that the 
out put swing falls but the efficiency holds constant. Then as the modulation swings 
toward a peak, the drive should increase, and the bias should fall so that again the 

efficiency remains reasonably constant. . . 

In effect we are trying to reflect the modulation into the grid circuit. The tact 
il,at this “reflection" combines with the nonlinearity in the relationship between 
tin- current pulse size and shape and its fundamental value to yield an overall linear 
u sult is just a fortuitous circumstance that we exploit. 

Many commercial high-power modulations are claimed to have plate efficiencies 
m> to 80%. Since this is only 5% better than is possible with the "variable collector 
volume’’ Class B modulated amplifier, the vacuum tube has very little theoretical 
a,I vantage as a high-level modulator. Actual overall tube efficiencies are always lower 
than transistor efficiencies, since the vacuum tube requires an additional power 
somee of 10% to 20% of its available output power just to heat its filaments. 

Most hffher-level transmitters currently available employ vacuum tubes because 
ol the lubesMiigh voltage ratings and hence their ability to produce high power t| 
reasonable current levels rather than because of any theoretical superiority in con- 
ve.rsion clliciency. 
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PROBLEMS 

9.1 In the circuit of Fig. 9.P-1, i t {i) = (0.1 4 0.09 cos wf) A and the transistor p is constant 
at 20 for 4 A > i c > 100 mA (this is unlikely in practice). Find the power delivered b> the 
battery, the power consumed in the 3 fi resistor, and the power dissipated in the transistor. 



Figure 9.P-I 

9.2 Assuming that the transistor in Problem 9.1 has a thermal resistance of 4°C W from its 
junction to its case, find the temperature rise of the junction over the case both for the signal 
of Problem 9.1 and for the case where the ac portion of the drive signal is removed. 

9.3 Assume that the 3 fi resistor of Problem 9. P-1 is replaced by the priman of a lossless trans¬ 
former that reflects a 3 fi load at the operating frequency o. Repeat Problems 9 1 and 9.2 
for this case. Make the additional assumption that the 12 V supply is reduced to 6 V. 

9.4 Repeat Problem 9.3 assuming that the 0.09 peak amplitude sine-wave dri\e is replaced b> a 
0.09 A peak amplitude square wa\e. 

9.5 Compare the conversion efficiencies of the cases of Problems 9.1, 9.3, and 9.4. Explain 
physically the great difference in these values. 

9.6 Repeat Problem 9.4 assuming that the broadband transformer-coupled load is replaced 
by a narrowband tuned circuit that presents the same impedance at the fundamental 
frequency. 

9 7 In Problem 9.4 assume that the square-wave drive is not constant at 90 mA but that its 
amplitude varies so that the percentage of time at each amplitude is as listed in Table 9.P-1. 
Find the long-term average values of collector dissipation, load power, and power supplied 
by the battery. 


Table 9.P-1 


Percent of time 

Peak amplitude, mA 

10 

90 

20 

80 

30 

70 

20 

50 

10 

30 

10 

10 
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I md the “long-term average'' power supplied to a 50 Q load by each ofthe following signals. 
(“[.ong-t;rm average" means averaged over a complete cycle of the longest period in the 

modulation.) 


a) A triangular modulated 10 kHz sine wave as shown in Fig. 9.P 2(a). 

b) A repetitive wave as shown in Fig. 9.P-2(b). 

e) A 50 V rms, 5 MHz carrier that is frequency-modulated to an rms deviation of 50 kHz by 

Gaussian noise. . r . QD . ( , 

d) A square-wave-and-generator combination as shown in Pig. y.r -(G- 

e) A tone burst controlled triangular signal as shown in Fig. 9.P-2(d). 


* 

I 

\:\j v 1 

i 


to nistCC 




—I 


jjty/Wb 


10 kHz 


U\) 


20 //c V cos 10 5 f 




Figure 9.P-2 


y.t) A LCr tain device produces an output current that flows in half-sine-wave pulses or peak 
amplitude equal to 2.88 A and peak spacing of 1 jisec. The minimum allowable output 
voltage ofthe device without excessive distortion is 1 V. Choose values for C,, C 2 , and L 
(assume L is lossless) that will yield maximum power to the 72 Q load while preventing 
excessive distortion across C, of Fig. 9.P-3 co 0 C 2 = 0.07 mho. Calculate the size of the 
second harmonic component of the voltage across both C, and across the 72-fi load 
Sketch the passband for ±10% around the center frequency for transmission from the 
device current pulses to the 72-Q load. 


mil ( (insider the circuit shown in Fig. 9.3-1 with a 120° wide pulse tram wherein /, = 2 A. 11 
,1,, H-sonanl impedance of the tuned circuit is 3 kfi and the allowable minimum device 
voltage is 200 V, what value must V cc have? Find the fundamental output power for this 
case If the tuncd-circuit Q is 10, calculate the magnitude and phase of the output second¬ 
ly,, inonic voltage. What is the conversion efficiency of this device under these conditions 
Whal is (he device dissipation? 
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0.10 pF 



Figure 9.P-3 

941 The circuits of Fig. 9.5 3(a) and 9 r 6 3(c)are both driven bv a (0 kHz. I V peak square wave. 
1 he positive supply in each case is 20 V, while the load resistor is ID Qi R E = 0.25 tl and the 
coupling capacitor is 100 /jF in Hg. 9.6-3e) h Draw the transistor collector current wave¬ 
shapes for both cases arid calculate the power delivered to the I0O load. [The series LC 
in Fig. 9.5 out) is resonant at It) kHz,] Define or specify any other parameters as necessary 
to complete the problem. 

9 12 In the circuit of Fig. 9.6 3(a), V cc = 20 V. ft * 50, R L = 100 Q. = 25 kfi. R, ~ ! kfi, 
and the input voltage is successive!) a train ol 13.5 V peak sine, square, and triangular 
waves, each with zero average value. Calculate the load power and the transistor dissipation 
for each case. Make, and state, any assumptions that are necessary in working the problem. 

9 13 For the circuit of Problem 9.12, find the amplitude of each driving waveshape that results 
in maximum transistor dissipation. Assume a zero signal emitter current of 2 mA per 
transistor. 







































appendix TO CHAPTER 9 


PULSE TRAIN EXPANSIONS 


In general it is possible to approximate the plate, grid, collector, or base current 
waveshapes that are produced in Class C amplifiers by one of several tabulated 
waveshapes (or by some combination of these waveshapes). 

To aid in such calculations, this appendix tabulates the general results of IJI p xs. 
t / for six waveshapes. In addition, it presents graphs of I d JI p , I i/V and l 2 'l p all 
versus r/Tor the total conduction angle, 8. 

\ igures 4.2-3 and 4.2-4 present similar data for sine-wave tip curves. In practice, 
lhe sine-wave tip and the cosine pulse data are almost interchangeable in the region 
where r/T < j. 


Table 9.A-1 


Pulse shape 

U 

1 

/„ 

Rectangular 

H----f 

! 

V 

7 

21 . mix 

— sin — 

UK l 

Triangular 

V 

27 

1 p T sin (nni'lT) 2 

7 ukt<2T 

Sunmetrical trapezoidal 


3/ p t sin (/iTtr/47) sin (3n7rr/47) 

47 

27 nnx'4T 3nnx,4T 

Cosine pulse 

i i 

^ — 

1^3 

HI ^ 

4 r x cos [ukt > 7) 
n P T 1 - (2nr/7) 2 

Cosine-squared pulse 

V 

47 

! n sin (/mr ; 27) 
uk 1 - (nr/27) 2 


1 he cosine pulse is not a sine-wave tip (except when i T - although it close!> 
approximates one; i = I p qos{kI/x) if \r\ <x , i = 0 otherwise. The cosine-squared 
pulse i> equal to I p sos z (ntfr) when \t\ < r/2 and zero otherwise. An = ±r 4. thi> 
pi,h.r has a value of I p /2 while the cosine pulse has a value of Vv - Table 9.A 1 
uml 1 ig 9.A-I show the waveshapes and the expressions ior / dc and /„. higurc> 
i) \ i i) a 3, and 9.A-4 show the normalized fundamental, dc, and second-harmonic 
components vs. the conduction angle. 
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Fig. 9.A-1 Waveshapes illustrated in Table 9.A-1. 
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Square 

Trapezoid 

Cosine 
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Cosine 

squared 


Fig. 9.A-2 I y !i p vs. xjT or total conduction angle for repetitive pulse trains. 



Fig. 9.A -3 I dc !I p vs. r/7 or total conduction angle for repetitive pulse trains. 
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0.10 - 
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Square 


150 180 degrees 

0.50 t IT 


Ei^. 9.A 4 I 2 fp vs. T 'T or total conduction angle in degrees for repetitive pulse trains. 


CHAPTER 10 


AMPLITUDE DEMODULATORS 


In this chapter we consider the theoretical limitations on the amplitude demodu¬ 
lation of signals, as well as the details of a number of practical circuits to accomplish 
this demodulation. 

The most widely used practical circuit is the narrowband envelope detector of 
Sections 10.3 and 10.4. Though simple to construct, this circuit has definite limitations 
that may be circumvented by the use of synchronous or average detectors. In other 
sections of the chapter we examine these circuits in some detail. 


10.1 AMPLITUDE DEMODULATION TECHNIQUES 

In this section we consider the basic theoretical principles involved in the demodu¬ 
lation of AM and SSB signals. In the subsequent sections of this chapter wc shall 
consider the practical circuits by which these principles are implemented. In general, 
there are only three basic methods of amplitude demodulation or detection: (a) 
synchronous detection, (b) average envelope detection, and (c) peak envelope detec¬ 
tion. The basic idea behind all of these methods is to reclaim the modulation infor¬ 
mation g(f) from the modulated carrier which has the form 


c,(0 = g(r)cos oj 0 t. 


J normal AM: g(t) > 0, 

[ suppressed carrier AM: g(t) = 0, 


= -^-cosm 0 f + ^-sinoj 0 f, 


(SSB) 


( 10 . 1 - 1 ) 


w here g(r) is the Hilbert transform ofg(f) (see Chapter 8). As we shall see, synchronous 
detection must always be employed to demodulate SSB or suppressed carrier AM, 
while any of the three demodulation methods may be employed to demodulate a 
normal AM signal whose modulation index does not exceed unity. 

Svnchronous Detection 

I he block diagram of the synchronous detector is shown in Fig. 10.1-1. For this 
detector, if r,(r) has the form given by Eq. (10.1-1), then with the aid of the identities 

cos a- cos y = j[cos (a + y) + cos (a - y)] 

*in<J 


sin a cos y = |[sin (a + y) + sin (a - y)] 
457 
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sx 


v it) 


Multiplier constant: K 



B COS CjJ 0 / 

(Reference signal) 


i w,i 


i 




H t iU) 

1 I 

Fig. 10.1-1 Block diagram of s> nchronous detector. 


lie multiplier output t m can be written as 

rjtl =- K’B 


/ 4- ^ cos 2aj 0 f 


(/) = K'B 


'(7(f) g(f) g(f) • , , 

M ' + — cos 2cu 0 r ± — Sin 2to 0 t 


(normal or suppressed carrier AM) 

(SSB) (10.1-2) 


4 ' 4 " “ 4 

II the low-pass filter removes the components of t m (f) which are concentrated about 
the radian frequency 2co 0 , then the detector output takes the form 

KBg(r). 


v,{t) = 


h L {t), 


(10.1-3) 


whee = 2 for normal AM, / = 4 for SSB, and h L (t) is the impulse response of the 
low pass filter. If the filter has a wide enough bandwidth to pass g(r) undistorted 
then 1 ; .q (10.1-3) simplifies to the desired form 

Vo{[) = ^M1 h l (oi (iai ^ 4) 

where //,.(./,,) is the Fourier transform of h L (t). Note that if the reference signal has 

(he form B cos (m 0 ? + 0), then l 'o(0 is g ivei ' 1 b >" ( for normal 

_ KBg(t)H L (0) cos 6 
f.(f) --3-■’ 


A |,u h is an attenuated version of Eq. (10.1-4). Hence for maximum detector output. 

') must be designed to equal zero. , 

l or synchronous detection to be accomplished it is apparent that the spectral 
i omponcnls of <„,(() in the vicinity of 2m 0 must not overlap the spectral components 
„!•,.(,) in the vicinity of the origin. For normal or suppressed carrier AM the Foune. 
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transform V m (co) of v m (t) is given by 

, , KBG{co) KB r 

VJoj) = ---+ — [G(co - 2u 0 ) + G(co + 2co 0 )], (10.1-5) 

where G(co) is the Fourier transform of g(t). A plot of | F m (cu)| vs. to for the case where 
g(t) is band-limited in frequency to co m is shown in Fig. 10.1-2. In order to separate 
the desired output signal from the double frequency term, the inequality 

Mm < W 0 

must be satisfied; i.e., the maximum modulation rate must be less than the carrier 
frequency. If tu 0 is not greater than cu m , then synchronous detection (or, for that 
matter, any other form of detection) is impossible. In addition, the closer oj m is to 
a> 0 , the more complex the low-pass filter of the synchronous detector must be to 
extract the desired output signal. 


» 

Kl 

. 



i 

J 2f^i w.„ 2wn oj- 


Fig. 10.1-2 Spectrum of | \s w with g{t) band-limiting to cj m . 

For an SSB signal with g(t) bandlimited to w m , | F m (to)| vs. co has the form shown 
in Fig. 10.1-3. Here we see that for lower-sideband SSB, synchronous detection is 
possible only if co m < oj 0 , w r hereas for upper-sideband SSB synchronous detection 
can be accomplished only if co m < 2co 0 . 

To implement the synchronous detector, a multiplier and a reference-signal 
source of the form B cos co 0 t are required. Any of the multiplier circuits discussed 
in Chapter 7 or 8 is sufficient as a multiplier. After all, synchronous detection is 
essentially mixing down to dc. The reference-signal source at a) 0 may be obtained 
by placing i'j(t) through a very narrowband filter which extracts the carrier component 
of i/r) (if it exists) and removes the sideband information. Specifically, if 

r f (f) = A[ 1 + mf{t)] cos co Q t, 

where the Fourier transform V^co) of r,(f) and the spectrum F{gj) of/(f) are as showm 
in Fig. 10.1-4, then the output of the narrowband filter centered at co 0 with a band¬ 
width less than 2 co L is given by 

A cos (o 0 t, 

w hich is the desired reference signal. Such an extremely narrowband filter is usually 
implemented with a crystal or a mechanical filter or with a phase-locked loop (PLL). 
If a crystal filter is employed, the center frequency co 0 of r,(f) must also be crystal 
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von! rolled. On the other hand, if a PLL is employed, co 0 need not be (but usually is) 
11 > si a 1 controlled, since the phase-locked loop is capable of tracking slow variations 
m dj Q while still acting as a narrowband filter about oj 0 . 

In the case of SSB and suppressed carrier AM, a carrier component does not 
usually exist in r,-(t). For SSB signals a low-level or pilot carrier is usually added to 
(lie transmitted signal and extracted as the reference signal at the receiver with a 
uai lowband filter.! However, when the SSB modulation is an audio signal, the 
iviolence signal may be obtained from an independent oscillator. This oscillator 
generates a signal of the form B cos [co 0 t + 0(f)], where 0{t) is a slowly varying random 


! In many voice communication systems a large number of voice channels (BW < 3 kHz) arc 
SSB modulated and frequency-division-multiplexed at 4 kHz intervals from dc to 4nkH/< 
u Im i e h is l he total number of channels. This composite signal plus a 4 kHz reference signal then 
luijUCiuv modulates a high-frequency carrier. At the receiver, after frequency demodulatioi 
tin- vi 11 unis SSB signals must be synchronously demodulated. The approximate reference signal 
Im e.ieh SSB channel is generated by extracting the 4 kHz reference signal and then distorting 
it and extracting the desired harmonic by appropriate filtering. 
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phase (or frequency) error between the oscillator at the transmitter and the oscillator 
at the receiver. With the independent reference signal, the output of the synchronous 
detector is given by 

, v KB r 

l \,U) = —L?(r)cos0(r) ± g(r) sin 0(f)], (10.1-6) 

Since it has been observed that the human ear cannot readily distinguish between 
g{t) and gU), the output signal of the detector is a perfectly acceptable reproduction 
ofg(r) even when 0(() drifts through tt/2 . IT 0(r) = t:t + 0, that is, if the reference oscil¬ 
lator differs in frequency from the transmitter oscillator, the effect on the ear is to 
raise or lower the pitch of the demodulated signal while maintaining its intelligibility. 
The eye, however, is not as forgiving as the ear; hence an independent reference 
oscillator cannot be used for demodulating SSB video information. 

For suppressed carrier AM the reference signal can be generated by passing 
t ,-(0 through a network of the form shown in Fig. 10.1—5. The output of the square- 
law device, which may be implemented with a field effect transistor, is given by 

r 2 (r) = kg 2 (t) cos 2 oj 0 t 

kg 2 (r) kg 2 (t) 

= + —— cos2w 0 f. (10.1-7) 




(Reference signal) 

Fig. 10.1 5 Network for extracting reference carrier from suppressed-carrier AVI. 

Since g 2 (t) is always greater than zero, its average value, unlike the average value of 
eb)* is greater than zero and thus r 2 (r) has a carrier frequency component at 2m 0 
which is in turn extracted by the narrowband filler centered at 2w 0 . This filter may 
also be implemented as a crystal filter or as a phase-locked loop. The filter output 
is then counted down in frequency by 2 and filtered to provide the desired reference 
xignal B cos (o 0 t. The coefficient B is, of course, a function of the individual device 
and filter scale factors within the network of Fig. 10.1-5. 

\\erage Envelope Defection 


I lie block diagram of the average envelope detector is shown in Fig. 10.1-6. If c^t) 
IS a normal AM input of the form 

I* l(0 = g(0 cos co 0 f, 
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Fig. 10.1-6 Block diagram of average envelope detector. 


Ju'i c g(() > 0, and if the transfer characteristic of the half-wave rectifier is given b\ 


= 


I’j > 0, 

0 . r# < 0, 


(10.1-8) 


as shown in Fig. 10.1-6, then 

rjr) = g(f)(cos w 0 f)S(f). (10.1-9) 

wlicic S(i) is a switching function with the property S(f) = 1 for cos w 0 f > 0 and 
,S'( /) - 0 for cos cu 0 f < 0. A sketch of r ; (f), r a (f), and S(t) is shown in Fig. 10.1-7. 

It is intuitively obvious from the sketch that by extracting the average value of 
rj/j with the low-pass filter, an output signal proportional to g(r) is obtained. To 
demonstrate rigorously that r„(t) is proportional to g(r), we expand S(t) in its Fourier 

SCI ICS 


12 2 

S(t) = - + -cos co 0 t — —cos 3ot + ■ ■ ■ (10.1-10) 

2 71 37T 

and substitute it into Eq. (10.1-9) to obtain 

g(t) 2 g(t) 

v a (t) = — cos co 0 t H-cos" aj 0 t 

2 n 

a (t) 

= 2-L-L cos COo t + higher harmonic AM signals. (10.1-11) 

n 2 

If lhe low-pass filter (cf. Fig. 10.1-6) removes the frequency components of r £J (n 
centered about to 0 , 2 co 0 , etc., then v 0 (t) is given by 

i„(r) = —- * M0. (10.1 12) 

71 

wliei e h t ({) is the impulse response of the low r -pass filter. If, in addition, the low-pass 
liltoi has a wide enough bandwidth to pass g(f) undistorted, then Eq. (10.1-121 


2 g(0 

3n 


cos 3 oj n t cos co n t 
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Fig. 10.1-7 Plot of r,(r). rjt) and S(f) vs. r. 


simplifies to the desired form 

r.(r) = —JC(0), (10.1-13) 

71 

where again H L (jco) is the Fourier transform of h L (t). 

If we plot the magnitude of the Fourier transform VJo) of rjt) for the case w'here 
g(r) is band-limited to co m as shown in Fig. 10.1-8, we observe that the inequality 

< y (10.1-14) 

must be satisfied if the low 7 -pass filter is to be capable of extracting g(t) from rjt). 
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II (lie hall'-wiive rectifier of Fig. 10.1-6 is replaced by a full-wave rectifier, not 
only docs the output of the low-pass filter double, but no term centered about oj 0 
(.-\isis ill !„(/)- Consequently g(f) may be extracted from v a (t), provided that < cu 0 , 
v\h k h IS the same frequency constraint imposed by the synchronous detector. 

11 IS apparent from Fig. 10.1-7 that the output signal r„(t) must always be positive.! 
ic, the average envelope detector extracts the positive envelope. If g(f)cosw 0 i 
vvcic replaced by — g(f)coscu 0 f = g(f)cos(ru 0 f + 7 r). the output would be unchanged, 
Min e the average envelope detector is clearly insensitive to the phase of the carrier, 
heme the output of the average envelope detector is written more precisely as 


, o(0 = ^W L (0). (10.1-15) 

71 

I h 11 \ if a suppressed carrier wave for which g(0 has both positive and negative values 
were demodulated by an envelope detector, gross distortion would appear at the 
output Specifically, the output would appear as if the modulation had been passed 
through a full-wave rectifier as illustrated in Fig. 10.1-9. Similarly* il the modulation 
index of a normal AM signal exceeds unity, the average envelope detector introduces 
drat>i lion and synchronous detection must be employed. 

It\ w ritiim the expression for the SSB signal given by Eq. (10.1 -1) in the equivalent 


lor m 


r f (r) = Writ) + r(0 cos 


o) 0 t + tan 


g(0 

g(0 


(10.1-16) 


wz obsci ve that the output of an average envelope detector with an SSB input would 
lake I he form 


r„(0 = ~ % /s 3 (0 + g 2 W,.(0). 
2n 


(10.1-17) 



lig. i().i 9 Output of average envelope detector 


I II I Ik half-wave rectifier characteristics are reversed, that is* if v a - q- for r,- < 0 and v a - 0 
1 111 /, o, ihen rj/) must always be negative. 


10.1 


AMPLITUDE DEMODULATION TECHNIQUES 465 


which is also a highly distorted output signal. Here again we see that synchronous 
detection is required. 

However, if a large carrier component A cos co 0 t is added to the transmitted SSB 
signal, the resultant signal may be demodulated by envelope detection. Specifically, if 
rj(r) = o(0 + A cos co 0 ( 


= \A + 


g(0 


, ■ 

cos co 0 t -— sin co 0 t 


= fbf 2 


g (0 

H-— cos 

4 


(Or\t -j- tan 


g(t) 


2 A + g(f) 


(10.1-18) 


is demodulated by an envelope detector, the output is proportional to 



A + g(f) 
1 


provided that A » |g(f) 2| and A » \g(t)j2\. Such a signal is rarely transmitted, since 
most of the transmitter power must be expended in providing a large carrier. 

The basic concept, however, provides the basis for vestigial sideband transmission. 
Most video signals have the property that their frequency spectra are concentrated 
at low frequencies, as shown in Fig. 10.1-10. Consequently, when a carrier at co 0 is 
amplitude-modulated by a video signal, the resultant signal tqfr) has a bandwidth 
of 2cu 2 . This bandwidth may be reduced considerablv to co l + co 2 by placing the 
AM signal through a filter H(joj) of the form shown in Fig. 10.1-11, which removes 
the low-level portion of the lower- (or upper-) sideband information and doubles the 
low-level portion of the upper- (or lower-) sideband information to produce a vestigial 
sideband signal v 2 {t). The basic property of the resultant vestigial sideband signal 
is that it requires less bandwidth for its transmission and still is capable of being 
demodulated by an envelope detector. 
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Fig. 10.1-10 Frequenc} spectrum of typical video signal /(t). 
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-11 Construction of a \estigial sideband signal 


I o demonstrate this fact, we write the video signal f (t) in the form 

/V) =/,(f) + f 2 (tl (10.1-19) 

where / 1 (/) corresponds to the high-level, low-frequenc\ portion of j (t) and f 2 (t) 
cm responds to the low-level, high-frequency portion of f(t). The resultant AM 
signal therefore takes the form 

14 (f) = A[ 1 + + m/ 2 (f)] cos oj 0 r, (10.1-20) 

where /I is the carrier amplitude and m is the modulation index. The vestigial side¬ 
band signal (which consists of j\ normally modulated and f 2 single-sideband- 
imululated and increased by a factor of 2 relative to\f is given by 

v 2 {t) = A[ 1 + ni/'ilr) 4- mf 2 (t)\ cos oj 0 t - Amf 2 (t) sin co 0 t. (10.1-21 1 

Since | / 2 (0 | 2 « b r 2 (r) is equivalent to an SSB signal with a large added carrier, and 
ih us has an envelope of the form 

-4[1 + mj\(t) + = A[ 1 + m/(f)], ( 10 . 1 - 22 i 

w Im h is identical with the envelope of the normal AM signal 14 (f). 

In practice, the amplitude of the upper-sideband information is not doubled a' 

I he linnsmilter; rather, the high-frequency portion of f(t) is enhanced by a factor of 
' hy (In icceivei after the signal has been demodulated. This not only simplifies tin; 
bandpass filter at the transmitter, which removes the lower-sideband information 
bui also permits faithful envelope demodulation of the vestigial sideband signal with 
llie weaker requirement that |/ 2 (f)/2| 2 « 1. 
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Peak Envelope Detection 

An ideal peak envelope detector is a device which samples the peak of each positive 
(or negative) carrier cycle and holds the peak value until the next carrier cycle occurs. 
Figure 10.1—12 illustrates a typical set of input and output waveforms for an ideal 
peak envelope detector. It is apparent from Fig. 10.1-J 2 that a considerable amount 
of ripple appears on the output signal r 0 (t) unless the carrier frequency greatly exceeds 
the maximum frequency component of g(f). Consequently, unless subsequent 
filtering is employed, the use of the envelope detector is restricted to situations where 
a very wide separation exists between co m and to 0 . However, when a wide separation 
between o m and cj 0 exists, it is apparent that r„(f) closely approaches g(t) for g(f) > 0 . 


v, <0 

O-- 

Ideal peak 



envelope detector 

-0 



Fig. 10.1-12 Ideal peak envelope detector. 


Most practical peak envelope detectors employ a diode to drive the holding 
network (usually a resistor in parallel with a capacitor) to the peak value of each 
carrier cycle, as shown in Fig. 10.1-13. Once 1 . 4 (f) has reached the peak value of u f (t ), 
die diode becomes reverse biased and r 0 (t) decays slowly toward zero with a time 
constant t = RC until, near the peak of the cycle, v t = 14 , which again turns the diode 
on and brings i Q (t) to the peak value of L\(t). The resistor R in the holding network 
ob\iously has the effect of increasing the ripple; however, it is required in most 
practical detectors to ensure that 14 (f) decays more rapidly during every holding 
period than the envelope of r,-(f). If the decay in 14 (f) is insufficient, the diode does not 
lurn on at the peak of every cycle of r,-(f), and “failure-to-follow” distortion results. 
( Icarly the time constant r must be chosen to meet a compromise between ripple 
'Hid "failurc-to-follow" distortion. 

It is apparent that the peak envelope detector, like the average envelope detector, 
produces an output proportional to \g(t)\ which results in distortion if g(t) is not always 
positive; hence suppressed carrier AM demodulation and SSB demodulation are 
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Fig. 10.1-13 Practical peak envelope detector. 


impossible With the peak envelope detector. On the other hand, the peak. e P 
detector nicely demodulates normal AM signals, as well as 

Since exact expressions for i 0 (t) will be obtained in Sections 10.3 and 10.5 for specific 
practical peak detectors, no further general analysis is attempted at this point. 

10.2 PRACTICAL AVERAGE ENVELOPE DETECTORS 

In this section we consider some of the problems encountered in implementing circuits 
which achieve average envelope detection. Unfortunately, the ideal diode does not 
exist in nature; therefore, the greatest problem in designing an average envelop, 
detector is the synthesis or the hair-wave rectifier portion with physical diodes. \ , 
fust show the effects on the detector of employing a physical diode in place<of an idea 
diode in the half-wave rectifier circuit; then we explore a method by whidi a phy sic. 
S can be made to function as an ideal diode in the detector circuit This mrfhod 
utilizes feedback to remove the nonlinearities created by the nonideal diode from the 

lialf-wave rectifier characteristic. . , 

To observe the basic problem which arises when physical diodes are emp j. 
in place of ideal diodes, wc consider the detector shown m Fig. 10.2-1. Tfthe diode . 

is ideal, then 


i'd 


C 

R 


for vi > 0 
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Eig. 10.2 I Implementation of average envelope detector. 


and 

i D = 0 for r, < 0; 

hence i D is an exact half-wave rectified version of i R, This current, multiplied by a. 
is then placed through a low-pass filter (R 0 in parallel with C 0 ) to extract its average 
value. Consequently, if r,(/) = g(f) cos then 

r „<f) = —g(fi* -/.(ri- (l0 - 211 

kK 

where z,.(f) is the response or c„(r) when ai D U) = 6(t) (a unit impulse). If the lillei is 
wide enough to pass g(/), then, of course, 

r„(D = ^g(0. CO-2 2) 

71K 

Equations (10.2 1) and (10.2- 2) are just the results of the previous section applied 
to the circuit of Fig. 10.2-1. 

However, if the diode is not ideal, the expressions for i D and, in turn, ait 
modified. In particular, if the diode is modeled b> the relationship 

i D = l s (e*''» kl - 1) * I s e qru ‘ kl \ (H)2 3) 

which is a reasonable approximation for most semiconductor diodes, then i h may be 
expressed in terms of i ,(f) by the equation 

[■,- = i D R + — In y-. UO.2-4) 

<7 h 

liquation (10.2-4) may be also written in the normalized form 

r = v + In y — In IF (10.2-5) 

where z = qv-,/kT, y = qi n R/kT. and IV = qI s R kT. A plot of y vs. z with -In ft as 
,i parameter is shown in Fig. 10.2-2 along with the corresponding plot for an ideal 
diode. As — In IF increases, the entire z-y characteristic shifts linearly to the right. 
Here we see that the physical diode does not turn on at r, = 0 (or z = 0), but rather 
requires a more positive value of r, before any significant diode current flows. The 
effect of this turn-on requirement is to prevent small input signals from producing 












































amplitude demodulators 


10.2 


output. Thus such a detector cannot possibly demodulate 100 /£ modulated 

“iLTltnCiremen. becomes more obvious if the acme, half-wave rectifier 
racteristic is modeled by the two-segment piecewtse-lmear characteristic shown 
• ig. 10.2-2 and given by 

(z + lnW-S, z > -In W+ 5, 
i ^ — i 0 z < — In W + 5, 


( 10 . 2 - 6 ) 



r equivalently, by 

l, i >v o. (10.2-7) 

t n =< K 

l 0. Lf < V n ■ 


V 0 = 


kT 


5 - In 


qlsR ) 
kT )' 




diere 
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It should be apparent from Eq. (10.2-7) that constructing the piecewise-linear 
characteristic is equivalent to replacing the physical diode in the circuit shown in 
Fig. 10.2-1 by an ideal diode in series with a battery of value F 0 , as shown in Fig. 
10.2-3. From the equivalent circuit it is obvious that, unless v^t )exceeds F 0 ,no output 
exists. 



Fig. 10.2-3 Model for physical diode in average envelope detector circuit. 

We should note that the turn-on voltage V 0 is a function of kT/q , R , and I s . 
For example, with a germanium diode for which l s ^ 2 x 10 “ 7 A, R = 1 kQ, and 
kT/q = 26 mV, 

— In W — 4.86 and V 0 = 256 mV. 

On the other hand, with a silicon diode for which / s % 2 x 10 12 A, R = 1 kQ, and 
kT/q = 26 mV, 

— In (W) = 16.4 and V Q — 556 mV. 

It is apparent that the larger the values of R and / 5 , the lower the value of V 0 and the 
smaller the departure of the physical half-wave rectifier characteristic. Clearly, 
then, a germanium diode with a large value of R provides the best approximation 
to the ideal half-wave rectifier. 

To observe the effect of the turn-on voltage V 0 on the output of the circuit of 
Fig. 10.2-3, consider i\(t) to be equal to V l cos cot. The diode current therefore has 
the form of a periodic train of sine-wave tips of peak value I DP = {V x — V 0 )/R and 
conduction angle 20 = 2 cos ' 1 (V 0 /Vi\ Consequently the average value of i D , 
which is extracted by the output filter, takes the form (cf. the appendix to Chapter 4) 

— I DP sin 0 — 0 cos 0 
D n 1 — cos 0 


Vo_ 

n R 



[—| 2 - : 

t — COS 1 — 

vl 

l>o) 

T,J 



UNiVS : i3iJA r J Dc U ^ 

FACULTAD Dc 


(10.2-8) 
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(-j - i 


(Air _ i-cos- 

I^o 

by * 

Ln 

w 

F,_ 


ere 


>lot of F(VJV 0 ) appears in Fig. 10.2-4, from which it is observed that, for V, > 4K 0 , 
/JV 0 ) may be approximated by its asymptotic value 

_ 1 



(10.2-9) 


l n — 


( 10 . 2 - 10 ) 


I \L 0 / A V Ol 

us, for V\ > 4V 0 , 

nR 2 R 

1, if the output filter of the average envelope detector shown in Fig. 10.2-3 removes 
nal components at o and its harmonics while being wide enough to pass the 
iations in l\. then i B is given by 

olI^Rq <xV 0 Rq 
nR~ ~2R 


= X‘d R 0 = 


( 10 . 2 - 11 ) 
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If kj = g(r), then 


i 0 (r) 


zgjj)Ro 

nR 


« 1 qR 0 

2 R 


( 10 . 2 - 12 ) 


Thus the elTeet of the turn-on voltage is to subtract a constant value. 2l'oJ? 0 /2/; in 
this case, from the output, provided that g(r) > 4V 0 . If gff) drops below 41„, output 
distortion occurs, since and r 0 (f) are nonlinearly related to gfr), as can be seen from 
Fig. 10.2-1. 

The restriction g(t) > 4V 0 for all t severely limits the maximum modulation index 
of the AM signal that may be linearly demodulated by the detector of Fig. 10.2-3. 
Consider, for example. 


g{t) = Fj[l + mf(t)} 

where |/'(r)| max = 1 and thus m is the modulation index 
is equivalent to the condition 


Consequently, if V 0 = 250 mV and m = 0.8, must be greater than 5 V to achieve 
linear demodulation. As a practical matter, for voice demodulation, the distortion 
would be within tolerable limits with \\ as low as 1.5 V. 

A complete circuit which has as its model the circuit shown in Fig. 10.2-3 is 
illustrated in Fig. 10.2-5. In this circuit the voltage supply V cc supplies the bias to 
keep the collector-base junction of the transistor reverse biased, while C is a coupling 
capacitor which isolates r ; (r) from the bias supply. The emitter-base junction acts 
as the half-wave rectifier, while the diode D provides a return path for the capacitor 
current and thus prevents clamping; i.e., if the average value of r,(f) is zero, v c must 
charge to V cc to keep i D = / E , which is necessary to keep the average capacitor 
current equal to zero. With v c = V cc , with the emitter current described by the 
expression 


For this case, g(t) > 4V 0 
(10.2-13) 


_ 7 „qiEBikT 

~ 1 ES e 


(10.2-14) 



Fig. 10.2-5 Circuit for achieving average envelope detection 
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ml with I lie assumption that C is a short to r,., the emitter current may be related to 
,(0 by (he expression 

i'i(t) = Ri E + S n 7 ^. (10.2-15) 

q i es 

vim'll IS 1 1ic same relationship as that obtained from the circuit of Fig. 10.2-1 ; thus 
. c ; see that the emitter-base junction functions exactly as the diode in the previous 
Holilem. while the collector current provides the current drive, cb E , for the low-pass 
illei ('onsequently, Eqs. (10.2-11) and (10.2-12) provide expressions for the output 
«l llie circuit of Fig. 10.2-4. 

In choosing components for the circuit of Fig. 10.2-5 we usually choose two 
ileuiical germanium transistors and connect the base and collector of one together 
o obtain a diode. We then select a value of R somewhere in the vicinity of lOkQ and 
lelci mine V D . A smaller value of R increases V 0 . while a larger value of R requires 
,(/) to be loo large to achieve a reasonable output current. For any given modulation 
nile\ the required amplitude §j of 

t'i(f) = kj[l + w/(f)] cos cot 

ii,iv be determined to satisfy Eq. (10.2-13). 

With the assumption that V cc is also specified, R 0 is chosen to produce a reason- 
1 1 1 1 v huge output swing without causing the transistor to saturate. The capacitoi 
■„ IS chosen such that 1 /R 0 C 0 = oj 3 > co m , where co m is the maximum modulation 
iequency and o> 3 is the -3dB bandwidth of the low-pass filter. Finally oC is 
I lose 11 to be at least ten times as great as 1 /R. 

■ xiimple 10.2-1 For the average envelope detector shown in Fig. 10.2-6, determine 
/allies for all unspecified parameters such that linear demodulation is achieved. 
\Iso determine an expression for v 0 (t). 

suliiiion. Since R = lOkQ and I s = 2 x 10 ~ 7 A, the>turn-on voltage V 0 has the 
/nine 1 0 = 197 mV; hence with a modulation index of 0.6 linear demodulation 
rqimcsl, ,> 1.97 V(cf. Eq. 10.2-13). We shall choose V x = 2.5 V. With this choice 


C R 



Figure 10.2-6 
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v„(t) is given by (cf. Eq. 10.2-12) 

r„ = -(250/tA)(l + 0.6 cos 10 3 f}^ + (9.9/r A )R 0 

71 


with the assumptions that the transistor does not saturate, that a. = 1, and that the 
output filter passes frequencies up to 10 3 rad/sec undistorted. The minus sign, of 
course, results from employing an NPN transistor instead of a PNP transistor. 

Since the minimum value of r„ must be greater than - 10.2 V to avoid saturating 
the germanium transistor, we obtain 


(9.9 /(A) - 


(250 /rA)1.6 


R 0 > 


-10.2 V, 


or equivalently. R 0 < 87kfi. To leave some margin for parameter variation, we 
choose R 0 = 68 kQ (a standard 5% value) and obtain finally 

t'o = ~ (4.7 V) — (3.2 V) cos 10 3 r. 

By choosing 1 /R 0 C 0 = 10 4 rad/sec or equivalently C 0 % 1500 pF, we ensure 
that the signal information is transmitted and that frequency components at the funda¬ 
mental and harmonics of the carrier frequency are removed from the output. At 
to = 10 rad/sec. l/10 s C o = 6.8 Q, which is indeed a short circuit compared with 
68 kO. If the impedance of the output filter at the carrier frequency is not small 
compared with R 0 , ripple appears in the output. Although this ripple may be re¬ 
moved by subsequent filtering, care must be taken to ensure that it does not saturate 
the transistor when added to v 0 . Finally, to ensure that the coupling capacitor is an 
ac short circuit, we need C > 10/co/? = 10 pF. Again, to allow for a margin of safety 
we chooser = 100 pF. 


The nonideal effect of the physical diode may be greatly reduced by constructin' 1 
a half-wave rectifier that incorporates the diode in the feedback loop of an operational 


R 



Hz. 10.2-7 Half-wave rectifier employing a diode in the feedback loop of an operational 
amplifier. y 
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l/(» 


iinijililier, us shown in Fig. 10.2-7. The half-wave rectification is achieved with diode 
D li which conducts for negative values of and opens for positive values of r,-. 
Diode /), is incorporated in the circuit to prevent open-loop operation and the 
possibility of device saturation for positive values of for which opens. Since 
with D { and D 2 in the circuit the maximum value of v a exceeds the maximum value 
ol i (l by only the small diode ‘"on” voltage (approximately 220 mV for germanium 
and (>S0 mV for silicon—cf. Section 5.4), the maximum value of v\ is closely approxi- 
malcd hy r (Ii ^//l, where A is the voltage amplification of the operational amplifier. 
In addition, if the positive and negative peak values of l\ are of the same order of 
magnitude, the presence of D 2 ensures that the minimum value of iq is of the order 
of r (1 ( /A. Consequently, for A > 100 (which is true even for the poorest-quality 
opeialion amplifier), r• appears as a "‘virtual” ground relative to r fl , and thus v a 
may be very closely approximated by 

Ei = 0)i ^2 * (10.2 -16) 


Noting that D 2 is open for i D] > 0, we may relate l in to tq by the expression 


— V: — l / 


K. + 


R 2 I 
1 + A 


kT i Di 

--- In —. 

< 7 ( 1 + A) I s 


(10.2-17) 


In deriving Eq. (10.2-17), we assume that the diode current and voltage are again 
n‘laled by the approximation of Eq (10 2-3), that the operational amplifier input 
impedance is several orders of magnitude greater than R l or R 2 and thus may be 
neglected, and that the operational amplifier output impedance is small in com- 
pai ison with R 2 . These assumptions are usually true for most integrated operational 
amplifiers; and even in those cases where they are not strictly true, it can be readily 
shown that the results we derive are still valid. The equations, however, become 
more cumbersome. 

Equation (10.2-17) may be written in the normalized form 


z — v + 


1 + A 


In v — In VF), 


(10.2-18! 


v\ here 


i<r 


y = 


qiin 

kT 


R { + 


R , 


1 + A 


and 


W = 


<ijs 

kT 


Ri 


Ri 


1 + A 


li IS apparent that, for A = 0, Eq. (10.2-18) reduces to Eq. (10.2-5) and no improve- 
meni over the previous half-w T ave rectifier is obtained. As A is increased from zero. 
I he ellect of the nonlinear term in y is reduced and the z-y characteristic approach^ 
that of an ideal diode. A plot of y vs. z for —In W = 20 is shown in Fig. 10.2--H, 
I he scale in this figure is greatly expanded from the scale of Fig. 10.2-2, as can be 
mi n horn I he z-y characteristic for A = 0 From Fig. 10.2-7 we observe that fo: 

\ 00 the z-y characteristic is within 7 mV (unnormalized) of the ideal half-wane 

iei iilici characteristic (A -> oo). In addition, for A > 999 the characteristic is within 
()7 mV of the ideal half-wave rectifier characteristic and for all practical purposes ma\ 


l 2 «>] [520] [,„/?] 
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be considered to be ideal, that is. 


or equivalently, 


z > 0 . 
z < 0 . 

— i; 


(10.2-19) 


L'j < 0 , 


( 10 . 2 - 20 ) 


: _ + ^r/(l + A) " R x * 

0. v i > 0. 

C learly, then, c„ is related to r, by the ideal half-wave rectifier characteristic given by 

~ l i^ 2 „ 

c,- < 0 . 

( 10 . 2 - 21 ) 


l \. ={ Ri 
0 , 


t j < 0. 
I■; > 0 . 


If hot-carrier diodes are used for D, and D 2 , Eq. (10.2-21) provides an accurate 
description of the transfer characteristic of r„ vs. r, for carrier frequencies up to the 
:.-ns of megahertz, pro\ided that at these frequencies the open-loop amplification 
of the operational amplifier still exceeds 100. 

A complete average envelope detector employing two operational amplifiers 
tv shown in Fig. 10.2-9. If R 2 » R 2 , which should be the case to ensure that the 
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Fiy* 10.2-9 Average envelope detector employing operational amplifiers. 


t ui icni from flows primarily through R 2 , then the first amplifier performs as an 
i.UmI hair-wave rectifier, while the second amplifier performs as a low-pass filter with 
a transfer function 


H(p) = 


v 0 (p) = rjr 3 

V a {p) 1 + pR*C' 


( 10 . 2 - 22 ) 


I qiialion (10.2-22) is the transfer function of a low-pass filter with a transmission 
at low frequencies of RJR 3 and a -3dB bandwidth of o> 3 = \/R 4 C. Therefore, 11 
i,(/) l;( f) cos lot, then 


i'oU) 


2 ^ 

7lRi 


g(t) * /l(f). 


(10.2-23) 


wliei e h(t) = if 1 H(p). 
1 oniponent of g(f), then 


If w 3 is large in comparison with the maximum frequency 


i'M) 


RiR± 

7tR(R 3 


g(0- 


(10.2-24) 


By 001 redly adjusting R ,. R 2 , R 3 , and R 4 , any desired amplification may be achieved 
provided that the operational amplifiers are not driven into saturation. In addition, 
by cascading several more operational amplifiers, a higher-order, low-pass filter 
c:m readily be synthesized. 


ID l NARROWBAND PEAK ENVELOPE DETECTOR 

(>nc of 1 he most widely used demodulators for normal AM signals is the narrowband 
|v;ik envelope detector shown in Fig. 10.3-1. Almost every superheterodyne AM 
I (Veivei has a detector of this form, which is constructed by placing the series combina- 
iion of a diode D and a parallel R 0 -C 0 circuit across the output-tuned circuit ol 
ihe List 11 amplifier in the IF strip. The parallel RLC circuit driven by the current 
source /,(/) provides the model for the final IF amplifier. The narrowband peak 
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envelope detector is always designed so that the loaded Q r of the parallel RLC 
circuit is high and the time constant of the parallel R 0 -C 0 circuit is long in comparison 
with the period of a carrier cycle. The high value of Q T ensures that the last IF stage 
is sufficiently selective and also prevents the nonlinear diode circuit from distorting 
the waveform of r x (r). The long R 0 C 0 time constant enables ijt) to remain essentially 
constant at the peak value of over each carrier cycle. Thus output ripple is 
minimized. 


v,(0 O 



In analyzing the detector of Fig. 10.3-1 we assume that the diode is ideal. This 
assumption greatly simplifies the analysis and, in addition, as we shall demonstrate, 
provides results that are directly applicable to the identical circuit employing a 
physical diode. 

We begin the analysis by obtaining an expression for v ( (t) and v 0 (t) for the case 
w here 

ii(t) = I v cos uj 0 t. 

In particular, we show that r o (0 is indeed directly proportional to i x , as is required 
b> a linear envelope detector. We then generalize the analysis to the dynamic case, 
u here 

h(t) = b(t) cos co 0 t = 7^1 + mf(t)] cos co 0 t, 

and show that a simple equivalent circuit exists for determining v 0 (t) as a function of 
ht). Finally, we consider the problem of “failure-to-follow” distortion which 
results when the detector is improperly designed. 

Static Analysis 

If the R 0 C o time constant is long in comparison with the duration T = 2tz/oj 0 
of a carrier cycle (or, equivalently, C 0 is an ac short circuit at co 0 ), then with 
M‘) ; f I COS a) 0 t, the output voltage v 0 {t) stabilizes at a dc value v Q - V dc . With V dc 
developed across the capacitor C 0 , it is apparent from Example 5.5-3 that, if the 
loaded Q T of the parallel RLC circuit is high, then the voltage across the tuned circuit 
t ,U} must have the form 


= V dc cos co 0 t. 


(10.3-1) 












































SO amplitude demodulators lu :> 

To determine F dc we observe that the diode D is reverse biased except in the 
nmediate vicinity of the peak of ; hence the diode current i D must flow in narrow 
ulses occurring at the peak of each cycle of r,(f), as shown in Fig. 10.3-2. Conse- 
uently, i D may be expanded in a Fourier series of the form 

i D {t) = I D0 ( 1 + 2 cos co 0 t + •••)> (10.3-2) 



|. i(i. 10.3 2 Current and voltage waveforms occurring in the circuits of Fig. 10.3-1. 

.vhcrc is the average value of i D (t). [The narrow pulse width causes the amplitude 
if the fundamental component of i D (t) to be twice the average value.] Since the 
iverage diode current must flow through R 0 , 

F dc = WV ( 10 - 3 - 31 

In .itM 11 hmk by applying KirchholT’s current law to the fundamental current com¬ 
ponents flowing into the parallel RLC circuit, we obtain 


(10.3-4) 
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and by combining Eqs. (10.3-3) and (10.3-4), we finally obtain the desired expression 
for V dc : 


^dc “ 


(10.3-5) 


where R T = R\\(R 0 2). We also observe that the equivalent linear loading on the 
tuned circuit produced by the nonlinear diode circuit is 


and that Q T is given by 


Klc 

DO 




R t coqC. 


(10.3-6) 


(10.3-7) 


It is quite apparent from Eq. (10.3-5) that V dc is indeed linearly related to and, 
therefore, that the circuit of Fig. 10.3-1 functions, at least statically, as an envelope 
detector. To understand the operation of the circuit still better, we determine the 
form of i D (t). If we assume that the diode becomes forward biased at and becomes 
reverse biased at t 2 , where the time interval t 0 = t 2 — is short in comparison with 
T and occurs in the vicinity of the peak of r,(r), and if in addition we assume that 
r 0 (f) remains essentially constant at I dc during diode conduction, then for < / <i 2 


/i.+ 


. _ K c _ . 
Ir r h 


— itU i) + 


v <\c(t - M 


(10.3-8) 


Since all the nonreactive shunt branches of the circuit of Fig. 10.3-1 contain constant 
currents for ^ < t < t 2 , the ac ramp component of i L must divide between C and 
C 0 ; however, the ramp component through C 0 also flows through the diode. Thus 
the diode current consists of a ramp with slope - f dc C 0 /L(C 0 + C), which reaches 
0 for t = t 2 (the diode becomes reverse biased when its current reaches zero). A 
sketch of i D (t) is shown in Fig. 10.3-3, w'hich indicates that i D (t) consists of a periodic 
train of narrow triangular pulses. 

The pulse width f 0 is readily determined by noting from Fig. 10.3-3 that the 
average value, / D0 , of i D (t) may be expressed as 


VtACo 

2 LT(C 0 + cy 


(10.3-9) 


* A sine wave remains essentially constant in the vicinity of its peak 
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while from Eq. (10.3-3) l D0 = F dc /K 0 ; hence eliminating I D0 from Eq. (10.3-12) yields 

t 0 f-L{C 0 + C) /w^L(C 0 + C) 

T " V TR 0 C 0 i nR 0 C 0 


l C 0 + C 

7iR o ta o C 0 C 



(10.3-10) 


vvheie / s -- o) 0 C s R 0 and C, = CC 0 /(C + C 0 ) is the series combination of C and C 0 . 

In almost all narrowband detectors of interest, Q rs is slightly greater than Q r ; 
hence a high value of Q T ensures a high value of Q rs and, in turn, a narrow pulse 
widlh For example, if C 0 = C, then 


2ts = I 1 + §) Ct; (10.3-11) 

il ( *■ then 

Qts = ( 2 + if) ei " tia3_12) 

If Q IS = 200, then t 0 /T= (frjln = 0.0399 and </> = 14.4°, where </> is the con¬ 
duction angle If 0 1S = 100, </> = 20 3° For Q } as low as 50 the conduction angle 
is suflicicntly small to justify the assumptions that the amplitude of the fundamental 
component of i D is twice the average value and that may be approximated by its 
peak value during the interval t 0 . In addition, with a conduction angle less than 30°, 
the small flat occurring on the peak of i\(t) due to the forward bias of the diode is 
hardly perceptible. 

I f the R 0 C 0 time constant is not infinite, r 0 increases slightly during the time that 
llie diode is forward biased and decreases during the time the diode is reverse biased. 
11 ms causing a small amount of ripple on the output. It is readily shown that, even 
with a small amount of ripple. Fig. 10.3-3 and Eq. (10.3-10) still provide very good 
approximations for the diode current waveform and the current pulse duration 
I u particular, if v 0 increases during diode conduction, then the current pulse duration 



Fig. 10.3-3 Sketch of i D (t) vs. f. 
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is slightly shorter than the duration given by Eq. (10.3-10); this gives even more 
validity to the previous assumptions. 

To get some idea of the size of the increase AKin v 0 during diode conduction, we 
observe that the net charge entering C 0 during a cycle must equal zero. With the 
assumption that t 0 « T, the charge entering the capacitor is Q + = C 0 AV, while the 
charge leaving is p_ * V ic T/R 0 . (The approximation becomes exact as t 0 -► 0.) 
Consequently, the fractional ripple A K/F dc appearing at the envelope detector output 
is closely approximated by 


A V T T 

Klc Rq(-0 


(10.3-13) 


where t 0 = R 0 C 0 . For 1 % ripple, r = 100 T. If the fractional ripple remains below 
0 . 1 , all the previous results obtained provide excellent approximations (within 5'/) 
to the actual results: however, with AF/F dc = 0 . 1 , some additional low-pass filtering 
must follow the detector to remove the excess ripple. 

Example 10.3-1 For the circuit shown in Fig. 10.3=1, (a) determine the value oft- and 
(b) determine the peak-to-peak ripple on v u . 



Solution. If we assume Q T > 10, we can replace the diode and the circuitry to its 
right by an equivalent 50 kfl resistor; hence 

t,(f) = (2 mA)(25 kfi) cos 10 8 r = (50 V) cos 10 8 f 

and, in turn, 


u o( l ) = (50 V) + ripple. 

from Eq. (10.3-14) it is apparent that the fractional ripple has the value 


>dc 10 8 (10 pF) x (100 kQ) _ 0 0628; 

or equivalently, the peak-to-peak ripple has the value AV = 3.14 V. It is also apparent 
that 0 T = (25 kQ)/co 0 L = 25, which justifies the initial assumption. 
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Miamic Analvsis 

! q now Id 

i'(t) = / t [ 1 + m/XO] cos w 0 (f) = b(t)cosc» 0 t, (10.3-14) 

| U . IC /»(^) . / t [| + and assume again that the loaded Q } is sufficiently high 

) th;ii ?,(/) lias frequency components onl> in the vicinity of co 0 and may therefore 
;■ w i men in llie general form 

i'i(t) = g(r) COS (O 0 t, (10.3-15) 

liere i;( i ) is some low-frequency waveform. If we assume, in addition, that the ripple 
i, (. (,') is small and that the diode D conducts every carrier cycle, then i’„(r) is 
icon by 

rjl) = S(t>. (10.3-16) 

Noic ih.it ,„(/) cannot be less than g(r). since this would require a voltage across a 
ml biased ideal diode at the peak of c,(f) or a large amount of ripple. On the 
ih,-i hand, r„(t) cannot be greater than g(f) or the diode could not conduct every 
ycle ; hence, w ith the above assumptions, r 0 (f) = g(f)-] H the diode does not conduct 
WIN cycle, the result is failure-to-follow distortion, which we investigate later in 
Ins section. 

('learly, our objective is to evaluate g(r) in terms of b(t). To achieve this objective 
, c first observe that a high value of Q T ensures an even higher value of Q rs and thus 
nsiu-cs that the diode current i D (t) flows in narrow pulses. Therefore, in this case, 
m i he static analysis, i D may be expanded in a series of the form 

i D (t) = i DO (0(l + 2 cos cj 0 f + -•■), (10.3-17) 

, hci e is the slowly varying average value oT i^U). [the reader should convince 
limsclfthat the expansion ofEq.( 10.3-17) is a unique representation for i 0 (f) provided 
hat is band-limited to t%/2.] The slowly varying diode current flowing through 
It.- p.imllcl R, r C 0 circuit gives rise to g(r); hence 

g(f) = / D o(0*-o(0, (10-3 1S) 

a Ihtc ;,,(() is the response of the parallel R 0 -C 0 circuit when driven by a unit impulse 
i| t imvnt, 

In addition, the input current / ; (f), less the fundamental component of the diode 
in K-ni, flowing through the parallel RLC circuit gives rise to c,(f); that is, 

r,(/) = g(f) cos w 0 f = [ 6 (f) cos co 0 t - 2i D0 (t) cos co 0 t] * z(t), (10.3 Ni 

a hn c .-(/) is ( he impulse response of the parallel RLC circuit. By noting that -(f) U 
i iv 111111 c 11 ic mu i owband Idler w ith 0(co o ) = 0, and by employing Eq. (3.3 3), vve cai. 
.iniplilv I i| (10.3 19) to the form 

g(f) cos <o 0 t = {[ b(t) - 2i D0 (t)] * z L (t)} cos co 0 t. 


(10.3-2H 
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or equivalently, to the form 


g(0 = 


b(t) 

i 



* 2 z L {t\ 


(10.3-21) 


where z L {t) is the low-pass equivalent of -(f). The response z L (t) is the impulse response 
of the circuit shown in Fig. 3.1-3. The response 2r L (f) is the impulse response of a 
circuit with double the impedance level of the circuit shown in Fig. 3.1-3. 

Equations (10.3-18) and (10.3-21) comprise two simultaneous equations from 
which g(0 may be obtained. The method for obtaining g(r) from these equations 
becomes apparent only when the two circuits described by these equations are drawn 
as in Fig. 10.3-5. Connecting terminals a-a to terminals b-b' yields an equivalent 
circuit from which g(t) may be obtained directly in terms of b(t). 


i m iO 



Fig. 10.T5 Two circuits from which Iq. (10 3-18) (right) and Eq. f!0.3-21) (left) can be obtained 


We note from the equivalent circuit of Fig. 10.3-5 that g(f) may be related to 
b{t) by the transfer function 


u here 


z r (p) 


G[p) 
B[p) 


R j 

1 + PjC j 3 


(10.3-22) 


m-i — 


2 r t (c 0 + cy 


Rr = R\\^ 


and G(p) and B(p) are the Laplace transforms of g(r) and b(t) respectively. Here vve 
see that the — 3dB bandwidth, which must be chosen large enough to pass b(f), is a 
function of not only the parallel R 0 -C 0 circuit but also the parallel RLC circuit. 
Hence in designing a narrowband peak envelope detector one must consider the 
complete equivalent circuit of Fig 10 3 5. However, if o 3 is wide enough to transmit 
the information of b(t) undistorted, then 


g(t) = b(t)R r - Iy[l + mf(t)]R T 


(10.3-23) 



























NP AMPLITUDE DEMODULATORS 

ml ihe desired envelope information is obtained. Clearly, Eq. (IQ.3-23) could have 
,een obtained directly from Eq. (10.3-5) with the assumption of slowly varying modu- 
uion. For C 0 « C. Eq. (10.3-22) can be obtained by reflecting R 0 /2 across the 
‘ ar ;,Hel RLC circuit (as was done in the static ease) and then determining the relalion- 
Inp between g(0 and b(i) for the resultant parallel RLC circuit. 

If additional circuitry is added to the peak detector output for the purpose of 
levdoping an AGC voltage (Fig. IO,3-6a) or for the purpose of aocoupling the de- 
nodulated signal to a subsequent stage (Fig. 10.3-6b), the previous analysis is still 



».(/■) bit) casual ( a ) 



l-i^. 10.3-6 Additional circuits placed on detector output to (a) develop an AGC voltage and to 
< h) ae-couple the detector output. 


valid provided that Q T is high and the output ripple is small; i.e., the bandpass circuit 
lo the left of the diode may be replaced by the equivalent circuit shown in Fig. 10.3 ' 
(left) A complete equivalent circuit for the envelope detector containing a coupling 
network (Fig. 10.3-6b) is shown in Fig. 10.3-7. In this figure the polarity of the currem 
source has been reversed, since the diode in the original circuit is positioned to obtain 
llie negative envelope Two examples now demonstrate the usefulness of the 
equivalent circuits. 

Example 10.3-2 For the narrowband peak envelope detector shown in Fig. 10.3—S 
determine expressions for t’ 0 (f) and Repeat the problem for C 0 = 10/rF. 
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v„(0 



Fig. 10.3-7 Equivalent circuit for the detector shown in Fig. 10.3-6 (b) 



Solution. For the circuit of Fig. 10.3-8, 

w 0 = — L= = 10 7 rad/sec and Q r = = 50. 

n /lc « 0 e 

In addition, the fractional ripple has the value 


AF/K dc = 2k/oj 0 R 0 C 0 = 0.0314; 

hence, with a high value of Q T , a small amount of ripple, and the assumption of no 
"failure-to-follow” distortion, the detector of Fig. 10.3-8 may be replaced by the 
equivalent circuit shown in Fig. 10.3-9. From the equivalent circuit it is apparent 
that 


L 'oU) ~ (io V) 


1 1 

1 7t\ 

1 H-— cos 

5 x 10 4 f- 

V 2 

1 4/J 


In addition, since v 0 (t) is equal to the envelope of r f (r), 


r ;(0 


(10V) 



1 

! , 7t\ 

1 

—p= cos 

/ 2 

5 x 10 h- 

4/J 


cos 10 7 /. 


We observe that, even though the input current has a modulation index of unity, the 
\oltage developed across the tuned circuit has a modulation index of 1/^/2. 
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AGC, 308, 331-336, 486, 530 
Alienability, 324-327 
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differential amplifier, 374-375 
diode bridge, 376-379, 382-384 
FET, 380-381 

integrated circuit, 395-396 * 
square law, 384-387 
tuned circuit, 387-392 
See also Diode bridge, FET, Chopper 
modulation, Multiplier, and/or 
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AM methods: analog, 354-355 
chopper, 355-358 
direct, 361-362 
high level, 447^450 
nonlinear, 359-360 
AM on FM signals, 589-590 
AM receiver, superheterodyne, 478 
AM signals: in capacitively coupled 
circuits, 168-169, 195-199 
in narrowband filters, 72, 76, 88-89 
normal, 347 

single sideband, 350-352, 457-461, 
464-466 

suppressed carrier, 349, 357 
Amplification, AM, 405-406 
Amplifiers: cascode, 324-326 
class A, 401^105 
class AB, 401 

class B, broadband, 401, 421-425 
class B “linear,” 92, 405-408 
class C “linear,” 408^410 
class C-RF, 401, 410^15 
class D, broadband, 426-432 


class D, narrowband, 401, 415-421 
differential pair, 114-119, 324-326 
feedback, 206, 475^178 
FET, 98-104, 131-136 
gain controlled, 214, 335-336 
maximum signal without distortion, 4, 
100, 110 

narrowband-tuned, 6-8, 314-331, 405-421 
power, 401-455 

small signal range, 4-5, 110, 118 
transistor, 1-8, 104-113 
tuned, 6-8, 314-331, 405-421 
Amplitude control, 212-215, 265-266, 

308, 331-336 

Amplitude limiting, 7-8, 110, 188, 571-577 
nonlinear, 207 

Amplitude modulation; see specific 
headings under AM 

Amplitude sensitivity, function, 230-231, 
264-265 

Amplitude stabilization: FM, 530-532 
oscillators, 212-215, 262-266 
Analog computer, 528 
Angelo, E. J., Jr., 13 
Armstrong, E. H., 560 
Astable multivibrator, 553-556 
Attenuator, nonlinear, 213, 265-266 
Auto transformer, 49-51 
Automatic frequency control (AFC), 590 
Automatic gain control; see AGC 
AVC; see AGC 

Average envelope detection, 461-466 
in FM detectors, 582-584, 587 
Average envelope detector, 468^478 
dual transistor, 473-475 
operational amplifier, 475-478 
Avins, J., 613 
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Figure 10.3-9 


II > s replaced by a 10/zF capacitor, the capacitor in the equivalent circuit of 
If’ l«.3 9 must be replaced by a 10/zF + 1000 pF s: 10 /zF capacitor. Such a 
aigc capacitor effectively shorts the signal component of b(t) 2 to ground to yield 
J'> l()V - 11 rid in turn r,(r) = (10 V) cos 10 7 f. Consequently, since all the envelope 

"I'" mation has been stripped from the circuit functions as an amplitude limiter 
a ovided that no failure-to-follow distortion occurs. 

Aimiple 10.3-3 For the circuit shown in Fig. 10.3-10, make an accurate sketch of 
„(0, i JO, and t ,(f). 



Figure 10.3-10 


ilmioii Assuming that Q T is high, that the ripple is small, and that there is no failure. 
> lollow distortion, we replace the circuit of Fig. 10.3-10 by its equivalent circuit 
iow n in I 'ig 10.3 -11. Since the 10 /zF capacitor appears as a short circuit to the ac 
'"iponcut of />(()/2 and an open circuit to the dc component of b(t) 2, we decompose 
/) into its ac and dc components as shown in Fig. 10.3-12 and solve for v a (t) and 
It) by superposition. The dc component of v B (t) is equal to (j mA) x 40kff = 20Y: 
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Figure 10.3-12 
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. are equal, since the 10/zF capacitor is an effective ac short. A sketch of 

tyOi “ rJOcos 10 r is shown in Fig. 10.3-13. 

The presence of the coupling capacitor has significantly reduced the modulation 
mdexof^zlfrom unity This effect is best understood b> observing that the impedance 
presented to the modulation information [the ac components of b(t)] is significant I ■. 

han , the : m n cdancc presented to the carrier [the dc components of bit )1 
for the circuit of Fig. 10.3-11. ifAfz) = /,. then 


md, in turn, 


t' o (0 = Vdc = (40kfi)(/ 1 /2) 
= (20kQ)/ 1 cos 10 7 l 
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Figure 10.3-13 


'niiM.\|iiL'iitly, R r = 20kfi and Q r = 200. In addition. the fractional ripple is 
k\ i; K 0.0157; hence two of our original assumptions are justified. The method 
,>i |us 1 1 1>i 1 1y the third assumption, that of no "failure-lu-follow distortion, is now 
onsidcred. 

niliire-to-Follow Distortion 

,, a narrowband peak envelope detector of the form shown in Fig. 10.3-1 or Fig. 
li i o a form of distortion known as failure-to-follow distortion or diagonal clipping 
nay result if Lhe circuit is improperly designed. Physically, this form ol distortion 
esuIts when the input modulation on i^r) causes the envelope of ) to decrease at a 
,iu* greater than the natural decay of the parallel Rq-C ^circuit: hence the diode fails 
o conduct on each cycle and rJO decays toward a steady-state value which is mdc- 
lendent of the input modulation. Typical waveforms of v t U) and vjt) during failure- 
<> h >llow distortion are shown in Fig. 10.3-14. 



Fig. 10.3-14 Failure-to-follow distortion (diagonal clipping). 
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Intuitively we can make a number of observations concerning failure-to-follow 
distortion which are helpful in preventing its occurrence: 

1. Failure-to-follow distortion always occurs on the negatively sloping envelope 
of the input current. 

2. Failure-to-follow distortion is most likely with high modulation indices and 
high modulation frequencies. Both of these conditions tend to increase the 
negative slope of the envelopes of / f (r) and in turn r f (r), and thus increase the 
chance that will not be able to follow the envelope of i\(t). 

3. Failure-to-follow distortion cannot occur if the parallel RLC circuit contains 
no loss, that is if R —► x. If no loss is present and diode D conducts on the peak 
of a particular cycle of r t -(0< then it must also conduct on the peak of each subse¬ 
quent cycle, thus eliminating the possibility of diagonal clipping. This statement 
follows from the fact that the envelope of the lossless tuned circuit must increase 
or remain the same with D disconnected,! while with D open v 0 (t) decreases; 
hence conduction is ensured on the peak of every cycle. Thus, diagonal clipping 
results when the tuned circuit is sufficiently heavily loaded to permit the envelope 
of Vi(t) to decrease more rapidly than u 0 (t) during the interval when D is back- 
biased. (It is apparent that diagonal clipping is impossible in the circuit of 
Example 10.3-3. since no loss exists in the tuned circuit.) 

4. Failure-to-follow distortion cannot occur in the circuit of Fig. 10.3-1 if 2 RC > 
R 0 C 0 . Assume that for an arbitraiy / = the diode conducts and r,•(/,-) = r 0 (/,) = 
g(tf If the diode now opens, v G (t) decays exponentially to zero with an initial 
slope equal to — gU t )/R 0 C 0 . In addition, if i L is equal to zero, the envelope of 
Vi(t) decays exponentially to zero with an initial slope equal to — g(f 1 -)/2KC 
(cf. Section 3.3). If ^ 0, energy is supplied to the tuned circuit and the initial 
slope of the envelope of v ( (t) is greater than g(td/2RC ; hence, if 

g(tj) < gUd 
2RC ~ R 0 C 0 ? 

or equivalently, 

2RC > R 0 C 0 , (10.3-24) 

the envelope of t,(r) decays less rapidly than r 0 (t) and the diode conducts at 
t = t t + T. The same argument may be applied to subsequent cycles; thus the 
diode conducts on the peak of every cycle of r t -0) and diagonal clipping is 
impossible. 

It is apparent at this point that, when diagonal clipping occurs, the diode current 
and in turn its average value drop to zero for a large number of carrier cycles; conse¬ 
quently, a sufficient condition to ensure that failure-to-follow distortion cannot 
occur is that the average diode current i D0 exceed zero for all time, that is, 

Ido > 0 (10.3-25) 


t So long as b(t) cos <o 0 t supplies energy to the lossless tuned circuit, its voltage amplitude in¬ 
creases; if b(t) = 0, no additional energy is supplied and the voltage amplitude remains constant. 
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,,t all f I hits by obtaining an expression for i D0 from the equivalent envelope de- 
ei lor eireuits of Fig. 10.3-5 or Fig. 10.3-7 and requiring that it satisfy Eq. (10.3-25). 
vc obtain an inequality involving the parameters of the envelope detector which 
UMiies that diagonal clipping cannot occur. Therefore, in addition to solving for 
ID, we must solve for i M (r) and check to see that it exceeds zero. If it does, the model 
u-itig used is valid. Two examples should clarify the use of this method. 

example 10,3-4 For the narrowband peak envelope detector shown in Fig. 10.3-15, 
lelet mine the relationship between in, R , C, R 0 , and C 0 which ensures no diagonal 
lipping lor all values of to m . 



h(t) /[(I ~m cos u) m /) 


Figure 10.3-15 


Solution. Assuming that Q T is high and that the output ripple is small, we replace 
the envelope detector by its equivalent circuit, shown in Fig. 10.3-16. For the 
.•quivalenl circuit we obtain 


f Do(0 — 


I,R 


R n + 2 R 


./(w.-'oti) : + 1 ,, 

1 + m - , ■ - -- cos + </>) 

. vj,}- + I 


A he I C 




RoCo 


CO 7 — 


(C 0 + C)(2R\\R 0 ) 


and 


cj> = tan - tan' 


[ leai ly, for / D0 (f) to be greater than zero for all f, we require 


X {w jco i) 2 + 1 
^/(ftjjcor) 2 + 1 


since cos (toj + (j>) reaches a value of — 1. 

I or u>, > to 2 the coefficient of m in Eq. (10.3-26) has its maximum value of unity 
lbi m,,, 0; hence for to, > co 2 , or equivalently for 

R 0 C 0 < IRC, 

no diagonal clipping occurs for any value of co m provided that in < 1 (a condition 
which is always satisfied). This, of course, is an expected result. On the other hand 


t 


' 
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for to, < o 2 . the coefficient of in in Eq. (10.3-26) has its maximum value of= 
C 0 (R 0 + 2R)2R(C 0 + C) at to m -> x; hence for to, < to, no diagonal clipping 
occurs for any value of uj m provided that 


. 2 m-Co + o 

m <--— 

C 0 {Ri + 2R\ 


(10.3-27) 


. For example, if 2 R = R 0 and C 0 = 3C, then the maximum modulation index 
which ma\ be used v\ithout failure-io-follow distortion is m = %. Also, for the case 
where the detector is used as a limiter and C 0 —► x. 

2 R 


m < 


R 0 4- 2 R 


(10.3-28) 


(Note that diagonal clipping does occur in the second part of Example 10.3-2.) 

Example 10.3-5 With the assumption that C c is an ac short circuit at the frequency 
to m , determine the maximum value of modulation index m which does not cause 
diagonal clipping in the envelope detector of Fig. 10.3-17. 

Solution. Again assuming a high Q v and a low output ripple, we can replace the 
envelope detector by its equivalent circuit, shown in Fig. 10.3-18. For this circuit, 
W0 is given b> 

... /1 ml , 

1 doU) — ~p~ H-—- cos co t 

o 4 



Figure 10.3-17 
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assume that is an ac short circuit). Hence, for ipoU) to be greater than zero 
oi all 0 

m < §. 

I the si/e of the output resistor or the resistor loading the tuned circuit is increased,, 
he value of hi that the circuit can accommodate increases. 

summary and Design 

n ilie previous analyses a number of constraints on the interrelationship of para- 
neiers were required for the correct operation of the peak envelope detector shown 
n l ig, 10.3-1. These constraints are summarized as follows: 

(selectivity) 

(low ripple) 

(bandwidth sufficient to pass modulation 
information) 

(no failure-to-follow distortion for any ml 

I hue Q rv = vjqRC is the unloaded 0 T of the tuned circuit. O T0 = uj 0 CR 0 /2, and 
in,,, is the maximum modulation frequency. For circuits or the type shown in Fig 
10, \ (>, only condition 4 in the above list must be modified slightly. To observe how 
ilu-sc constraints may be employed in the design of an envelope detector, we hrs ; 
u-wiilc condition 4 in the form 


I) I « Qr — coqRjC — 


Qto Qtu 
Qt o T Qtu 


r <> RqC 0 

I T 


» 1, 


') "V. ^ W 3 = 


3 2 R t (C + C 0 )’ 


I) /\ 0 (’ 0 < 2RC. 


RoC 0 _ T o ^ 2 RCo)q — Qtu ^-2^ 

T ~ T “ 2k n 


I o satisfy condition 2 and minimize the ripple, we wish z 0 /T to be as large as possihk 
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however, Eq. (10.3-29) limits its value to 0 TV /n ; hence we choose 

Jo _ Qtu 
T ~ ~ tT' 


(10.3-30) 


which is equivalent to 2RC = R 0 C 0 . 

With the value of t 0 given by Eq. (10.3-30), condition 3 may be rearranged in the 
form 


^ < 1 
co o -Qtu 


(10.3-31) 


For proper operation we desire a small amount of ripple and thus a large value of 
Q tv ; however, from Eq. (10.3-31) we see that the maximum size of Q rv is limited by 
the ratio of a)Jco 0 (broadband signals require low-Q r circuits). Consequently the 
peak envelope detector may be employed only when co 0 exceeds co m , usually by a factor 
of 100 or more. Under these conditions we choose Q TU as large as possible within the 
limitations of Eq. (10.3-31). A large value of Q TU also ensures that condition 1 will 
be satisfied. 

Condition 1 also requires a high value of Q T0 which we choose, once the required 
value of Q t is specified, from the relationship 


Qto 


QtQtu 
Qtu ~ Qt 


(10.3-32) 


With the arbitrary specification of one desired parameter in the circuit of Fig. 10.3-1, 
the relationship co 0 = 1 a/lC and Eqs. (10.3-30), (10.3-31), and (10.3-32) provide a 
set of equations for completely determining all other parameters in the envelope 
detector. The following example demonstrates this fact. 

Example 10.3-6 The circuit of Fig. 10.3-1 has an output resistor R 0 = 10 kQ. 
Choose the remaining parameters in the circuit to ensure Q T = 25, minimum ripple, 
no failure-to-follow distortion regardless of the input modulation index, and a 
sufficient bandwidth to accommodate modulation frequencies up to co m = 10 6 rad/sec. 
The carrier frequency is qj 0 = 10 8 rad/sec. 

Solution. Minimum ripple, sufficient bandwidth, and no diagonal clipping are 
ensured by choosing 

T) _ Qtu _ co o _ j ^ ^ 

T k 2nco m 


Unis t 0 — R 0 C 0 -- 1 /*scc, Q ru = co 0 RC = 50, and RC — 0.5/(sec. Since R 0 = 
10 kQ, C 0 = 100 pF. By solving for Q T0 from Eq. (10.3-32), we obtain 


Qto 


QtQtu 
Qtu ~ Qt 


(50)(25) 


= 50. 


25 





























AMI'I I [TIDE DEMODULATORS 


10.4 


)(> 


in <0,,, ,-) 0 R 0 C; 2; therefore, R 0 C = I0“ 6 sec ensures Q 7 = 25. Again, with 

10 kH obtain C = 100 pF, and with RC = 0.5/isec we obtain R = 5 kQ. 
in,illy, I <'K>C = t /(H = L. 


1.4 |*R,\( I l( Al. NARROW BAND PEAK ENVELOPE DETECTOR 

a physical diode is placed in the envelope detector circuit of Fig. 10.3-1, the detector 
o fongci functions properly for all levels of the input current i;(f). Specifically, 
ulc-ts the amplitude of i,(r) is sufficiently large to develop a voltage r,-(f) across the 
lined circuit which exceeds the diode turn-on bias, then the diode remains reverse 
lascd and i „ = 0. To focus attention on this problem we model the physical diode 
\ an ideal diode in series with a battery of V 0 as shown in Fig. 10.4-1. For silicon 
nodes l ( , is closely approximated by 650 mV; for germanium diodes, F 0 is closer to 
’ll mV 1 iom Fig. 10.4-1 it is apparent that the effect of F 0 is to keep the diode 
eveise biased for'small values of i ; (t) or, equivalently, to induce failure-to-follow 
r.i,n non for input modulation indices close to unity. 



I ij;. 10.4 1 Narrowband peak envelope detector with physical diode replaced with its model 

However, if the input drive level is sufficiently high and the input modulation 
mdev is sufficiently low so that failure-to-follow distortion does not occur, if 0 T i> 
high, and if the output ripple is small, then t u lr) follows the envelope ot and i„|f) 

, u i 1 j,. That is, if r/r) - g(f) cos « 0 t, then r 0 (r) - g(0 and 

v„{t) = g(0 - V ( 10Al1 

In addition, the diode current flows in sufficiently narrow pulses so that the detector 
i an he replaced by the equivalent circuit of Fig. 10.4-2. With the aid of this circuit 
, (/) and r„(i) may be determined as functions of b(t) and. in addition, i D o(0 ma ) O 
obtained to check that V Q has not induced failure-to-follow distortion. 

For example, if h{l) = /,[1 + m cos wj] cos o) 0 t, then 

1 ^ ni cos (m m f 4“ ff) f 10 4 ^ i 

Vl + ( ffl m/ W 3)'- 


2 RVp RqRIj 
2 R + R 0 2R + R 0 
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F„ 



and 


m cos (cj m t + 0 ) 

\ i + WjffJ 

where 0 = —tan - 1 (w, n /Wj) and w 3 = 1 (R 0 \\2R)(C + C 0 ). In addition. 


l/i = ^ o^o , RqRIi 

" 2 R + R 0 2R + R, 


(10.4-3) 


fooW — — 


V, 


l i R 


2 R + R 0 2 R + R c 


i v. -h I 

1 + m ^ cos (w m r + <p) 

v + I 


(10.4-4) 


where </> = tan 1 (oj m aq) — tan 1 (co, M w 3 ) and co [ = 1 ,R 0 C 0 . To ensure that no 
failure-to-follow distortion occurs, we require / D0 (f) > 0 for all t, or equi\alently, 


I — fi > m 


yJUojQJ l) 2 + 1 

+ i 


(10.4-5) 


where n = V 0 il v R. If IRC > R 0 C 0 (the case which ensures no failure-to-follow 
distortion for V 0 = Oj, then cu 3 > co l and the coefficient of m in Eq. (10.4-5) achieves 
its maximum value of unity for a> m = 0. Thus to ensure no failure-to-follow distortion 
for all values of co m , we require 

1 — n > m. (10.4-6) 


From Eq. (10.4-6) we observe that n approaches zero as V 0 is decreased, I { is 
increased, or R is increased. Consequently, for an envelope detector employing a 
ph\sical diode to demodulate AM signals with modulation indices close to unity, 
wc choose a germanium diode to keep V 0 as small as possible and we make the 
impedance of the tuned circuit as high as possible. (In the last section we saw that we 
could choose one parameter of the envelope detector arbitrarily.) In addition, as a 
practical mattci, wc choose a diode with a stia} capacit) much less than C or C 0 . 
With this accomplished, the remaining components in the detector may be selected 
b\ the method discussed in Section 10.3. Here again, if the tuned circuit contains no 
loss, diagonal clipping is impossible regardless of the size of V 0 . 
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10.5 BROADBAND PEAK ENVELOPE DETECTOR 

An envelope detector which linearly demodulates AM signals over a broad range of 
input carrier frequencies is shown in Fig. 10.5-1. For this circuit the diode conducts 
ai the peak of each carrier cycle, thus increasing the capacitor voltage t a tf) to the peak 
value of t,(0 less the turn-on voltage of the diode. As t,(f) decreases from its peak 
value, the diode is reverse biased and the capacitor holds the voltage until the diode 
again conducts at the peak of the next carrier cycle. The output voltage r 0 (f), there¬ 
fore, follows the envelope of r,( f ) shifted down by the turn-on voltage of the diode. 



Fig. 10.5 1 Broadband peak envelope delecloi 


The dc current source in the network serves two valuable purposes. First, it 
provides a discharge path for the capacitor when the diode is reverse biased, thus 
permitting c 0 (t) to follow negatively sloping envelopes of r,-(0 without failure-to¬ 
ft,How distortion. Secondly, it ensures that the diode turns on at the peak of each 
input cycle even when the input amplitude drops below the nominal turn-on voltage 
of the diode. Consequently, even with a silicon diode in the detector, the output 
faithfully responds to variations in the input envelope down to very low levels. The 
slightly undesirable effect of 7 dc is the negative diode turn-on voltage w'hich appear* 
at the output when i > ; (r) = 0. This voltage can readily be compensated for in circuit' 
where its presence is undesirable. 

To obtain a more quantitative expression for v 0 (t) in terms of v^t), let us conside; 
the case where = V l cos cot and where C is sufficiently large so that over a carrier 
cycle vjt) remains constant at F dc . For this case the diode current may be written a^ 


; D (r) = lse WdkT)co^t e - q V^jkT 



_ j gXcoscjtg-qViidkT 

(10.5 

w ith an avci age value 


i D = I s I 0 (x)e~^ kT , 

(10.5 

where v «s qVJkT and /o(x) is 

the modified Bessel function of order zero. 

Since 
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the steady state i D = 7 dc , we can rearrange Eq. (10.5-2) to yield 

K dc = —In /„(*)-In ^ 
q l s 


kT. 


IqVx 


= T ]nIo \W-'< 


(10.5-3) 


where in this case V 0 = ln(/ dc/ 7 s ). which has a value in the range of 200mV for 
germanium diodes and 650 mV for silicon diodes. A plot of 


kT 

/((■) = — In /„ 
<1 


</U) 

AT I 


is shown in Fig. 10.5-2 for kTq = 26 mV. It should be observed from Fig. 10.5-2 
that /(K,) is remarkably linear for \alues of V } in excess of 50 mV and thus may be 
closely approximated by 


/<U> = 0.997 E) - (54mV) ^ I’,. (10.5-4) 



0 
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Consequently, with J (V\) ^ , the output voltage is given b) 


Ki, = Vi - K 


(10.5-5) 


loi values of \ \ as low as 50 mV regardless of whether a germanium or silicon diode 
is being employed. Equation (10.5-5) makes it obvious that for \\ > 50 mV the 
exponential diode in the circuit of Fig. 10.5-1 may be modeled by an ideal diode in 
series with a battery of value F 0 , as was assumed in Section 10.4. 

On the other hand, if qVJkT « 26 mV, then 


and 


I herefore. 



l'(Vi) 


kTj‘± M 

4ci\kTf 


ciV I 
4 kT' 


r = z_l 
dc 4k T 


(10.5-6) 


(10.5-7) 


(10.5-8) 


and we observe that the peak envelope detector functions as a square-law detector 
lor F, in the millivolt range. Unfortunately, F 0 must be removed from f d , by sub¬ 
tract ion or capacitive dc blocking before the square-law pro per t> can be full) utilized 

Output Ripple 

I veil if the output capacitor is large, a certain amount of ripple exists on vjt) because 
of the narrow current pulses which flow each time the diode conducts to recharge 
the capacitor. It is apparent from Eq. (10 5-1) that the current pulses have the wave¬ 
form shown in Fig. 4.5-3 which is indeed narrow for a » 1 or \\ » 26 mV. 

If we model these narrow pulses as impulses of strength 77 dc , where T is the 
period of the input carrier, then both the impulse model and the actual pulses supplv 
the same charge to the capacitor when the diode conducts. With the impulse mode! 
however, it is apparent that each pulse increases the capacitor voltage by 

A y = 1 ~. (10.5 vr 

(A slightly smaller value of AF is obtained if the actual current pulse shape is used » 
As should be expected, the ripple varies directly w r ith the current l dc and inverse!;, 
with the capacitance and carrier frequency. Unlike the ripple in the narrowband 
peak envelope detector, the ripple AF (Eq. 10.5-9) is independent of F dc . This effect 
is a direct result of providing / dc to discharge C in lieu of a resistor. 

I niluic-lo-Follow Distortion 

Now, il r,(/) = g(t) cos co 0 t and we assume that g(t) remains greater than 50 mV mos 
ol (he time, then we may model the exponential diode of Fig. 10.5-1 by an ide.i 
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diode in series with a battery of value F 0 . If, in addition, we assume that the output 
ripple is small and that the diode conducts on the peak of each carrier cycle, then the 
output voltage v 0 is given by 

r 0 (r) = g(t) - V 0 , (10.5-10) 

which is the desired output voltage. 

To ensure that the diode conducts on the peak of each carrier cycle it is sufficient 
to require, with the diode in Fig. 10.5-1 reverse biased, that the output voltage decay 
more rapidly than the envelope gfr). Specifically, diode conduction is ensured if 

(10.5-11) 

for all t. If the inequality of Eq. (10.5-11) is not satisfied, failure-to-follow distortion 
of the form shown in Fig. (10.3—14) results. 

The requirement of a small amount of ripple means that / dc T/C = 7 dc /fC must 
be small in comparison with the average value of g(t ); on the other hand, the require¬ 
ment of no failure-to-follow distortion necessitates 7 dc /C > — g(t) for all t. If 
g(t) = A[\ + cos c/V],.then these tw r o conditions require that 

a 7 dc A oj 

/K, < — (10.5-12) 

Clearly, Eq. (10.5-12) can be satisfied only if a> » co m , as was also the case for the 
narrowband peak envelope detector. 

Developing I dc with Resistor Bias 

If the current source in the detector of Fig. 10.5-1 is practically implemented by a 
larger resistor in series with a negative supply voltage V cc , the circuit shown in Fig. 
10.5-3 results. For this circuit, with r,(7) = V t coscuf and with a large value of C, 



Fig. 10.5-3 Broadband peak envelope detector with resistor bias. 
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r„ F dc . Since in this case the average diode current [given by Eq. (10.5-2)] must 
equal (F d , + V cc )/R, F dc is related to x = qVJkT by the equation 

+l \ = M/ o(x) . (10.5-13) 

\ v cc I v cc 

lor i; r » kT/q , Eq. (10.5-13) may be closely approximated by (cf. footnote on 
page 173) 

e' y *° lkT = — /„(.*), (10.5-14) 

V cc 

from vvliich we obtain 

F dc = ln/ 0 (x) - V 0 , (10.5-15) 

whcici;, = -In (I S R/V CC ). In particular, the value of F dc obtained from Eq. (10.5-13) 
differ s by less than 1 % from the corresponding value of F dc obtained from Eq. (10.5-14) 
il i; r > 2.6 V (a condition which is almost always true in practice). Consequently, 
by comparing Eqs. (10.5-3) and (10.5-15) we see that the output voltage is not affected 
by replacing the current source 7 dc by the series R-V C c combination. 

On the other hand, the ripple voltage and the condition for no failure-to-follow 
distortion are affected by the bias change. For the circuit of Fig. 10.5-3 the ripple 
voltage A V (assuming narrow' current pulses) is given by 

AJ/* ( K cc + Ml (10.5-161 

\ R /C 


I he condition which ensures no failure-to-follow distortion is 


g( 0 > 


Kc + g(0 ~ K) 

~jR~C~ 


(10.5-171 


which must be satisfied for all L The reader should convince himself of the validity, 
ol I c]s (10.5-16) and (10.5-17). 


Example 10.5-1 Determine the maximum value of R for the circuit shown in Fici 
10,5 4 which ensures no failure-to-follow distortion. 


Solution. If failure-to-follow distortion occurs, it must occur on the negatively 
sloping portion of g(t) between 0 and 10//sec. During this'interval, 


g(0 = (5 V) 11 
I lowcvcr, from Fq. (10.5-17), if 


10 //sec 


and -g(f) = j V///sec. 


(15 V) 1 - 


30 //sec/ 




j V/fj ,sec < 


R(1000 pF) 


(10.5- l> 
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for 0 < t < 10 //sec, then no failure-to-follow distortion occurs. Clearly, if Eq. 
(10.5-18) is satisfied for t = 10//sec, it is satisfied over the entire interval of interest; 
therefore, with t = 10//sec Eq. (10.5-18) reduces to 

R < 20 kn. 

Thus R m3X = 20 kQ. 


PROBLEMS 

10.1 For the circuit shown in Fig. 10.P-1, 

r 2 U) = cos 10 7 r - sin 10 7 /, 

where g(r) = (1 V) cos 10 3 / and rdO has the form shown in the figure. Find r 0 (r). 

10.2 Modify the circuit of Fig. 8.4—2 so that it functions as a synchronous detector. 

10.3 For the circuit shown in Fig. 10.P-2, i a is related to t- ( - by the relationship v a = Kvf. Find 
an expression for /;,(/) and show that the circuit functions as a synchronous detector if 
B » A. Show also that with B = 0 the circuit functions as an envelope detector if m « 1. 

10.4 The half-wave rectifier in Fig. 10.1-6 is replaced by a full-wave rectifier. Sketch the 
frequency spectrum of v a for this case and show r that no spectral components overlap the 
low-frequency spectrum so long as co 0 > ca #II . For this case, demonstrate also that the 
output of the average detector is doubled. 
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2n , 
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Figure 10.P-1 


v,(/)=/l[l cos ojo/ 



Figure 10.P-2 
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10.5 The baseband signal (after frequency demodulation) of a composite SSB frequency- 
demodulated telephony signal has the form 

v rU) = X cos nQ) o* ~ yp sin nco 0 rj + A cos w 0 r, 

where the individual voice channel g„(f) is band-limited between 200 Hz and 3 kHz and 
fo - 4 kHz. Draw the block diagram of a system which can be employed to extract each 
g„(f). Include the bandwidths and center frequencies of all filters and indicate how the 
reference signal for each SSB demodulator is obtained. 

10.6 For the circuit of Fig. 10.2-5, R = R 0 = 5 kO, C = 0.1 /<F, C 0 = 2000 pF, V cc = 12 V, 
and 

= g(0cos 10 s r, 

where g(t ) is shown in Fig. 10.P-3. Evaluate r„(f). 



10.7 A “back” diode is a Zener diode which has a breakdown voltage within a few millivolts of 
zero. The v D — i D characteristic for such a diode is given by 

i D = Is(e qVDlkT - 1 ), v D > 0 , 

1 d = v D /r, v D < 0 , 

where r is of the order of 10 CL A silicon “back” diode with r = 20 D and l s = 10“ 16 A 
is placed in the circuit of Fig. 10.2-1 in which R = 180 H, a = 1,K 0 = 10 kH, C 0 = 0.01 ^F, 
and 

i’i(f) = V\ cos 10 8 r. 

Evaluate and plot the transfer characteristic for 0 < V x < 2 V. Over approxi¬ 

mately what range of V x does the circuit function as a linear average envelope detector? 

10.8 For the circuit shown in Fig. 10.P-4, 

r,-(t) = (0.25 V)(l + cos 10 4 f)cos 10Y 

Find v 0 (t). How many decibels below the output signal is the carrier ripple? 

10.9 For the circuit shown in Fig. 10.2-9, R l = R 2 = 1 kO, R 3 = 50 kQ, R 4 = 500 kQ, 
C = 200 pF, A = 2000, and 

Vi(t) = (1 V)(l + m cos 10Y) cos 10 8 f. 































































>()ft AMPLITUDE DEMODULATORS 



1 ind i 0 (t). If A is now reduced to 9 and D x and D 2 are hot carrier diodes with turn-on 
voltage V 0 ^ 0.4 V, determine the maximum size of ni for linear demodulation. 

10 10 I' oi the circuit of Fig. 10.3-1, R = 20 kQ, R 0 = 40 kO, L = 10 /(H, C 0 = C = 1000 pL, 
and 

i,(r) = (10 mA) cos 10 7 f. 

I in J r,0), r o (0, the conduction angle of i D (t ), and the fractional ripple of v G (t). 

10.11 I OI the circuit of Fig. 10.3-1, R = R 0 /2, C = C 0 , and i,- = I x cos co 0 t. Plot the total hai- 

monic distortion of t t (t) vs. Q r for the values of Q T sufficiently large that i D (t) may be 

modeled as shown in Fig. 10.3-3. 

10 12 I or each of the circuits shown in Fig. 10.P-5, let b{t) = I x = 5 mA and determine i„(n 
r;,(/), Q t , the fractional ripple, the diode conduction angle, and the THD for 

10 1 t II M0 has the form shown in Fig. 10.P-6, determine v h v„, and v ' 0 for each of the circuits 
shown in Fig. 10.P-5. 

10 14 Repeat Problem 10.13 with MO = (5 mA)(l + cos 2 x 10 4 0- 

10 1 5 What is the minimum value of R which may shunt L in the circuit of Fig. 10.P-5(a) withoi.: 

causing diagonal clipping? 

10 I (i Wlial is the minimum value of R which may shunt L in the circuit of Fig. 10.P-5(b) withoi;: 
causing diagonal clipping if MO — (5 mA)(l + ^-cos2 x 10 4 0*? 

10 17 I or the circuit shown in Fig. 10.P-7, determine expressions, for r x (f), v 2 (t), and (ji: 
assuming that g(0 = (I mV)(l + cos 10 4 f). 
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Figure 10.P-5 
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Figure 10.P-7 


10 IS Repeat Problem 10.13, replacing the ideal diode with a silicon diode having V 0 ^ 600 m\ 

1 low much resistance can be placed across the 10 inductor in this case before failutc- 
lo-follow distortion occurs? 

10 1 9 I'or the idealized broadband envelope detector shown in Fig. 10. P-8, show that no failure- 
lo-follow distortion occurs if 

-g(f)<^ for all f. 

I or this circuit, determine the maximum \alue of m which may be used without failure 
lo-lbllow' distortion if 

g(f) = A{ \ + rncosw m r), co m .« cu 0 . 

10 30 l or the circuit show r n in Fig. 10.5-4, g{t) = (10 V)(1 4- mcosco m t) and R = 10 kQ. I'lru 
the maximum value of m (as a function of coj before failure-to-follow distortion occurs 



Figure 10.P-8 




CHAPTER 1 1 


GENERATION OF FM SIGNALS 


In this chapter, after discussing the theoretical limitations on the transmission of 
FM signals through filters and nonlinear networks, we study a number of circuits 
for generating frequency-modulated signals. This discussion starts from the direct 
mechanization of the FM differential equation and proceeds to both analog and 
digital generation circuits. 

In all cases we explore both the theoretical and the practical limits of the circuits. 
11.1 FREQUENCY-MODULATED SIGNALS 

If the instantaneous frequency or phase of a high-frequency sinusoid is varied in 
proportion to a desired low-frequency signal /(f), a constant amplitude-modulated 
signal is generated which has its spectrum concentrated about the frequency of the 
unmodulated sinusoid. Thus a frequency- or phase-modulated signal, like an AM 
signal, can be efficiently transmitted with reasonably small antennas if the carrier 
frequency is sufficiently high. In addition such a signal can be frequency division 
multiplexed. 

However, frequency- and phase-modulated signals, unlike amplitude-modulated 
signals, have the advantage that no information is carried in their envelope; thus 
atmospheric and receiver noise which introduces unwanted perturbations on the 
envelope of a received signal can be removed by limiting the signal amplitude before 
the FM or PM signal is demodulated. As a consequence, the signal-to-noise ratio 
at the output of an FM or PM receiver is higher than that of a comparable AM re¬ 
ceiver which receives a signal with the same average carrier power as the received 
FM or PM signal and which has been subjected to the same unwanted disturbances. 

The price that must be paid for the increased output signal-to-noise ratio in 
I- M or PM receivers is increased transmitted signal bandwidth. For FM signals, the 
output signal-to-noise ratio increases only when the ratio of the bandwidth of the 
1M signal to the bandwidth of J (r) is increased. 

A typical phase-modulated signal has the form 

r(0 = A cos /(r) = A cos [cu 0 f + A//(f)], (11.1-1) 

where /(f) = w n f + A//(r) is the instantaneous phase, A is the carrier amplitude 
<a (J is the carrier frequency, A/ is the phase deviation, and/(f) is a signal proportional 
to the modulation information with the properties 

l/( f )Lax = 1 and /(f) = 0. 
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( 11 . 1 - 2 ) 
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( lr;ii'l> the instantaneous phase varies in direct proportion to /(f) with the constant 
ol proportionality Ac/). 

Any time-varying instantaneous phase 0(r) has associated with it an instantaneous 
frequent m,(f) which by definition is the derivative of the instantaneous phase; that is, 


0A(r) = 


dm 

dt ' 


(11.1-3) 


II instead of varying 0(f) in proportion to /(f), we vary cu,(r) in proportion to j(tj 
that is, if 

CJ i(t) = co 0 + Acqf(t), (11.1^1) 


then 


fi(t) = (O 0 l + Am 


f(0) dO + 0 o 


(11.1-5) 


mid i U) lakes the form of a typical frequency-modulated signal: 


t'(r) = A cos 


w 0 f + Aw 



dO + 


( 11 . 1 - 6 ) 


wlu-ie Am, the frequency deviation, is the constant or proportionality relating f(r) 
i„ the instantaneous frequency and 0 o is an arbitrary constant phase which may be 
laken as zero without loss of generality. A plot of v(t) given by Eq. (11.1-6) with a 

Sawtooth signal for f(t) is shown in Fig. 11.1-1. 

11 is apparent from Eq. (11.1-3) that we can convert any PM signal into an equiva¬ 
lent I'M signal; therefore, by developing the properties of the FM signal, we are 
simultaneously developing the properties of PM signals. Hence we shall restrict 
(i„i attention to the FM signal of the form given by Eq. (11.1-6). 

Before continuing further we should note that there are three frequencies associ¬ 
ated with an FM signal. One frequency is obviously the carrier frequency w 0 . The 



lug. 11.11 Sawtooth-modulated FM signal. 
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second frequency is the frequency deviation Aw, which is a measure of how far the 
instantaneous frequency departs from the carrier frequency as f(t) varies between 
plus and minus one. The third frequency is the maximum modulation frequency 
co m [the frequency to which f(t) is band-limited]. This maximum modulation fre¬ 
quency is a measure of how rapidly the instantaneous frequency varies about w 0 . 

We may express these three frequencies in the form of two parameters by normal¬ 
izing w 0 and w m to A to with the relationships 


p = 


Aw 


and 


D = 


Aw 


(11.1-7) 


where / is referred to as the modulation index and D is referred to as the deviation 
ratio (p can ha\e values in the thousands, whereas D is always required to be less than 
unity and in many practical systems may be 0.005 or even smaller). 


Frequency Spectrum 

To obtain the frequency spectrum of an FM signal we may, in principle, obtain the 
Fourier transform K(w) of v(t) given by Eq. (11.1-6). Unfortunately such an operation 
is not mathematically tractable for an arbitrary /(f). Therefore, we restrict our initial 
attention to the special case of obtaining the spectrum of r(f) with /(f) = cos w,„f. 
Fortunately, as we shall demonstrate, the bandwidth oT i(f) obtained with f(t) = 
cosw m f provides a conservative bound for the bandwidth of v(t) which is modulated 
in frequency by any f(t) band-limited to w„ ( . 

With /(f) = cos w,„f, Eq. (11.1-6) may be written in the form 

r(t) = A cos (w 0 f + p sin w,„f). 

= A cos w 0 f cos (P sin w m f) — A sin w 0 f sin (/ sin w m f), (11.1-8) 

which is the superposition of two AM waves, the first modulated by cos (P sin co m t) 
and the second modulated by sin (p sin w m f). Thus if we obtain the spectra of the two 
low-frequency, periodic modulating functions, we ma> shift them up in frequency by 
w 0 to obtain the spectrum of u(t). 

Now cos (/ sin w m f) and sin (p sin w fn f) may both be expanded directly as Fourier 
series whose coefficients are ordinary Bessel functions of the first kind with argument 
/it: 

X 

cos (P sin OJJ) = J 0 (P) + 2 £ J 2n (P) cos 2nco m t, (11.1-9) 

n= 1 

<p& 

sin (ft sin to m t) = 2 ^ J 2n+ ffi) sin ( 2/7 + l)(n m t. (11.1-10) 

n = 0 

A plot of J n (P) \s. p for several typical values of p and n is given in Fig. 11.1-2. 

♦ liquations 9.1-42 and 9 1 —43 on p. 361 of Handbook of Mathematical Functions, M. Abramowitz 
4nd I A. Stegun, Eds., National Bureau of Standards, Applied Mathematics Series No 55, 
Government Printing Office, Washington, D.C. (1964). Revised by Dover, New York (1965). 

















































(UNIRA HON OF FM SIGNALS 


11.1 





II wc now recombine Eqs. (11.1-9) and (11.1-10) with Eq. (11.1-8) by making use 
I ilie trigonometric identities 

cos x cos y = |[cos (x + y) + cos (x — y)] 

nd 

— sin x sin y = ^[cos (x + y) — cos (x — y)]. 

e 1 1 n: 1 11y obtain 

,(/) - A [ J 0 {P) cos a> 0 t + JAP) [cos(m 0 + (o,Jt — cos (m 0 — o m )t] 

+ J 2 {P) [cos (co 0 + 2(o„,)t + cos (co 0 - 2co m )f]' 

+ J 3 (P) [cos (ra 0 + 3cujf - cos(co 0 - 3mjf] 

+ J A (P) [cos(oj 0 + 4oj„,)t + cos(co 0 - 4mjf] 

+ •••}. (11-1-11* 

nun E.q (l 1.1-1 l)it becomes apparent that the spectrum of a sinusoidally modulates 
M wave contains an infinite number of sidebands occurring at frequencies <v 

„, m- t r ,) n .on each side of the carrier frequency co 0 . Fortunately, as can be see: 

i oiii i ij.. 11 I - 2 for any aiven modulation index /), only a finite number ol Bev.- 
u ,h turns have values significantly different from zero and thus only the correspond me 
ni upper and lower sidebands play a significant role in determining the 
For example, with p = 1. J 0 i D = 0.7652, J,( 1) - 0.4401. JJl) = °1M ’ 
/ (II o,oi 056, J 4 ( I) = 0.002477. J s ( 1) = 0.0002498. and J 6 { 1) = 0.0000.094. 1 hu 
|\w rciaiii onlv those sidebands whose coefficient J„(l) 1S greater than 0.01 0-c 
[|ii I'.!.’ sidebands which arc greater than 1 % of the unmodulated earner), we observ 


11.1 


FREQUENCY-MODULATED SIGNALS 513 


that the FM signal with ft = 1 occupies a band of frequencies of 6 co m . A plot of the 
magnitude of the line spectrum of v(t) [given by Eq. (11.1-11)] with /? = 1 is shown in 
Fig. 11.1—3(b). Also shown in the figure are similar plots for p = 0.2, p = 2.4048, 
P = 5, and p = 10. In each case only those sidebands greater than 1 %of the unmodu¬ 
lated carrier are retained as being significant.! As expected from Fig. 11.1-2, the 
number of significant sidebands increases with p . 




Hi 


(b) 


(c) 


BW 


J L. 



(d) 


BW 


P 0.2 


P- 1.0 


P 2.4048 


P -5 


w- 


p —10 


XL-i—i —L 


**—I \— f se u 

111 i ■ 11 ■ I ■ I. i. 11. 111 i ,. . 


(e) " 

Fig. 11.1-3 Plot of amplitude spectrum, of an FM signal for several values of modulation index. 


From Fig. 11.1-2 we also observe that the coefficients of the various sidebands 
oscillate as the modulation index is increased. In particular, as p is increased from 
zero, J 0 (P) and thus the carrier amplitude decrease from unity. The carrier amplitude 
reaches zero for p = 2.4048; it then becomes negative and returns to zero for 
p = 5.5200; and so on. Table 11.1-1 tabulates the values of p for which J n (P) = 0 
for n = 0, 1, 2, 3 and 4. 

Returning to Fig. 11.1-3, we observe that we can determine the bandwidth 
MttV) of a sinusoidally modulated FM carrier for any modulation index p by deter¬ 
mining the number of Bessel functions J n (P) which exceed 0.01 and then multiplying 


t Figure 11.1-3 would remain essentially unchanged if we retained all sidebands for which 
JjL/i) > 0.005 because J n (/j) decreases very rapidly with increasing n. 
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l uhle II.1-1 Values of ji for which /,(//I = 0 



n = 0 

n s* 1 

n = 2 

n = 3 ! 

1 

|—-——[ 

n = 4 

1 ii st zero 

2.405 ! 

i 3.832 

5.136 

! 6380 , 

7.588 

Second zero 

5.520 

1016 

8.417 

9.761 ! 

11.065 

1 bird zero 

1 8.654 

10.173 

11.620 

j 13.015 

14.372 

Fourth zero 

11.792 

13.324 

14.796 

16.223 

17.616 

i Tftjh zero 

14.931 

16.471 

1 7.960 

1 

19.409 

20.827 


l\w l,tel i h a I the carrier amplitude and sideband amplitude vanish for known values ot /■ 

, , miik [he rapid determination or the frequency deviation vs. modulation amplitude for an FM 
i iK iainr whose calibration is not known. Specifically, modulation of the form li cos vj m t is 
p 1111 L -,| [o the modulator with a known value or (J m . The amplitude of 1 1 is then increased from 
l im until the carrier at the modulator output disappears. (The carrier is monitored on a narrow 
,nuf receiver, ot on a wave or spectrum analyzer.) For this value or l M Am = 1405w m and a 
inint on the \\ - Aca calibration curve is determined. Other points may be determined from 
ulr.cqncnl zero values of the carrier or other sidebands. 


v We can present this bandwidth in a universal form by normalizing BW to 

Ar> and plotting it vs. /J. For example, with fi = 1, BW = 6co m and thus 


BW _ 3co m _ 3 
2 A to A co /) 


)i |k-i points obtained in a similar fashion are presented in Fig. 11.1-4, in which a 
mOoih curve is drawn as a best fit through all the points. 

1 or very large values of// thecurve approaches an asymptote of F This asymptote 
, Intuitively reasonable for any FM signal with any /(f). since for a finite frequenev 
cviaiion a large value of /> implies a small value of ru Fir or a very slowly varying / EM 
civ slow variations in /(f) cause r(r) to vary almost statically between rj 0 - A. ' 



R ^ 

F oj 

pi^ ip] 4 plot of normalized FM bandwidth (BW) vs. modulation index ft = Aco/to m . 


W- 




11.2 


TRANSMISSION OF FM SIGNALS THROUGH NONLINEAR NETWORKS 515 


and w 0 + Aw; thus a filter with a bandwidth 2 A w centered about w 0 has the mini¬ 
mum bandwidth to pass the slowly varying carrier of v{t) undistorted. Consequently 
the spectrum of v(t) must have BW = 2 Aw or equivalently BW/2 Aw = 1. 

As an example of the usefulness of the normalized bandwidth curve, consider 
an FM signal with a modulation frequency co m = 2n x 10kHz and a frequency 
deviation of A w = 2n x 50 kHz. For this signal, 0 = 5 and thus from Fig. 11.1-4 
BW/2 Aw = 1.6. Consequently a bandwidth of 27i x 160 kHz is required for this 
sinusoidally modulated FM signal. 

Similarly with w,„ = 2n x 5 kHz and Aw = 2n x 50 kHz, 0=10, BW/2 Aw = 
1.4, and the bandwidth is 2n x 140 kHz. As expected, a smaller bandwidth is re¬ 
quired for a fixed frequency deviation if the modulation frequency is decreased. 
Consequently, for any arbitrary j{t) band-limited to w m , the frequency components 
°f/(0 closest to w m have a greater effect on increasing the bandwidth of the FM signal 
than do those components close to w = 0. Thus if we were to model /(f) as cos w m t, 
a signal with all of its energy concentrated at w m , the bandwidth of the FM signal 
would be greater than the corresponding bandwidth with any other/(f) whose energy 
is distributed in the frequency range between w = 0 and w = w m . As a result, the 
bandwidth curve of Fig. 11.1-4 provides a conservative bound for any FM signal 
whose modulation is band-limited to w m . Actually, in many practical cases, the 
highest-frequency sine-wave approximation gives much too conservative an estimate 
of bandwidth. 

For high-/? cases, where the peak deviation is high in comparison to the maxi¬ 
mum frequency component of the modulating signal, there is a rule known as 
“Woodward's Theorem.”! According to this rule, the shape of the envelope of the 
FM spectrum is approximately that of the amplitude probability density of the modu¬ 
lating function. The scale factor of this spectrum along the frequency axis is, of course, 
proportional to Aw. Intuitively this means that a high-0 square-wave modulation 
has two impulses in frequency at f 0 ± A/ that a high-0 triangular-wave modulation 
has a flat spectrum, and that a high-0 Gaussian or noiselike function has a Gaussian- 
shaped spectrum. 

Thus a combination of a number of voice channels that will combine to provide 
a noiselike signal produces an FM spectrum (provided that the /? is large) that con¬ 
centrates its energy near the carrier rather than near the edge of the band. In such 
cases the actual bandwidths required of filters and other circuits are substantially 
smaller than might be expected from the sine-wave approximation. 


11.2 TRANSMISSION OF FM SIGNALS THROUGH NONLINEAR NETWORKS 
In this section we shall demonstrate that an FM signal of the form 


,:(/) 


I'j COS 


GV 4 


Aco 


m do 


( 11 . 2 - 1 ) 


+ P. M. Woodward, “The Spectrum of Random Frequency Modulation,” Telecommunications 
Research Establishment, Great Malvern, Worcs., England, Memo 666 , December 1952. 
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hell passed through a nonlinear nonmemory circuit, behaves as if it were a single- 
cquency sinusoid. Specifically, we shall show that the output itf) ^ t ^ onl,near 
rti.it may be expanded in a "Fourier-like” senes of FM waves of the form 


f o (0 = a o + 


oc 


Z n„cos 

n = 1 


nco 0 t + n 




( 11 . 2 - 2 ) 


here the coefficients are exactly the ones that would be obtained if the circuit were 
riven by \\ cos o) 0 t. This “Fourier-like" expans.on makes evident the fact that a 
,,nal proportional to the original FM signal with the same instantaneous frequency 
an be obtained by filtering the components of v (t) which are> centeredm requ y 
bout <p 0 . If the nonlinear circuit causes a, to be independent of K,, the output o 
he narrowband filter is independent of V x and an effective FM limiter results. 

On the other hand, if a narrowband filter is employed to extract the components 
,r r (i) centered in frequency about an FM signal is obtained with us nrstam 
,peons frequency proportional to/(f) but with n times the frequency dcviat^n and 
, ,nnes the carrier frequency of r(t). This technique for increasing the deviation of an 
M wave finds wide application when a specified frequency deviation is required and 
/ei the maximum deviation available from a particular m#«iator produ«S^han 
he specified value. If multiplication of the earner frequency along with the deviation 
is not desired, the carrier may be heterodyned back to the desire re ^^ c> | ^ ^ 
„| ihe techniques of Chapter 7 after the required deviation muUiplication has b 

achieved. 


Nonlinear 

o-- n o n me m ory 

device 


MO 

—o 



v„ F{ v) 


Kig. 11.2-1 Nonlinear nonmemory device characteristic. 

I,, MMW UK validity of Eq. 111.2-21. let us assume that KB given t>> 

I,, III ' l| is placed through a nonlinear nonmemory device, as shown B h, 

,1 V, s,„ec KB is. in general, no, periodic in time. r„ - *r) » <f> t*"** • 

. Icon .Hoard homier series expansion oh r,(r) is not poss.blc. However.,In . 

Willi period 7 '2n/(» 0 in t (t), where 

r(f) = t + — f f(0)dO, 

«>0 J 


(11.2 3| 
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since, as a function of t, v(t) = v^x) is given by 

v(t) = r^r) = cos co 0 x. (11.2-4) 

Therefore, v 0 (t) = r ol (r) = F[i i 1 (t)] is a periodic function in x and may be expanded 
in a Fourier series in x of the form 

rr: 

v 0 {t) = = a 0 + Z a n cos na) 0 z. (11-2-5) 

n = 1 

If t, given by Eq. (11.2-3), is resubstituted into Eq. (11.2-3), the Fourier-like series of 
Eq. (11.2-2) follows immediately. 

Note that the coefficients a n in Eqs. (11.2-5) and (11.2-2) are the coefficients of 
the Fourier series of the output of the nonlinear device when the input is driven by a 
cosinusoidal signal of frequency (o 0 and amplitude \\. Consequently all of the results 
of Chapters 1, 4, and 5 obtained for cosinusoidal inputs to nonlinear devices apply 
directly to FM signals. 

If at the output of the nonlinear device we wish to reclaim an FM signal pro¬ 
portional to the input FM signal, we must be able to separate the fundamental FM 
component of r o (0 from all the higher-order FM components of v 0 (t). Figure 11.2-2 



illustrates a typical frequency spectrum for v 0 (t) in which V 0 (co) is the Fourier trans¬ 
form of v a (t). It is apparent from the figure that the fundamental FM component of 
rJO may be extracted by filtering provided that 


BWj 

? 


bw 2 

+ — <«0, 


( 11 . 2 - 6 ) 


where BW^ is the total bandwidth of the fundamental FM component of v 0 (t) and 
U\V 2 is the total bandwidth of the second-harmonic FM component of v 0 (t). By 
noting that Acj 2 = 2 Aw, we may express Eq. (11.2-6) in the equivalent form 


j k _ Ao) t ^ 1 

U ~ oZ “ BW\ BW, ’ 

- - + 2 -- 

2 A oj 2 A co 2 

where D is the deviation ratio of the input FM signal 


(11.2-7) 
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11.2 3 Plot of the maximum deviation ratio Ao <•)„ which permits the separation of the 
I'mul.mienlal of an FM wave from the second or third harmonic. 

li is apparent that for any given value or /f a conservative estimate of BW, y 2 An 
and HW,/2 Am 2 may he obtained from Fig. 11.1 4 and thus £> mjx may be obtained 
as a function o’f p. For example, if /? = 5. then /f ; = 10; hence from Fig. 11.1 4 
lt\V, 2Am = 1.6. BW 2 /2A<a 2 = 1.4, and D nu , = 0.227. Similarly, as /<-/■• 
HVV, 2 Aw -* BW, 2 Aw, -* } and L> mJV -» 0.333. A plot of O mjv vs. p appears a* 
the lower curve in Fig. 11.2-3. 

With the aid of the curve of Fig, 11.2 3 wc can determine whether an 1 M signal 
nut) be obtained from a nonlinear dewee output by filtering. Specifically, with .! 
know ledge of Aw/w 0 and /f for a given FM signal, we plot a point on the coordinate- 
of I n: 11,2 3. If this point lies below the curve, an FM signal directly proportional 
io the input FM signal may be obtained by placing the nonlinear device .output 
Ihrmigh a bandpass filler. 

Fig Ure | ].2-3 also contains a curve of D mxx for the case where a second-harmon . 
I M component does not exist at the nonlinear device output. In this case the r_- 
iiuircmcm for recovering the fundamental FM signal by filtering is that the spectra 
of the fundamental and third-harmonic signals do not overlap. In a similar fashiot 
one may obtain vs. p curves when one wishes to extraet the nth harmonic >■ 
i ( f ) by filtering. In all cases, however, if operation is close to the £> ma ,-curvc, ■■ 
extremely complex filter is required for the proper frequency separation. 

Fxamplc 11.2-1 For the circuit shown in Fig. 11.2—4, determine an expression K>: 

<„('). 

Solution. Since the differential pair represents a nonlinear nonmemory device, w. 
nuiy write I lie Fouricr-likc series for i C2 = at, ,- 2 directly from Eqs. (4.6-9) and (4.6 I ! 

in lhe form 

i, .(/) sr /,,(/) = (1 IIlA)|j - £ ti 2 »-iW cos 

L n=t 


(2 n 


1)(10 7 r + 10 5 ^f(0)d0) 
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Figure 11.2^4 


where a = q\\!kT = 3.85. The current i c2 (t) is clearly the expected superposition 
of an infinite number of FM signals. 

Since Aoj = 10 5 rad/sec and co m = 2 x 10 4 rad/sec, = 5; therefore, the 
fundamental FM signal has a bandwidth of BW t — 3.2 x 10 5 rad/sec (cf. Fig. 
11.1-4), while the third-harmonic FM signal has a bandwidth of BW 3 = 7.5 x 10 5 
rad/sec. In this ideal case the second-harmonic FM signal is zero. The output filter 
however, has a center frequency of qj 0 = 10 7 rad/sec, Q T = 20, and a — 3 dB band¬ 
width of 5 x 10 5 rad/sec. Therefore, the filter passes the fundamental FM signal 
with only a relatively mild “distortion 1 ’ while effectively eliminating the harmonic 
FM signals so that 


v 0 (t) = (10 V) + (10 V)a i (x) cos 


10 7 f + 10 5 



From Fig. 4.6-4 we observe that fli(x) with x = 3.85 has a value of 0.55; thus 


f o (0 = (10V) +(5.5 V) cos 


10T + 



As the amplitude of the FM signal input to the dill’erential pair is increased, we 
observe from Fig. 4.6-4 that the FM signal in the output remains reasonably constant; 
thus a bipolar differential pair may be employed as an amplitude limiter when driven 
by a sufficiently large (with respect to 26 mV) input signal. 
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nnsiimsoiriul FIYI Signals 

/t‘ have observed that, when an FM signal is passed through a nonlinear device, 
ir resullant signal contains the same instantaneous frequency information as the 
ngm.d \ M signal Therefore, such a distorted FM signal is indeed also an FM 
yn.\\ since a signal of the form of Eq. (11.2-1) can be extracted from it by placing it 
trough either a bandpass filler or an inverse nonlinear operation. 


vit) 
o — 



V, 



V 

V 2 



15.(0 

—o 


v(t) V\ cos [ojo i 4 Aoj y}(0) ^9] 

V ( t/) is an FM square wave 

Fig. 11.2-5 Generation of an FM square wave. 


For example, if an FM signal is passed through the hard limiter shown in Fig. 
I 2 \ an FM square wave of peak amplitude V 2 results. In a similar fashion, if 
(/) given by Eq. (11.2-1) is passed through a nonlinear device with the transfer 
Kjii acteristic given by 

r ^2 sin ->^, -V x <v(t)<,Vi, (11.2-8) 

n v Y 

„ FM triangular wave of peak amplitude V 2 results. Other nonlinearities yield 
»lhei waveforms for the FM signals. 

Note, however, that all the nonsinusoidal FM signals, as well as the sinusoidal 
M signal, have one property in common : when they are plotted vs. 


r(0 


A cu 

= t + — 


co 0 


f{0)dO, % 


hoy arc periodic with period 2 k/w q [cf the paragraph containing Eq. (11.2-5)]. ^ 

F igure 11.2-6 illustrates an FM triangular wave plotted vs. r(f) and vs. t. Note 
h;ii only when r T (f) is plotted vs. i does the waveform consist of a senes of straight 
me segments. 

| he fact that a sinusoidal FM signal can be reclaimed from nonsinusoidal 
I M signals suggests a widely used method of FM generation. Both FM square 
.saves and FM triangular waves are readily generated by standard digital operations 
l here Tore, FM forms of these waveforms are generated and then converted into a 
■sinusoidal FM signal by filtering (for the FM square wave) or by non-linear processing 
If ,11 the FM triangular wave). For example, if the FM triangular wave is placed 
ihiough a nonlinear device with the characteristic 

7rr T (t) 
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(a) 


(b) 


Fig. 11.2-6 FM triangular wave plotted (a) vs r and (b) vs. t. 

a sinusoidal FM signal results. Whereas filtering to reclaim the sinusoidal FM 
signal places a limit on the modulation index and deviation ratio that can be used 
without causing undue distortion, the use of nonlinear processing to reclaim the 
sinusoidal FM signal imposes no such restrictions. 


11.3 TRANSMISSION OF FM SIGNALS THROUGH LINEAR FILTERS 

In this section we shall consider the problem of determining the output of a linear 
filter which is driven by an FM signal of the form 


v(t) = A cos 


co 0 t ~b Aco 



(11.3-1) 


Unfortunately ihe solution to such a problem, unlike the corresponding problem 
in AM, which was studied in C hap ter 3, is not possible in closed form for an arbitrary 
/(O or an arbitrary filter transfer function Hip). However, two particular cases with 
wide application in the design of FM systems are tractable mathematically, and we 
shall restrict our attention to them. 

The first tractable situation is that in which fit) varies slowly in comparison 
with the duration of the impulse response of the linear filter. In this -quasi-static*' 
case the filter output is obtained by substituting mJ(t) = to 0 + A wf[t) for to in the 
filter transfer function to obtain the output r tf lr) given by 

v o( 0 = A\H[ja)i{t)]\ cos |m 0 f + Am j' f(9)d6 + arg//[yco f (0] j* (11.3-2) 


In addition to establishing the validity of this intuitively satisfying “quasi-static" 
response, we shall attempt to obtain a bound on the maximum value of co m [the 
frequency to w'hich /(f) is band-limited] for which Eq. (11.3—2) may be employed. 
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The second tractable situation is that in which H(jco) has both a magnitude and 
a phase which are straight line functions of co. In this case, regardless of the rate at 
which j\t) is varied, r 0 (t) is given by 


t' o (0 = ~ f 0 )]| cos 


co 0 t 4- A co 


rt ~to 

J 


f(0)d0 + 0K) 


(11.3-3) 


where 0(w o ) = arg H{jco 0 ) and t 0 is the constant slope of the arg H{jco)-\s.-co curve. 
We observe from Eq. (11.3-3) that \H(jto)\ establishes the transfer function between 
the envelope of v 0 (t) and co^t — t 0 ), whereas in the “quasi-static” case \H(jco)\ estab¬ 
lishes the transfer function between the envelope of r 0 (f) and Although Eqs. 

(11.3-2) and (11.3-3) seem to be quite different in form, it is readily shown that Eq. 
(11.3-3) reduces to Eq. (11.3-2) as co m decreases relative to \/t 0 . 

In either of the above cases it is clear that, if\H(ja>)\ is a straight line function of 
the filter output v 0 (t) has an envelope which varies in proportion to co^i ); thus if we 
place an envelope detector at the filter output we obtain an obvious means of FM 
demodulation. This technique will be discussed in more detail in Chapter 12. 




Linear filter 


tftjw) 


vJO 

-o 


hU)= ff-i Hijui) 

v{t)--=A<Re (expytuoO[exp jA cj J /(0) d$] 
Fig. 11.3-1 Linear filter driven by FM signal. 


To demonstrate the validity of Eq. (11.3-2) consider the filter driven by r(n 
which is shown in Fig. 11.3-1. If h(t) is the impulse response of the filter and we 
represent the filter input r(f) in the form 

v(t) = A cos [co 0 t + ij/(t)] = AM^e JC}ot e J>p{t) , (11.3- -h 

where Me denotes the real part and t j/{t) = A cof* J'(0)d0, then employing the com o 
lution integral we may w r rite c 0 {t) as 


i 0 {t) — A Me 


h{z)e 


- j<*>O x - tj 


ch 


(11.3-5 f 


If we now expand t jj(t — r) in a MacLauren series in t, we obtain 

<A(f - t) = - ■ • ■, (11.3 6 

w here the dots represent differentiation with respect to t (or — x). How ; ever, if h\: 
is zero for x < 0 and decays to zero for x > t u (for example, t m might represent fou 
time constants if h{t) were the impulse response of a single-pole filter), then i j/(t — : 
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contributes to the integral of Eq. (11.3-5) only for 0 < r < t m . Thus if 




w j 

- « tKu 


(that is, if the rate of change of 0, the ac portion of the instantaneous frequency is 
small, re., if « l/t ;W ), then Eq. (11.3-5) simplifies to y ’ 


L-„(t) = AMc + *<oi J 


fi(T)(?- y[uo + ^(')R </ T 


cos {oj 0 f 4 - Ip(t) + arg (11.3-7) 

Which is the desired result. In obtaining Eq. (11.3-7) use was made of the fact that the 
efining equation for H(jto) is the Fourier transform of the impulse response given by 

= j h(z)e~ J ™di. (11.3-8) 

T ° ° b f ai " a '™ it ° n the usefulness °f Eq. (11.3-7) we shall follow an approach 
suggested by Baghdady.f We first employ the expansion of Eq. (11.3 6) to write 


expj<P(t - T ) = [expyi^(f)] [exp - j<P(t)x] exp j 



3! + " ' 


(11.3-9) 


WMhen further expand the last term of Eq. (11.3-9) in a MacLauren series in r to 


ex P - t) = [expj>p(t)] [exp 


1 +j 


,*A(f)T 2 


~> I 


,tA‘(0r 3 
J 3! 



(11.3-10) 


inally, if we assume that for small values of r w the y[tA(f)T 2 /2 !]-term is the main 
term contnbutmg to inaccuracies in Eq. (11.3-7) (which is usually the case in practice 
even though some nonrealistic examples can be set up where ip\t) r 3 /3> is more siani- 

ficam .ta„ ^Ulr-/2-|. «*, Eq, (U.3 -9) ma, be written in the „,m of the de fred 
quasi-static output plus an error term: 


r 0 (t) = A@ e 


j\c>ot + iA(0] 



Jlvo + iMOJt ^ 


Mo r x o T) 

+ /—-J r 2 /i(r)e , /t ( 


(11.3-J1) 


pp, 1 '47^|5 dady ’ LeCtUreS ° n Comim »"™tion System Theory, McGraw-Hill, New York (1961), 
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Since multiplication in the t- (or r-) domain corresponds to differentiation in the 
frequency domain 

d 2 H(joj) 


z 2 h(x )< 


doj 2 


(11.3-12) 


liquation (11.3-11) may therefore be rewritten in the form 

vM = A&c 

It i . now apparent that if 



r i 


e#" or+ * ,, i H[j\u>m] 

3 

> 

2 //C/QNCOJ 



}. (11.3-13) 


d 2 H[ja4t)] 



| d l H[jv4<)\ | 

1 Rt) dajf 

< 

mux 

<P(t) 

j dtof 

| 

2 H[jo4t)] 

2 

max d{[pJ,U)] 


« 1, 


(11.3-14) 


then Eq (11.3-13) reduces to Eq. (11.3-7) and the “quasi-static" approximation is 
valid 

As an example of applying Eq. (11.3-4), consider passing an FM signal through a 
high-(2 r parallel RLC circuit for which Z l{ (jvj) is closely approximated by (cf. Eq 
2 2-9) 


Z! i(jOj) = 


R 


co > 0, 


l +H 


CO — COn 


a 


where <o 0 = 1/^/lC and a = 1/2 RC (the reciprocal of the circuit time constant) 
It follows immediately that 


d 2 Z yi (joj) 


- 2 R 


dco 2 


a 2 1 1 + j 
d 2 Z j i(jco) 


co — co ( 


(11.3 I: 


dco 2 


Z x i(joj) 


(11.3 h 


In deriving Eq. (11.3-16) we have assumed that co { (t) is centered about co 0 . If tl 
were not the case, Eq. (11.3-16) would give a smaller value. 

II we now let / (t) — cos co m t (the worst case), then 

i/40 = Aco cos co m t, i j/(t) = — Acoco m sin co m t. 


I'/'WImux = A a)co m ; 
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therefore, the quasi-static approximation is valid provided that 

A coco m __ 1 /Acu \ 2 


P\ a 


« 1. 


(11.3-17) 


LXj=T et 1 much less than unity ” as 1/20 (5% error or less) ’ then for p = 


Aco 1 
— < - 
a ~ 2 


and for p = 10, 


Aco 1 



However, since the derivation for the maximum value of Aw/a involved consistently 
conservative approximations, in most cases the bounds may be relaxed by 50% and 
the quasi-static approach will still yield reasonably accurate results 

cu <flHr T Eq - ( W _1 5 that r th . e " quilsi - static ” approximation is valid if either 
; " , . f 3 *' therefore, il the maximum modulation rate of fit) [or ojU)! 

much less than the reciprocal or the circuit time constant, the deviation may be large 
without graying the validity of Ft,. <11.27,. On the other hand if 24» << 2, 
where 2, B the ettcurt J dll bandw idth, then ./ III may vary quite rapidly without 


v(0 

o— 


H[jw) 


*M) 

-o 




Fig. 11.3-2 Filter with linearly sloping magnitude and phase characteristic 
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destroying the validity of the k *quasi-static" solution. Although we derived Eq. 
(II \ 17) for a specific filter, a similar equation results for almost all narrowband 
fillet s; specifically. 


K 12 Ao\ 


« 1, 


(11.3-18) 


where K usually lies between 1 and 5. Several more specific examples are derived by 
llnghdady, 

tb demonstrate the validity ofEq. (11.3-3). let us consider the filter with the mag¬ 
nitude and phase function shown in Fig. 11.3-2. If v{t) is again given by 

i(f) = + 


tlirii 

i„(t) = l H{j(j})V(uj)], (11.3-19) 

wlu-ie r(<-J) is the Fourier transform of With H(joj) given in Fig. 11.3-2 

suhsi ii uteri into Eq. (11.3-19), ijt) reduces to 


r„(f) = i%( 

= 




^jO(c>o)^jcjoto 

ttM-hi) 


jcoV(co)e~ JV)h) 

j 


- oj, V(co)e- j<:lt ° 


j‘lt 


JNt-ioJ + il'tf-i.OI 


_ ^ CJ 0 + ^ 0J[ JU^ot + *{1 - to) + 0(ou)l 


= A\H[joj i (t - f 0 )]| cos [cu 0 f + ipU - f 0 ) + 0 (oj o )], (11.3-20) 

w Inch is the desired result. In the above derivation, use has been made of the fact that 
(he opeialiens of and jeo in the frequency domain are equivalent to a time 

delay of/ 0 and the differentiation operation respectively in the time domain. 


Il l I KEQUENCY MODULATION 
I I < UNIQUES—THE FM DIFFERENTIAL EQUATION 

In this section and the sections to follow we shall study the theoretical methods (and 
I lieu practical implementation) by which we may vary the instantaneous frequency ol 
a sinusoidal carrier in proportion to the modulation information /(f) to obtain an 
j M signal of the form 


n(f) = A cos 


co 0 t + Aa> 


f(0)d0 


(11.4 1 i 


whu li has (he instantaneous frequency 

= co 0 -1- A coj(t). 


(11.4 21 


i Oj> (tl 
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In general, the theoretical methods of producing a frequency-modulated signal can 
be broken into six basic categories: 

1. The analog simulation of the FM differential equation. 

2. The quasi-static variation of the oscillation frequency of an oscillator. 

3. The generation and nonlinear waveshaping of an FM triangular wave. 

4. The generation and filtering of an FM square wave. 

5. The generation and frequency multiplication of narrowband FM (the Armstrong 
method). 

6. The generation of FM in specialized devices, e.g. the Phasitron etc. 

Of all the above methods only the analog simulation of the FM differential equa¬ 
tion and the generation and waveshaping of a triangular FM wave produce a theoreti¬ 
cally perfect FM signal which may have a frequency deviation Aoj or maximum 
modulation frequency w m as high as the carrier frequency w 0 . Both the generation 
and filtering of an FM square wave and the Armstrong method require the filtering 
of a distorted FM signal to produce the output FM signal and thus have Aoj and co m 
limited with respect to oj 0 by curves similar to those of Fig. 11.2-3. In the quasi¬ 
static method both Aoj and c o m are even more severely restricted. The maximum 
modulation frequency must be kept small in comparison w ith the reciprocal of the 
envelope transient time constant of the oscillator, while Aoj must be much less than 
oj 0 to prevent nonlinearities in the instantaneous frequency of the FM sisnal 

In the remainder of this section and the sections following we shall consider each 
of the above techniques in somewhat greater detail. Specifically, we shall attempt to 
obtain a block diagram for an FM generator corresponding to each of the above 
methods, along with the maximum values of Aoj and w m (relative to oj 0 ) for which the 
generator functions properly. In each case we shall then develop one or more physical 
implementations for the generator. 

The FM Differential Equationf 

A second-order, linear, homogeneous differential equation which has as its two 
linearly independent solutions the FM signals 

i’i = cos f oji(0)d0 and v 2 = sin f oj t (0)d0 (11.4-3) 


is given in integro-differential form by 

J d0 + i(t) = 0 

or, equivalently, is given in differential form by 


_ 22**! + JW = o. 


(11.4-4) 


(H.4-5) 


<w(0 3 

* I) T. Hess, “FM Differential Equation” (letter), Proc. IEEE, 54, No. 8, p. 1089 (Aug. 1966) 
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I )iiccl substitution of tq and v 2 given by Eq. (11.4-3) into Eq. (11.4-4) or Eq. (11.4-5) 
indicates that r { and v 2 are indeed two independent solutions; and since the differential 
equation is second-order and linear [as clearly indicated by Eq. (11.4-5)], any other 
solution may be obtained as a linear combination of i\ and v 2 . Hence the most 
general solution may be written as 

r(f) = A v cos f a>j(9) dO 4- A 2 sin f co i (9)d9 


= C cos 



dO + 9q , 


(11.4-6) 


where A 1 , A 2% C, and 0 o are arbitrary constants of integration which may be uniqueh 
specified b> the initial conditions r(0) and t'(0). 

I 01 example if r(0) = \\ and v(0) = 0, then 


v(t) = V 1 cos 



dO; 


aiul if <o,(/) = qj 0 + Acof(t), then 


i ; (0 = V { cos 


co 0 t + Aco 



(11.4-7) 


which is the desired FM signal. Any other set of initial conditions merely changes the 
amplitude of v(t) and introduces a constant phase angle which is of little consequence, 
since it may be taken as zero with a different choice of time axis. 

Note that Eq. (11.4-4) and (11.4-5) are even functions in cu t *(r); hence negathe 
values of m,-(f) produce the same i?(f) as the corresponding positive values of aj,-(n 
I hus to avoid this full-wave rectification effect of aq(f), the instantaneous frequency 
must be greater than zero; that is, 

cUi(f) = co 0 + Acu/(f) > 0 (11.4 -Si 

or equivalently 


A co < co 0 . (11.4-9] 

I his restriction is of little consequence, since no demodulator exists which can 
recover /(/) if Eq. (11.4-9) is not satisfied. 

Generation of an FM signal by simulating the FM differential equation i> 
paiticularly well suited to an analog computer. Figure 11.4-1 illustrates an analog 
computer block diagram which employs two multipliers, two integrators, and ua 
iuwitci to implement Eq. (11.4—4). For the block diagram of Fig. 11.4 1 thecquatio. 
desei ibing /’(/) takes the form 


KuKi 



K M KjV$)u(9)dO + v(t) = 0, 


(11.4 I 
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Fig. 11.4-1 Analog computer implementation of FM differential equation 


which is identical in form to Eq. (11.4-4). It is thus apparent that the instantaneous 
frequency of i(t) in the block diagram of Fig. 11.4-1 is 

w,(0 = K,K M ii(t). (11.4—11) 

Hence, if v, : (t) is chosen as 


, Aoj 

i + —m 

w 0 


and KjK m V 2 is adjusted to equal cu 0 , the analog computer has the desired instanta¬ 
neous frequency m,(f) = oj 0 + Aa)f(t). 

If, in addition the initial conditions (IC) of the integrators are set so that 


i(0) = V 1 


and 


- £’( 0 ) 

0 ) “ °’ 


with the result that f(0) = 0, then the analog computer generates the FM signal given 
by Eq. (11.4-7). (A practical circuit to take care of the initial-condition problem 
-ui lorn a tically will be presented shortly.) 

The block diagram of Fig. 11.4-1 can be constructed not only on the analog 
computer, but also as an independent FM generator. If good-quality integrated 
operational amplifiers are employed as the basic component of the integrators and 
the inverter and if high-speed integrated multipliers (Section 8.3) are employed, then 
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the resultant I'M generator should perform satisfactorily with carrier frequencies 
exceeding 10 MHz. In addition, linear frequency deviations equal to the carrier fre¬ 
quency may he obtained regardless of the modulation frequency, which may exceed 

I lie earner frequency. The extreme range of A to and aj m is a direct result of the fact 
ilia! lhe solution of the FM differential equation is a theoretically perfect FM signal 
regardless of the values of Aco and oj m , provided that Am < oj 0 . 

Because of the high deviation ratio (D = Am/m 0 ) possible with the analog modu¬ 
li loi of b ig. I 1.4 2, an FM signal with specified values of Am and m„, can be generated 
at a reasonably low carrier frequency m 0 . This FM signal can then be heterodyned 
by a ci y stnl oscillator with frequency m c to any desired carrier frequency cS 0 = m 0 + co c . 

II m ( •> m () , as is the case when o) 0 was initially a low value, then the stability of the 
ccntci frequency of the resultant FM signal is controlled primarily by the stable 
uystal oscillator and is almost independent of the less stable frequency m 0 . For 
example, if m t . = 9m 0 and m 0 varies by 1 then co c varies by only 0.1 0 

I he limit on the maximum ratio of m c to m 0 to obtain center frequency stability 
is sc I by the problem of separating the FM signal at the difference frequency m c — m 0 
I heterodyning produces both the sum and the difference frequencies) from the desired 
I M signal. Specifically, a filter with BW « 2co 0 and a center frequency of co c -f m 0 is 
iei|iiired to perform the separation. The Q T of such a filter must satisfy the relation¬ 
ship 


Qr = 


BW 



(11.4-12) 


hence, as m c /m 0 increases, the required Q T and thus the filter complexity greatl_\ 
me i ease. 


Amplitude Limiting and Initial Conditions 

lo avoid the problem of having to set the initial conditions to ensure an FM signal 
of a desired amplitude and, in turn, to extend the usefulness of the FM generator 
beyond the low-frequency analog computer two additional feedback loops may he 
added to the block diagram of Fig. 11.4-1 as shown in Fig. 11.4-2. The two additional 
loops have the same effect on the FM generator as an amplitude-limiting circuit loo 
on a sinusoidal oscillator. As a matter of fact, with r f -(f) = V 2 (a constant), the effect 
are identical. Specifically, for values of F env < , the system poles lies in the righ: 

half complex plane and a growing oscillation occurs. When F env = kj, the poles I;. 
on the imaginary axis and the oscillations stabilize. If, however, for some reason 
I fnv increases beyond \\, the complex conjugate poles move into the left-half plan., 
and the envelope of the oscillation decays back toward V y . 

It is apparent that even if v^t) is a function of time, the envelope of v(t) should 
Mobilize at V ] , since for this value no signal is fed into multipliers M 3 and A/ 4 . tr 
(wo additional loops are opened, and the block diagram of Fig. 11.4-2 reduces to t’r.. 
original diagram of Fig. 11.4-1. 

To obtain a more quantitative picture of how the envelope of r(t) stabilizes, u. 
may write the differential equation governing the behavior of t*(r) from the Min* 
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Fig. 11.4-2 

mechanism. 


Analog implementation of FM differential equation with amplitude stabilization 


diagram of Fig. 11.4-2f: 


. aco t - cc~ a 
0- r(r) 1 + W + ^- j 


' ojf o)}' 


, /2a cb 


(■’)? cof I ' or ’ 


v(t) 

+ —, ( 11 . 4 — 13 ) 


where 


w,(0 = K,K sl r i (t) and a(t) = K I K' M [V l - K env (f)]. 

For this case, the most general solution is given [as the reader should verify by substi¬ 
tuting in Eq. (11.4-13)] by 


Lit) = C 

exp J -40) dO 

cos 

f urn do + e 0 




J 


where again C and 0 o are arbitrary constants. 

It is apparent that from Eq. (11.4-14) that 

UvM - C exp | KjK^IVj * F env (0)] dU, 


(11.4-14) 


(11.4-15) 


t Equation (11-4-13) is not obvious by inspection. The interested reader should make an effort 
10 derive it from the block diagram of Fig. 11.4-2; the more casual reader should accept its validity 
and proceed to the conclusion drawn from the equation. 
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in cqmvulcntly, 

|n K^U) = J' K/K - ([ ^ _ K j 0)] M ( 11 . 4 - 16 ) 

My differentiating Fq. (11.4-16) with respect to time, we obtain 

_ dV m M'dt = K K 

KnvIOM - Knv(0] 

Which has as its solution 

1, 

K:nv(0 — j _j_ V iKi< ’ 

whcie If is an arbitrary constant of integration. As expected, we observe from Eq. 
(II 4 I 7) that F env (f) approaches V, and does so with a time constant t = \IK\,\\K,. 
I herein re, if power is applied at t = 0, for t > 4r, r (f) (for Fig. 11.4-2) is gi\en by 


(11.4-17) 

(11.4-18) 


v(t) = Vi cos 


(o 0 t + Aw 



In the above analysis we assumed that the envelope detector extracted the instan- 
i,menus envelope of i(t). In general, however, the detector contains some filtering, so 
I hat the detector output is a filtered version of the instantaneous envelope. If this 
equivalent filter contains a single pole at some low frequency (which most peak en¬ 
velope detectors do), then the above results are still valid except that F env (r) rises 
inward \\ more slowly and with a second-order response which is usually dominated 
by the low-frequency detector pole. If, on the other hand, the peak envelope detector 
contains two or more poles, the possibility of squegging exists; hence higher-order 
envelope detector filters should be avoided. 

In addition, the single pole of the peak envelope detector should lie well below 
lhe lowest value of the instantaneous frequency of prevent the possibility of having 
the envelope detector output vary over a carrier cycle. Such a variation would 
significantly distort the FM signal, since a(f) in Eq. (11.4-13) would vary over a cycle 
in this case. 


11.5 QUASI-STATIC FREQUENCY MODUUATION 

When the frequency deviation Aw and the maximum modulation frequency <■ 
or an FM signal are both small fractions of the carrier frequency w 0 (which is the 
ease in more than 95% of the practical applications for which an FM signal is ic 
quired), then the FM differential equation given by Eq. (11.4-5) can be closel;. 
approximated by either of the following quasi-static forms, which act as the delmn 
equations for a broad class of FM generators: 


v(t) + 


f(0 

w,(r ) 2 


= 0 


(11.5 la 
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and 


.<o - + 


tor 


ijt) 

toM 2 


= o. 


(11.5—1 b) 


Thejustification for this approximation is based on the fact that, when both Aw « w 0 
and w m « w 0 , the term — rl.'ldpp') w.(t) ! in Eq. (11.4-5) becomes vanishingly small in 
comparison with the terms t(r) and t : (f)/w,(f) 2 ; hence it may be added to (Eq. 11.5-lb) 
or subtracted from (Eq. 11.5-la) Eq. (11.4-5) with negligible effect on the solution 
i-(0t 

For example, if we consider the case w'here w,(r) = w 0 + Aw cos w m t (the most 
restrictive case for given values Aw, w„,,and w 0 ), then the solution to the FM dilTeren- 
tial equation is given by 


/X „ / Aw . , 

r(0 = A cos w 0 t H-sin co m ( + 0 n , 

co m 


from which it follows that 


— ~A(co 0 + Aw cos oj m t) sin |w 0 f + -sincy„,r + 0 o j (11.5-2) 

where A and 0 O are arbitrary constants of integration. Therefore, from Eq. (11.5-2) 
and the fact that w ( (f) = 8jAww„, sin w m f, it is apparent that 

i'cbi . I Aw 

W- + Ac;jCOS(y m 0" \ t'J ni 

and thus 


sin (o m t + 0 O (11.5-3) 


| v ojj (oj 1 mj \ _ Atopy m _ 1 

I ^ I max ft 

for Aa)/o) 0 « L bor (i — Avj jpy m — Sand or 0 — 20 Aw, Eq. (11.5-4) has the numerical 
value of 5 x 10 * for which the second term in the bM differential equation relative 

to the first term is truly negligible. In most practical modulators, as we shall see, py 0 
is usually much greater than 20 Aoj ; thus Eq.( 11.5—1 a and b) is an excellent approxima¬ 
tion to the FM differential equation. 

The advantage of being able to employ Eq. (11.5-la and b) as the basis for pro¬ 
ducing an FM signal is that it is much more simply implemented by practical circuits 
than is the exact equation. Specifically, each of the LC circuit models shown in Fig. 

11.5-1 has as its defining differential equation one of the quasi-static FM differential 


Aw 


(11.5-4) 


t If a negligibly small term is added to or subtracted from the FM differential equation having a 
wi of initial conditions specified at i = 0, it w ill be a considerable length of time before the solu- 
tliras to the original differential equation and the modified differential equations differ signifi- 
mily. However, ii the eiiaiit which implements the modified differential equation contains an 
envelope-limiting mechanism which is fast-acting in comparison with w m (all practical FM 
(cnera tors must contain such a mechanism), then the initial conditions of the modified differential 
equation are updated at a sufficiently rapid rate to ensure that its solution differs from the solution 
->( ihe original differential equation by a negligible amount. 















534 GENERATION OF FM SIGNALS 


11.5 




Fig. 11.5-1 Three quasi-static FM modulators. 


equations. In each circuit a time-varying controlled source is employed to vary the 
instantaneous frequency. The imaginative reader should be able to construct several 
other LC circuits with time-varying controlled sources which also have as their de¬ 
fining equations one of the quasi-static FM equations. 

To obtain the differential equation for any of the circuits of Fig. 11.5-1, one muM 
write a single-node equation. For example, for circuit (a) we have 

h. + 'ro + [1 + Mt)Vc = 0 

= y f v(0)do + C 0 v(t) + C[1 + i4(t)]»(0 (11.5 5 1 
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or equivalently, 


where 



(11.5-6) 


coM = 


/ L(C 0 + C) 

1+ “")] 

V 

Co + C 


If we differentiate Eq. (11.5-6) with respect to time we obtain Eq. (11.5-lb) which is 
the desired result. 

Of Fio n a ^ rnat,ve P°! nt of L view ’ the li me-varying controlled source in the circuits 

circufi rnoHpl ““r be , ! houg f ht . of as va W8 the capacitance or inductance of the 
cuit model as a function of time. For example, the last term in Eq. (11.5--5) could 

be regarded as the current of a time-varying capacitance C(0 = [1 + ,4(r)]C With 
this pomt of view we obtain an additional technique for implementing quasi-static 

p,acing tim ^^ ^ 

Mr) ?? h ^} I?' drCUitS ° f Fig ‘ 1 ^ We note that “«M ^ a nonlinear function of 
A(t), thus if/l(r) varies in proportion to the modulation information/(f), that is, if 

A(t) = A 0 + (11.5-7) 

then AJ(t) must be kept sufficiently small so that oj,<t) also varies in proportion to 
/(0, as is usually desired. Specifically, if for circuit (a) of Fig. 11.5-1 we expand a,it) 
in a MacLauren expansion in A , f(t) to obtain 


w,(t) = a> 0 


i i \ 3 IAco\ 2 , 

1 + —/(0 + t — f 2 (t) + 
co 0 4\co 0 J 


(11.5-8) 


where 


co n = 


lL(C 0 + C)ll +-Fdo 

C 0 + c 


and 


Aco _ - CA ! 


“0 2(C 0 + C) [1 + CA 0 /(C 0 + C)Y 

then we observe that only if 


3/Acu\ 2 Aco 
4\«o/ <<: co^ 


(11.5-9) 
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d( k-s the instantaneous frequency have the desired form cu,-(r) = io 0 + A tof(t). For 
example, if the maximum amplitude of the nonlinear term of Eq. (11.5-8) is to be less 
Ilian I of lhe maximum amplitude of the linear term, then Acu/co 0 < 0.0133 or 
equivalently {y„ > 75 Aw. If A 0 « 1 (which is usually true in practice), then 


V /L(C 0 + C) 


and 


Aa> 

C(J 0 


CA , 

2(Co + O' 


Idem ical restrictions on A o )/ oj 0 are obtained for the other circuits of Fig. 11.5-1 ; 
lienee, il /> Aoj f 'o) m > 1 (which is usually true for the majority of FM signals) then 
saiislvmg Eq (11.5-9) is sufficient to ensure that Eq. (11.5-1) is also valid. Therefore, 
vs ill) /> - 1 and co 0 f Aco > 75, the output signals of the quasi-static FM generators 
ate ol i lie desired form 


v(t) = A cos 


cu t (6fi dO 4- 0 o 


= A cos 


cu 0 f 4 Aco 


f(0)d0 + o 0 


(11.5-10) 


I he problem now remains of s>nthesizing the circuit models of Fig. 11.5-1 
w ill) pi‘act ical circuits. The first obstacle to be overcome is the synthesis of a lossless 
/,( ' circuit. This is readily accomplished by placing a lossy LC circuit which has the 
hum of the circuits of Fig. 11.5-1 (plus some equivalent shunt loss) in the feedback 
loop of an oscillator. At the point where the loop gain of the oscillator is unity, the 
oscillator provides exactly the required negative resistance to cancel the equivalent 
shunt loss of the lossy LC circuit.! I n addition, most oscillators contain the necessan 
amplitude stabilization mechanism to ensure the self-starting of the FM generator 
as well as a specified level for the envelope of the output FM signal. 

Although the oscillator is capable of cancelling the LC circuit loss, the Q of the 
I (’ circuit should be kept as high as possible so that, if the oscillator limits in a non- 
hnc.ai fashion, the sinusoidal waveform of the output FM signal is maintained. In 
addition, the time constant of the envelope-limiting circuitry (cf. Section 6.8) should be 
Iasi in comparison with variations in/(f) to ensure that the output envelope readjusts 
nsclf to a fixed level for each small variation in /(f) and thus is independent of/(n 
I he last time constant also provides the continuous updating of the initial conditions 
ol /(/), thereby further ensuring close correspondence between the solutions of the 
exact and of the quasi-static FM differential equations, 

A practical LC circuit employing a differential pair which implements the circuit 
model of Fig. 11.5—1(a) is shown in Fig. 11.5-2. For this circuit the capacitor currem 


i f Mi.idcgjoi example, the oscillator of 1 ig. 6.1-6. Since = v- n the controlled curiem sum 
vj, is equal to /ig m r(r). However, the voltage across the current source is v t \ thus the currem 
source may be replaced by an equivalent negative conductance — ng m . With A L (ja> 0 ) = 1 
n<$ m -{d L + n 2 G in ), which is exactly the negative of the total circuit loss, G L 4 n 2 (i 
I heiefore, the circuit loss is canceled, leaving a pure LC network. 
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Oscillator , / Time - varying controlled 

source 



Ic is sampled by the small resistor rf (which is not loaded by the input impedance of 
Q 3 ) to develop a voltage r, = i c r at the base of . The amplification of the differential 
pair which is directly controlled by I k (t), produces a collector current at O, which 
simulates the time-varying controlled source A(t)i c where, on a small-signal basis, 


A (t) = g„,(t)r = 


Ao 



4 kT 


4 





4kT 


m 


Therefore, for the circuit of Fig. 11.5-2 (cf. Eq. 11.5-8), 

1 

— - = 

\ 1->{Cq 4 0(1 4 B) 


(11.5-11) + 


(11.5-12) 


- L r be sun r ml > smaiI so th at. “Fen it is transformed into an equivalent 

l i ,M ,r Tr," 15 mUch gre , ater lh;,n am1 thlls i* « negligible component of the total 
L ' "X 11 '!»>■* total tuned -circuit loss would be a function ol r 

Vbil zdiwhich VV 'l '1°' ' hcrd ° re - lhe etlvdope levd al which lhe FM wave would 

of a li rh h eh d ' r r - r ~ ed Eo the toned-ctrcuit load-see Section 6.5) would be a function 
oF4ff); tms is an undfcsired effecL 

i?nted°!n? 0r CU " en ' of ^ aiso contains low-frequency terms proportional to /*(() which are 
vnunted to ground by L and thus do not contribute to the output. 
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tx 


A a) 

OJ 0 


-B(I k JI k 


2(1 + B) ’ 

^here B = CaqrI k0 /4kT(C 0 + C). As a result, r,(f) is given by 
c ( (r) = \\ cos a> 0 t + Aw J j ( 0 ) dO + 0 o 


ml r„(!) is given by 

v„(t) = V cc + V 0 cos 


OJgt “1“ AW 




dO + On 


(11.5-13) 


(11.5-14) 


(11.5-15) 


iruvitled that /? = Aw/w m > 1, w 0 > 75 Aw, and the output-tuned circuit has suffi^ 

K-i.t bandwidth to pass the spectrum of the FM signal. Both K f and K 0 are determine 

J die amplitude-limiting mechanism of the oscillator in the fashion described 

V '"l o choose values for the various parameters of the time-varying controlled source. 
VS1 . |,, st observe that B is a function of temperature and should be as small as possible 
m comparison with unity to keep m 0 independent of T. The limit on the sma! ness o 

/> b dclcmmuxl by the required ratio of Aoj/^o aad the rall ° /u , ' " q '. ", o , 

I O, a specified ratio of Aw/w 0 the minimum value of B results when I kl l k0 is as la • c 
■is possible The limit on the size of this ratio is 1. since I k (t) > 0; therefore, a sensib t 
choice would be to select I kl * I k0 and to select B with its minimum value of 


B = 


2 Aoj/cuq 
1 + 2 A (d/cqq 


I 2 A co I 


C On » A<u 


(11.5-16 


Willi this value of B, o> 0 simplifies to 


/ L{C 0 + C) 


1 


JUCv + 


--— c% » Aw, (11.5 1 


1+2 Ac.'j/ro c 


We also observe that to keep Q, operating as a linear controlled source, Q 3 mu ■ 
lino, t ion as a small-signal amplifier or, equivalently. |l’il < 10 mV. Since r « f< > 
and m„ » AoUhe amplitude or «, may be approximated by l,w (J C : thus the amph -■ 
oh, rnay be approximated bv Combining the requirement of V t ro> ? C < " ■ ‘ 

wiih I lie definition of B (and letting a 


S and kT/q = 25 mV), we obtain 
w 0 (C 0 + QBV, BV,Qr 


J»n R 


: < 0 . 1 . 


(1 


IcO^loss 


. |... . o ^ (( -, -y C)R, .. is the Q of the circuit with/(r) = 0. Since B, l,. (J ■ 

and l<i'. are usually known or specified quantities, Eq. (11.5-18) determines 
minimum value ol I k{) 
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As a numerical example, consider the design of an FM generator of the form 
shown in Fig. 11.5-2, for which co 0 = 10 8 rad/sec, Aco = 10 6 rad/sec, co m = 2 x 10 5 
rad/sec, Q T = 20, V t = 5 V, V cc = 10 V, and B l0SS = lOkfi. From Eq. (11.5-16) we 
obtain the optimum value of B for a temperature-insensitive center frequency, 
namely, B ^ 2 Aco/oj q = 0.02 provided that I kl ^ I k0 . In addition, from Eq. (11.5-18) 
we find that I k0 must be greater than 2 mA. A choice of I kl = I k0 of 2.5 mA would be 
reasonable here. In addition, since Q r = a> 0 (C 0 + C)B loss , then C 0 + C = 20 pF, 
a value which when substituted into Eq. (11.5-15) yields L = 5//H. 

If we choose C 0 = C = lOpF (the ratio of C to C 0 may be chosen arbitrarily), 
then with kT/q = 26 mV and a ^ 1, from the definition of B we obtain r = 1.6 Q. 
Clearly r is not loaded by Q 3 . 

The oscillator differential pair can now be designed to yield the correct value of 
V t . Usually the oscillator is designed to stabilize with a large value of a such that, 
even if small amplitude variations exist at v (r), r 0 (f) has a constant amplitude. This 
effect follows from the fact that with large values of a the output of Q x is a limited 
version of the input to Q 2 . 

To cause the oscillator to stabilize at x = 10 we choose M such that 


and I k such that 


M ' k Tx 

— = — = 0.05 or M = 0.25 
L qV t 


1 “ Ai\j(o 0 ) 


MGJ 10) 


Ru 


Thus G m { 10) must equal 1/500 and from Fig. 4.6-5 g m must equal 1/130 Q. However, 
since g m = ql^AkT, I k ^ 800 //A. 

Now if R L = 6 kn and the output-tuned circuit bandwidth is sufficient for the 
FM signal (BW 2 A oj > 1.6 with ^ = 5, or BW > 3.2 x 10 6 rad/sec), then 


1-0 = (10 V ) 


(6 Vicos 


10 8 r + 10 6 


f/(0) dd + 0 o 


If w'e choose BW = 5 x 10 6 , with the result that Q T for the output-tuned circuit is 
20, then L l = 3 //H and C L = 33.3 pF. 

An alternative circuit for obtaining the time-varying controlled current source 
required to implement the circuit model of Fig. 11.5—1 (a) is shown in Fig. 11.5-3. 
I*or this circuit, which employs a single transistor, A(t) is given by 


A(t) = 


a 

am 


U)r = 


Ao 



kT 


+ 


A i 



kT 


f(t\ 


provided that r is sufficiently small so that the transistor is operated in a small-signal 
Cishion and that the impedance of C E at oj 0 is small in comparison with the minim urn 
value of gjf) so that tq appears across the transistor junction. The impedance of 
(, at co m should also be large in comparison with the maximum value of gj#i so 
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| Open at qj„. 
[Short at oj (1 


Fig. 11.5-3 Implementation of time-var>ing controlled source with a single transistor 


that ! t {[) flows entirely through the transistor. This latter requirement can be im¬ 
plemented only if (Oq exceeds a> m by a factor of 1000 or more. 

For example, if / E1 = 0.9/ £0 (which is desirable, as we have seen, to keep ci» 
independent of T), then 

= j 9; 

gin m j n 


tlicrefore, if 


w oCe > lOgin 


and 


„Ce < 


gin „ 


10 


then co 0 /a> m must be greater than 1900 to perform comparably with the differentia! 
pair implementation of the time-varying controlled source. Consequently, only w he: 
extremely wide separations exist between io 0 and co m can the single transistor be uwd 
in place of the differential pair as the time-varying controlled source. However, w lu-a. 
the circuit of Fig. 11.5-3 is employed, the same design criteria are used as were us^a 
for the circuit of Fig. 11.5-2. Still other variations on the implementation of the time 
varying controlled current source required for the circuit of Fig. 11.5—1(a) will he 
explored in the problems at the end of the chapter. 
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The circuit model of Fig. 11.5—1(b) can be implemented in exactly the same fashion 
as the model of Fig. 11.5—1(a) except that an inductor L replaces the capacitor C. 
With the inductor, however, an additional coupling capacitor must be inserted in 
series with L to preserve the bias conditions of the circuits of Figs. 11.5-2 and 11.5-3. 
This additional large capacitor makes the inductive case less attractive than the 
capacitive case. A similar argument applies to the circuit model of Fig. 11.5—1(c). 

A time-varying capacitance can also be obtained from any device whose stored 
charge q is a nonlinear function of the applied voltage r D . Any reverse-biased PN 
junction has this property. For example, if a device has the relationship q = g(v D ), 
where g(r D ) represents a nonlinear function of then the device current is given by 


_<k_ dg(v D ). 
dt dv D l ° 


f-V dH’D' 


(11.5-19) 


where C(r D ) - clg(i D )/ch D . If a high-frequency developed voltage v{t) and a low- 
frequency bias and controlling voltage V cc + F c (r) are superimposed across the 
device as shown in Fig. 11.5-4. then i D (t) can be written as 

i D (r) = C[- V cc - V c (t) + r(r)][f(f) - V c (t)] 

5: C[- V cc - V c (t) + r(f)]i'(f). (11.5-20) 

[It is apparent that V C U) rs negligible in comparison with f(i) because of the large 
frequency separation between these two voltages.] 

In addition, if it is assumed that V&t) « V ec and t:(t) « V cc , then Eq. (11.5-18) 
can be approximated by its first two power-series terms in the form 

an 

A O / ___ 

I D = C( - V cc )i(t) + - - C( dv j cc) V c (tVit). (11.5-21) 


To oscillator 



Fig. 115-4 Nonlinear capacitor employed in quasi-static FM generator. 
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iur I lie product i'U)r(t) produces terms in the vicinity of dc and 2w 0 which are not 
issed by the LC circuit of Fig. 11.5-4, the second component of i D may be neglected 
(lie complete differential equation for c(t): 


0 = v(t) 


mo a 

coit) 


m 

CO, ( 0 2 ’ 


(11.5-22) 


hcicmjr) tr |/yZ[C 0 4- C(f)]. Clearly Eq. (11.5-20) is identical with Eq. (11.5-lb) 
id 11 ms the circuit of Fig. 11.5^1 may be employed as a quasi-static FM generator. A 
K*t 1 1 ic application of this circuit is explored in the problems at the end of the chapter, 
i practical situations one increases both the linearity and the deviation sensitivity 
y using two diodes in a push-pull arrangement. 

Special hyper-abrupt junctions are available in which C{t) varies as the square of 
ic signal voltage. With such units the static restrictions on maximum deviation be¬ 
ne excessive distortion may be somewhat relaxed. 

In the older literature the circuit ideas described in this section were known as 
i e>K lance lube” and “varactor tuned” FM generators. Both types of circuits have 
ecu m use for over 40 years. The static restrictions on the vacuum tube versions 
vie well described more than 25 years ago. The dynamic restrictions and the 
•lal lonship of these generators to the exact FM equation are not known to have been 
resented previously. 


1.6 I RI ANGULAR-WAVE FREQUENCY MODULATION 

he generation and nonmemory waveshaping of an FM triangular wave is the most 
metical method of generating a sinusoidal FM signal which has no theoretical 
igti-iclions on either its frequency deviation Am or its maximum modulation fre- 
uciicy u> m . (The restriction Am < m 0 , to avoid full-wave rectification of the in- 
aninncous frequency, does, of course, apply.) In this section we shall study the 
i oblem of FM triangular wave generation by first presenting a general block diagram 
1 a 1 1 iangular wave generator and then implementing the block diagram with physical 
i cy itry. We shall also consider the implementation of a waveshaping circuit which 
inverts the FM triangular wave into a sinusoidal FM signal. 

As was pointed out in Section 11.2, an FM triangular wave r r (0 is a symmetric 
iangular voltage which is periodic (of period T = 27r/m 0 ) when plotted vs. 

T(o = t + — (mdo 

m 0 J 

4 pig 11.2-6). We also recall from Section 11.2 that such a waveform has the 
islanlancoLis frequency 


rn^O = m 0 + AmftO- (H-h 1 

1' igure 11.6-1 illustrates the block diagram of a system which produces a period :, 
iangular wave in x(f) of peak-to-peak amplitude 2 V 2 and thus an FM triangular wa*. „ 
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(Schmitt trigger) 

Fig. 11.6-1 Block diagram of an FM triangular wave generator. 


of the same peak-to-peak amplitude in t. The system generates an alternating se¬ 
quence of positively and negatively sloping ramps in r(t) by integrating +i(f) and 
-i,(f) respectively, where 


hit) = h 


. Aw ,, 

1 + —/(f) 
co 0 


To obtain the correct peak-to-peak amplitude for the alternating sequence of ramps 
at the integrator output, a threshold sensor switches the integrator input from 
i/t) to - f,(t) when the integrator output reaches V 2 and switches the integrator input 
back to /j(f) when the integrator output reaches — V 2 . 

More specifically, when the input voltage to the threshold sensor reaches a value 
o K2 ’ a ste P of voyage appears at the output, causing the voltage-controlled Sit) 
to switch from contact a to contact b. Similarly, when the input voltage to the sensor 
reaches - F,, a step of voltage opposite to the original step causes S(t) to return from 
contact b to contact a. Figure 11.6-2 illustrates the input-output characteristic of the 
threshold sensor required to operate the voltage-controlled switch, as well as the 
corresponding plot of S{t) vs. v T (t). 

To obtain a more quantitative expression for v T (t) assume, at t = t ; , r r (r ; ) = V, 
such that S(t) switches from a to b. Hence, for t > f ; . 


., . , A to „ 

~ l iU) — ~ 10 Id- j (t) 

C0 0 

IS applied to the integrator of Fig. 11.6-1 and v T (t ) is given by 

r,(0) dO 


v T (t) = V 2 - K, £ ig 
= v 2 - K,I 0 I 


(t — tj) + 


Aw 

w 0 


( 


f(9)dd 


( 11 . 6 - 2 ) 


= v 2 - KiloWt) - r(r,)], f; < t < r i+1 , 
where K, is the integrator constant. Clearly, for t > r„ r r (f) is a negative ramp with 
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11.6 2 (a) Plot of r f vs. r r for the threshold sensor, (b) Plot of switch position vs. v T for the 
ihicshold sensor-controlled switch combination. 



Fig. 11.6-3 Plot of t>(f) vs. t(r). 

slope — Kj/ 0 in t, as shown in Fig. 11.6-3. The ramp reaches — V 2 at t = t { „ ; 
ai which time S(t) switches to a . For t > t /+1 , i;(f) is applied to the integrator and 
t' t (t) takes the form 

MO = ~ v 2 + K i I oMO - t(j, + 1 )], (11.6 ' 

which is a positive ramp of slope K,I 0 in r. When v T (t) again reaches V 2 at t = r, 

I he cycle repeats. 

It is now quite apparent from Fig. 11.6-3 that MO is indeed a periodic trianguU: 
wave in r with a period 

4F 2 
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and a peak-to-peak amplitude 2V 2 . Thus if r V (t) is placed through a nonlinear device 
with a transfer function given by 

. . xr T 

1 Sin 1V 2 ' ~ V 2^i T <V 2 , (H.6-5) 

the nonlinear device output v(t) is the desired FM signal 
1’(0 = A cos cu 0 r(f) 


where 


= A cos 


co 0 t + A co 



dO -j- 9 0 



2V 7 


( 11 . 6 - 6 ) 


and 0 o is an arbitrary phase angle which may be taken as zero with the correct 
choice of time origin. 

It is of interest to note that the voltage at the output of the threshold sensor 
sits at one voltage level during the positively sloping portions of v T (t) and sits at 
another voltage level during the negatively sloping portions of c T (t). Hence, when 
plotted versus r(f), the threshold sensor output is a periodic square wave with the 
same period as i, U I. 1 herelore, the threshold sensor output vs. time is an FM square 
wave. Consequently it is possible to obtain from a single network an FM triangular 
wave, an FM square wave, and an FM sinusoidal signal. (Note the 90° phased if! 
between the square wave and the two other waveforms.) However, if only the FM 
square wave is desired, a much simpler technique for generating it is available. Such 
a technique is explored in Section 11.7. The ability to generate several different types 

°! FM slgnals simultaneously makes the triangular FM generator quite valuable as a 
piece of laboratory test equipment. 

The block diagram of Fig. 11.6-1 can be physically implemented by selecting 
circuits which perform the function of each block and interconnecting them AF 
though there are many possible circuits for each of the blocks, we shall select only one 
representative circuit in each case. 


Threshold Sensor (Large-Hysteresis Schmitt Trigger Circuit) 

The desired threshold sensor characteristic is given in Fig. 11.6-2. For high-frequency 
operation the distance between the two switching points should be 4 V or more. 
Such an amplitude will allow the triangular wave to drive the diode waveshaping 
network without further amplification. This direct drive is highly desirable, since to 
linearly amplify a triangular wave requires an extremely wideband amplifier 

Thus the basic problem in the Schmitt trigger design in this case is to maximize 
the hysteresis of the circuit. (In the more normal use of the circuit, one minimizes the 
hysteresis.) A possible Schmitt trigger circuit is illustrated in Fig. 11.6^1. 

If Q 2 is allowed to move only between the active region and cutoff, then the output 
is always isolated from the rest of the circuit. Also, keeping Q 2 active will avoid the 
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Fig. 11.6^4 Schmitt trigger circuit. 

undesirable circuit "delay” that would be caused by the time necessary for Q 2 to 
come out of saturation. 

The regeneration feedback path is supplied by the two transistors when both are 
active. If V;{t) is initially large and negative, then Q ] will be off and 0 2 on: 

lE = [V a -(l -a 2 )RJ k ] - V 0 . 

When r ( (f) increases to the neighborhood of the bracketed term in then both 
transistors become active; and if the loop gain exceeds unity, regenerative switch¬ 
ing occurs which leaves on and Q 2 off. Increasing v^t) further has no effect on the 
output voltage. If one starts to decrease v f (f), then reverse switching will not occm 
until Q l comes out of saturation far enough so that a positive base-emitter voltage 
may be applied to Q 2 . This requires ^ \\ — cc L RJ k . Again, regenerative action 
and sudden switching to the initial state will occur. | 

If the two input switching levels are denoted by v u and v iu for lower and uppei 
values respectively, then 

vu ^ T 2 - v. { RJ k and r iu - V 2 - (1 - ct 2 )RJ k . 

Hence the peak-to-peak value of the triangular w r ave is 

V PP = -0 - a 2 )] * 0D51 k R 2 . 


t For a more detailed description of the Schmitt trigger circuit, see J. Millman and H Ti 
Pulse , Digital , and Switching Waveforms , McGraw-Hill, New York (1965), pp. 389-402. 
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The output voltage of the circuit switches between V cc and V rr -a?R,I • 
region SWitChIng amplitude is * 2 *iA- In addition, to keep Q 2 in the active 


v cc ~ « 2 R L I k > Kt — (1 — a 2 )I k R x 
or, as a conservative approximation, 

Vcc > Vj + I k &L- 

Figure 11.6-5 illustrates these characteristics. 


Kc >K i kR, 

f— --■*--- 

y t 

r 

i 

K, u 




V 

.. . 1/ „ n r 



V, V 

) 

if 



V ‘l ' 

K- (I - a 2 )RJ l 


^,, = 0 . 95 /. R 

Fig. 11.6 5 Schmitt trigger transfer characteristic. 

For high-frequency operation one tries to keep the resistance values low (below 
1 kQ); hence for large output and input voltages the current levels are appreciable^ 
perhaps 10 mA or more. Thus Q 2 must be checked for excessive dissipation. 

Voltage-Controlled Switch, Inverter, and Integrator 

The remaining portion of the circuit may be implemented by the circuit of Fig. 11.6-6. 

e voltage-controlled switching is accomplished by the differential pair (ofand CM 
■ n n verte " ca P ac,tor c ls employed as the integrator. Transistor Q 3 functions as the 

It is apparent that with v c (t) less than V B by several times kT/q (cf. Fig. 4.6-2) 
/,(t) flows entirely out of Q lt with the result that the collector current of Q, has the 

? Ue 'P n = whlle 'c 2 = 0. The collector current of Q t , less (1 - a )/,, flows 
through R 3 to develop a voltage , E3 ’ 

V R3 = [ai'i - (1 - a 3 )i E3 ]R 3 . (11.6-7) 

With the assumption that the junction voltage across D equals the emitter-base 

a S e 0 Qi (which is true if D and Q 3 are integrated on the same chip and have the 
same geometry and if /„ a i E3 ), v R3 . = Vr3 «= R' 3 i i:3 ■ thus 

«i f/ 


l FA — 


1 


*3 

a 3 + 

R, 


Now i C3 — cc 3 i E3 flows into the integrating capacitor. 


( 11 . 6 - 8 ) 
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iR- H.6 6 Practical implementation of the voltage-controlled switch, the inverter, and the 
ilcgi a lor of Fig. 11.6-1. 


()n the other hand, with r t .(f) greater than V B by several times kT/q, / ( (r) flows en- 
icly out of Q 2 , i E3 = i C3 = i ci = 0, and i C2 = a 2 zj- flows out of the integrating 
ipaeiior. Consequently, if the alphas are equal and the ratio R 3 /R 3 is adjusted to 
|iial 2 a - Iso that i E3 = i i in Eq. (11.6-8), then as r c experiences a step increase from 
‘winl times kT/q below V B to several times kT/q above V B , the integrator current 
viiches from cd,(f) to this is the desired effect for the voltage-controlled 

v itch-inverter combination. 

We note that, when oezj-(f) flows into the integrator, the output voltage r r (t) o 
\cn bv 


v t(0 


C 


hi*) dr; 


(11.6 9j 
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rherefore. Ihe integrator constant K, for the circuit of Fig, 11,6-6 has the value 

V' _ ® 

l ~c (11.6-10) 

F • “ kE , eP fr ° m Sat “ ra,i "S l* less than r r (,)„ in + 

°’ P Qi fr0m saturatln g- v cc - WLaxKs must be greater than v T (t) 

I ■ 



Fig. 11 . 6-7 Complete FM triangular wave generator 


7 ! IIus , lrales (he complete circuit for the FM triangular wave generator 
«hich combines the threshold sensor of Fig. 11.FM with the circuit of Fie M S, 

>oi°ol^elhen mVerS ^ C ° mpensatin - a base-emitter junction biases are employed 
a il l v l i r ? ratl " gCapacitor from lhe input to the Schmitt trigger. In addition 
J *** Sh,f ' er ' S mcorporated a, the Schmitt trigger output, wdluhe result that 

f(0 = ijo -v 0 - i dc R El0 . (11 .F-n, 

fmmtmrnUnf For™ ^ *7 *7 ’ff tha0 + as is squired to keep 0, 

from saturating. For example, if r V (r) min = - V 2 = - 3 V and V cc = 10 V, then'a 
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c hoice of / lk R /:i o of 13 V would prevent Q 2 from saturating. In addition, if V cc - 
7 R,l k for the Schmitt trigger is 5 V, then v c (t) switches between —(3 V) — V 0 and 
(XV) F () . For this case V B should be chosen between the two limits of r c (0; 
[ fl 5 V would be reasonable. The 10 pF capacitor across K tl0 couples the fast 
i ise and fall times of v 0 (t) to c c (t). 

If for the FM triangular wave generator of Fig. 11.6-7 the Schmitt trigger switches 
slides when its input reaches + V 2 and if R' 3 = (2a — 1 )R 3 so that K, = a/C, then the 
eiinier frequency is given by (cf. Eq. 11.6-6) 


kKj! o 7ra/ 0 

= 2F 2 = 2F 2 C’ 


( 11 . 6 - 12 ) 


which is inversely proportional to C. Hence, for any given values of 7 0 and V 2 , C may 
he chosen to yield the desired center frequency for the FM triangular wave. For 
example, if I 0 = 3 mA and f 2 = 3 V, C = 157 pF yields a carrier frequency of 1 0 
i ad, sec 

I o obtain a specified frequency deviation, we first note that /,(/) may be written in 
the form 


MO — ”F /1 / (O' 


(11.6-13) 


whcie /)=/() Aoj/cj 0 . We then choose I { to obtain the desired Aw. For example, if 
/,, 3 mA and w 0 = 10 7 rad/sec, a frequency deviation equal to one-half the carrici 

hequency may be obtained by choosing 1 1 = l 0 ! 2 = 1.5 mA. 

Flic currents l 0 and I x are developed by Q l3 . The diode D 2 in the base circuit of 
(0 i compensates for the base-emitter turn-on bias so that 


and 



(11.6-14) 


*i 


oT r 


(11,6-151 


It is apparent that V } must be selected below - V H — V 0 to keep £ 13 from saturating 
I oi l f t = —5 V, a reasonable value for K A would be 6 V. 

Now if V x = 6 V, V } = 6 V, V EE = 10 V, and a ^ 1, and we desire / 0 = 3 mA and 
/, 1.5 mA to achieve w 0 = 10 7 rad/sec and A co = 10 7 /2 rad/sec, then from lx; 

(I 1.6 15) 
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To convert an FM triangular wave to a sinusoidal FM signal, a nonlinear network 
with the transfer characteristic 


. 7lVj ■ 

i — A sin — (11.6-16) 

is required.t Figure 1 1.6-8 illustrates this characteristic for the case where A = [ V 
and I , - 2 V. In addition. Fig. 1 1.6-8 includes the break points and the slope of a 
possible seven-segment piecevvise-linear approximation to the nonlinear characteris- 
tic. More segments can be added if a closer approximation is desired. 

Figure 11,6-9 illustrates two possible diode waveshaping networks which physi¬ 
cally realize the piecewise-linear characteristic shown in Fig. 11.6-8. The voltage 
sources in the network are chosen to correspond to the breakpoints of Fig. 1 1.6-8, 



F'g. 11.6-8 p| ot of c - (I V) sin [>iy/(4 V)] \s. i> plus a seven-segment piecevvise-linear approxi¬ 
mation of the characteristic. FF 


! S a e6 D L ' u. traUS dd £ '! r Gmmnion and Shaping , McGraw-Hill, New York (1960). Section 2-8 
:." d Prob T " "r d ' SCLISS and lllustrate a diode waveshaping network. See also G. Klein 
12t> C 12 r r (Feb rU | l 967) ^ C ° nVerter ’" ISSCC Digest °f Technical Papers ( Philadelphia ). pp.' 
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(a) 

Ry - 1 23R 



11.6 9 (a) Diode waveshaping network to realize the piecewise-Iinear approximation of 
g, | | .6 S (b) More practical version of a diode waveshaping network to realize the approxi- 
1 1 h >n of h ia. 11.6—8. 


hilc the resistors R i ,R 2 , and R 3 are selected to give the correct slope in each region 
l 11 example, R 3 /(R 3 + R) must equal 0.785 to produce the initial slope of the piecc- 
ise linear characteristic; therefore, R 3 = 3.64 R. Similarly, 


Ri\\R 3 

(Rx\\R 3 ) + R 


0.48 


and 


R 1 1-^2 II R-3 

{rJrJr7)T~r 


0.25, 


iili ihe result that R l = 1.23R and R, = 0.53R. If more segments are employed in 
ic piecewise-Iinear approximation of the nonlinear characteristic, several more 
ode resistor-voltage-source branches would be required in the circuit of Fie 
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11.6 9. When physical diodes are used in place of the ideal diodes of Fig. 11.6-9 

each dc source should be reduced in magnitude by V 0 to account for the turn-on bias of 
the diodes. 

Since the key to low distortion in such a network is symmetry it is apparent that 
the circuit of Fig. 11.6—9(b) is much to be preferred. This is true because it avoids the 
necessity of matching pairs of resistors for R, and R 2 . etc., as is the case for circuits of 
the type represented by Fig. 11.6—9(a) 

With well-matched commercial silicon diodes (lN914B's, for example) and 
commercial 1 ° 0 resistors, a five-breakpoint (per half-cycle) network can yield total 
harmonic distortions of 56dB below the fundamental. When “hot carrier" diodes 
(F 0 * 0.4 V) are used to minimize charge storage problems, then carrier frequencies 
of up to 30 MHz or more can be handled. 

11.7 PRACTICAL SQUARE-WAVE FREQUENCY MODULATION 

Square-wave frequency modulation followed by narrowband filtering is employed 
in many practical situations. In particular, it is applicable in those situations where 
the deviation ratio D = Am/oj 0 must be greater than the few percent possible with the 
quasi-static FM modulators and yet not so great that D determines a point above the 
top curve of Fig. 11.2-3 and thus prevents the extraction of the fundamental FM wave 
by filicrmg.f In general, this range of deviation ratios usually arises when a large 
number of reasonably low-frequency carriers are to be modulated in frequency by 
independent information signals, so that they can be multiplexed in frequency, and 
then employed collectively as the modulation for a high-frequency FM or AM 
signal. Many systems which must transmit a large quantity of independent data 
or a large number of voice channels do so in this fashion. 

Although an FM square wave can be obtained as a by-product of generating an 
FM triangular wave (as we saw in Section 11.6), an FM square wave can be generated 
directly and more simply by controlling the frequency of a symmetric astable multi¬ 
vibrator having the basic form shown in Fig. 11.7-1. Each amplifier in the multi¬ 
vibrator of Fig. 11.7-1 is assumed to have the input, output, and transfer characteristics 
shown in Fig. 11.7-2. These characteristics closely approximate those of integrated 
inverters which incorporate an output buffer amplifier. 

Before determining how the astable multivibrator performs as an FM generator, 
let us review its basic operation for the case where 7(r) = I 0 (a constant).} For this 
case, the waveforms of r n , v i2 ,v ol , and v o2 are shown in Fig. 11.7-3. Referring to the 
waveforms, we observe that, for r < 0,r ol = 0 and r , 2 < 0; thus the input to amplifier 
2 appears as an open circuit (amplifier 2 is cut off), while the output of amplifier 1 

t Since a square wave contains only odd harmonics of its fundamental frequency the filter 
iollovving the 1 M square wave generator must only be capable of separating the FM wave centered 
atai 0 from the FM wave centered at 3a> 0 . 

t in this treatment we are assuming that the reader has some familiarity with the basic operation 
or multivibrators. If this is not the ease, he should consult either 1 MiJIman and H Taub Pulse 
Digital and Switching Waveforms, McGraw-Hill, New York (1965), Chapter 11, or L. Strauss 
Wave Generation and Shaping , 2nd edition, McGraw-HilL New York (1970k pp, 385-389 
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Fiy. 11 . 7-1 FM square-wave generator employing a stable multivibrator. 


i. 


o 

4 


v, Amplifier v. 


Input 

characteristic 


Output impedance - 0 
Reverse transfer 
impedance ~ 0 



K 


V Forward transfer 




■'■It- 11.7 2 Input and transfer characteristics for the amplifiers in Fig. 11.7-1. 


>pcnis as a short circuit (amplifier 1 is saturated). Therefore, I 0 flows entirely into 
i ■ c;iusing v i2 (t) to increase as a linear ramp with slope IJC. However, at t = 0. 
lien r,,(i) = V s , the input to amplifier 2 appears as an incremental short circuit 
f. I ig. 11.7-2) causing I 0 to flow entirely into amplifier 2 instead of C v If I 0 > I, 
ditch we assume it is), then v 02 (f) drops instantly to zero, with the result that 
ops an equal amount V 2 , since v C2 (f) cannot change instantaneously. The decrease 
I'n Inflow V s causes i n to equal 0 and v aI to rise rapidly to V 2 . (Even though ( 
lomicdctl directly across v o1 , the small assumed output impedance permits C , 

- he charged almost instantaneously.) At this point / 0 flows into C 2 , causing i : - 
mcieasc as a ramp with slope I 0 /C while r 0l = V 2 ,v l2 = V s ,andv o2 = 0. When, at 
I/3-' r ,] = Vf,, the circuit switches to its original state and the process continue- 
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equal r i m ;e e „"e aVef ° rm ‘ " ^ " h *W“"* lha ' ,he **« VC times T,2 m „s, 


or equivalent!), 


2V 2 C 1 

i 0 ~T 



(11.7-1) 


(11.7-2) 


In the above analysis we assumed / 0 > I c . If th i s were not the case r and „ 

Now if the current drives in the circuit of Fia 1171 . 

of time with the restriction ’ the circuit of Tig me permuted to be functions 


7(0 > Ic for all r, 


(11.7-3) 


then the basic waveforms of Fig. ,1.7-3 remain the same except that the r, waveforms 
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!0i t, ■ 0 become frequency-modulated and take the form 


'■„<o = -w 2 - K) + 7 f / 0 

- fi 


1 + ^/(O) 

1 o 


dO , j = 1 or 2, (11.7-4) 


whei e /(/) =- /1 /(r) and q is the time at which the circuit switched from its previous 
>t;ite, We may rewrite Eq. (11.7-4) in the form 


= — 0 2 - K) + - T(f,.)], 


(11.7-5) 


,vlu-n.‘ r(0 -- t + (/ i/I 0 ) j' J'(0)dO; hence i ; p) vs. t is a linear ramp with slope I 0 /C 
■vliicli starts at -(V 2 — V s ) and terminates at V s , at which point the circuit switches 
.laics ( Icarly. then, the waveforms c n , r ul , r i2 , and r o2 vs. r(f) are identical with the 
on csponding waveforms vs. r for the case where 7(f) = I 0 . Consequently the output 
.quaie wave is periodic in r with period T = 2F,C// 0 (or co 0 = nI 0 /V 2 C). which is 
lie inquired form for an FM square wave with instantaneous frequency 


CD,.(f) 


d 

dr 


oj 0 T(r) 


C.’J, 


1 + ~r.IV) 

*0 


I /, /,, is adjusted to equal A O)/o) 0 . then 


(11.7-6) 


cui-(f) = <d 0 + Acof(t). (11.7-7) 

In the case of an FM square wave generator, it is even more essential to keep 
(M • / ( - If this requirement is not met, the peak-to-peak amplitude of r 0 (f) will 
ai> with time as /(f) varies relative to I c , In addition, since 7 is a function of both 
(/) and the peak-to-peak amplitude of v 0 , the instantaneous frequency will not van 
meal ly v\ ilh /(f). 

Aiuuple 11.7-1 Given two amplifiers with V 2 = 5 V, V 6 = 0 V, and I c = 1 niA 
I loose values for 1(1) = I 0 + ^/(f) and C such that thecircuit of Fig. 11.7-1 produces 
n I M square wave with cu f (f) = 10 s + 5 x 10 7 /(f) rad/sec. 

Ohttion. Since Aaj/a) 0 = I JIq = y. 


= /0 - /i = /o/2. 

bus we must choose I 0 > 2 mA to keep a constant peak-to-peak amplitude output 
[iiaic wave. A choice of 3 mA for 7 0 would be reasonable. Hence /j = 1.5 mA 
ii addition, since to 0 = 10 8 rad/sec and since co 0 = nl 0 l V 2 C, C = 19 pF. 

1 lie problem now remains of implementing the amplifiers and current source' 
fl % I I / I with practical circuits. One possible amplifier configuration employim 
ist iel© transistors is shown in Fig. 11.7^4. For this circuit Q l provides the busk 
mplilicalion, whereas Q 2 , functioning as an emitter follower, provides the lou 
nlpul impedance necessary to ensure that t* 0 (f), which is loaded by the capacitor ( 
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Fig. 11.7 4 Discrete component implementation or amplifiers in the circuit of Fig. 11.7-j. 

dmp laP ) dl> , Uhen .‘ S CUt ° fl ‘ Specifically, the time constant controlling the rise 
time is closely approximated by s 

T = [Red - a)||R £ ]C. 

SV i0d K e " VOltage ' SOUrCe COmbination { °r v 2) performs two functions First it 
catches the output voltage as it rises toward its steady-state value, thus further im- 

p vmg the rise time of the output square wave. Second, it establishes the peak output 
o tage at approximately F 2 (V 2 < ^ which is j ndependent 0 f supply voltage 

variations if l is developed by a Zener diode. Hence w 0 = nI 0 /V 2 C is ^sensitive 
to power supply variations. 0 2 iess sensitive 

whJo D> a compensating junction voltage drop for that of 0, 

when 0 is saturated, thereby ensuring v, * 0 when Q, is turned on. If D, were not 
Oduded.^,would vary by F, + I /„ instead of I, when 0, switches between saturation 
and cutoff, hence I , would be replaced by V 2 + V 0 in determining m 0 , and co 0 would 
be significantly more dependent on temperature. 

„ .!! f ° r c ‘ rci “‘ of Fl ^ 1 L7 “ 4 we assume that the base-emitter junctions of 0 
and 0 2 and the diodes D , and D 2 can be modeled as ideal diodes in series with reverse 

tlntThe r!T ^ tfanSiSt0rS and dl0des) ' then observe 

haMhe (rI chnractensnc of the amplifier is identical tl.al of Fig il 7 J with 

,ha7of % WwM ' °! ,h ' •"*** * ®»dcal ,o 

. , , , 7 c ~ Wc ~ v o)/f>Rc. where // = *(! - a v Note that / 

Since fitMe' A CUrrcn ! t0 2l which causes 0. to saturate; that is. * 0 

nee llttle no signal passes between the collector and the base of 0, (even without 
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Ilif emitter follower), the reverse transfer impedance is essentially zero while the 
output impedance, because of the emitter follower, is quite small. 

To keep the output impedance small, the emitter follower must remain in its 
£K‘iiv<$ region at all times. However, when the amplifier is operating within the 
asiuhle multivibrator, and when Q l is saturated (r 0 ^ 0), the current I(t) must flow 
into the t jt) terminal from the capacitor which is being charged. Thus to keep Q 2 
.n live, the current through R E must exceed I(t) or 

(11.7-8) 


I quaiion (1 1.7 -8) determines the maximum size of R t . For example, if |/(f)| max = 
■I J m A (Txample 11.7-1) and V EE = 9 V, R E must be chosen to be less than 2 kfl 
1 he resistor R c is usually chosen somewhere between 200Q and 5 kQ; this is a com- 
piomisf between fast switching times (small resistors are not affected as much as 
lai ge resistors by stray capacitance) and power dissipation. 

I igure 1 1.7-5 illustrates a complete FM square wave generator employing the 
amplifiers of Fig. 11.7^4. For this generator Q 5 and Q 6 act as the current sources 
lit) I he 1', and V A voltage sources provide the bias for Q 5 and g 6 , while D 5 (which 
is mined on by R) provides a compensating junction voltage for the base-emitter 
voltages of 05 and Q 6 so that some degree of thermal stability is obtained. 

Again, for the circuit of Fig. 11.7-5, if the base-emitter junctions of Q $ and Q h 
nj well as I) 5 are modeled by an ideal diode-battery combination, then 

/, j /, 


1(0 = 



k 2 | 


+ 


*2 


fUl 


(11.7-9) 


Since both V 2 and K 4 play a role in determining /(f), both should be Zener controlled 
to keep /(/) and in turn co^t) independent of variations in supply voltage. In addition, 
the inequality 

Vi > V a ' (11.7-KH 

must be satisfied to keep Q 5 and Q 6 from saturating when either Q v or Q 3 is on. 

I lie resistors R y and R 2 are chosen to yield the desired values of I 0 and I { once 
I |, I ,, and V 4 are selected. For example, if V L = 3 V, K 3 = 2 V, V 4 = 10 V, and 
y I, while (from Example 11.7-1) I 0 = 3 mA and / l = 1.5 mA, then 


K 2 


— = 2kQ 

h 


and 


R i 


K ~ V 3 

V3/R2 + /o 


2 kQ. 


I he circuit of F'ig. 11.7-5 also illustrates a simple bandpass filter for extract m e 
the fundamental FM wave from the FM square wave v (t). Specifically, if the ftIte; 
ItVV I /RjC is sufficiently w r ide to pass the fundamental FM component of r i*s 
wink . 11 lenuating all other FM components, then the filter output v(t) is given by 


r(0 


2F 2 


oj 0 { -j- A co 


f(0)d0 + 0 0 


n 


cos 


(11.7 I I 
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fig. 11.7 5 Complete FM square-wave generator. 


where 

rao = ^ = 2LM3. 

LC v 2 c\ r 1 rJ 

and 

A X V\ 

Aco = —-- =__J_ 

V 2 C v 2 c r 2 

(Note that the output filter shown has a transfer function of unity at w D .) 

11.8 MISCELLANEOUS EREQUENCY 
MODLJLA J OJtS —THE ARMSTRONG METHOD 

In this section we shall consider several additional methods of producing FM signals 
These methods include the Armstrong method and the method of varying the elec¬ 
trical time delay of a delay line. Neither of these methods is so versatile as the 
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previously discussed methods, since they are quite restricted in the maximum size 
ol hoi 1 1 Aim and <o m relative to cu 0 . The Armstrong method (named after its inventor 
I II Armstrong, who was a pioneer in the field of frequency modulation) has the 
advantage of carrier frequency stability, since its carrier may be obtained from a 
ci ysial oscillator. In addition, it is of interest historically, since it was one of the first 
methods of FM generation. 

I he variation of the electrical time delay of a delay line is of interest because this 
technique appears to be the method by which the frequency modulation of a laser 
beam can be most easily accomplished. Specifically, if a strong transverse electric 
field is placed across specially constructed transparent crystals, usually cadmium 
sulphide, the dielectric constant and, in turn, the velocity of wave propagation through 
ilie ciystal vary with changes in the applied electric field. Since the crystal has a 
Unite length d, variations in the propagation velocity v result in corresponding vari- 
niions in the time taken by an electromagnetic wave, laser light in this case, to pass 
tin ough the crystal; i.e. the time delay through the crystal is given by 



Hence varying the applied field as a function of time produces corresponding vari¬ 
ations in f 0 (r) which, as we shall see, are sufficient to produce a frequency-modulated 
signal. 

1 he Armstrong method is a direct result of the fact that, for very small frequency 
dev iations, an FM signal of the form 


lit) = A cos 


copt -f- A co 


f(0)d0 


( 11 . 8-21 


which may be expanded as 

/ (f) = A cos co 0 t cos Aco J f(0) dO - A sin co 0 f sin Aco J f(0)dO, (11.8 3 

can be closely approximated by 

i(t) A cos co 0 f - A Aco J f(0) dO sin cj 0 t. (11.8 

liquation (11.8-4) follows from the fact that, for <j> < 0.2, cos <j> ^ 1 and sin </> ^ 
within 2%. However, Eq. (11.8-4) may be realized by the block diagram of I . 
1 1.8-1, which combines A cos co 0 t with the AM signal 


A Aco 


j (0) dO sin co 0 t. 


Since a; 0 may be crystal controlled, the carrier frequency is quite stable. 
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A cosco 0 t 
Crystal oscillator 


Fig. 11.8-1 Block diagram of Armstrong system for generating FV1 


The onl) difficulty is that Aco for the system of Fig. 11.8-1 of necessity must be 
quite small. Consider, for example, j(t) = coscot. For this case 


r r a 

Acol j (0)d0=— sin cot, 

J CO 

which has a peak value of Aco; to. For the Armstrong modulator to function correctly 
in this case. Acre* must be less than or equal to 0.2. Foi the more general case in 
which j (r) is band-limited between oj l and ca,„, Aco j 1 j (0) dO has a peak value ranging 
from a maximum of Ao; oj L [when all the energv of^(/) is concentrated at oj ; ] to a 
minimum of Aoj [when all the energv of f(t) is concentrated at co m ]. However, 
since the peak value of Aco j' f(0)d0 must be less than 0.2 for all possible frequency 
distributions of / (/), Aco must be sufficiently small that 


Aco 

— < 0.2. 
Wl 


In practice, Eq. (11.8-5) is usually relaxed to 


Aw 

— < 0.5, 

0>L 


(11.8-5) 


( 11 . 8 - 6 ) 


since very rarely is all the energy of / (f) concentrated at <y t . Even Eq. I! 1.8-6) requires 
extremely small values of A ox If/(f) is band-limited between 100 Fiz and 10 kHz, 
Aco must be less than 2n(50 Hz). Since Aw is directly determined by the value of o L , 
the minimum value of oj l should be no smaller than necessary when using ihe Arm- 
strong modulator. 

To overcome the problem of the small frequency deviation appearing at the 
output of the Armstrong modulator, we may place the output signal through a 
sequence of frequency doublers and triplersf (of the form discussed in Section 1.4), 


t Higher-order multiplication is usually not attempted because of the difficulty in extracting the 
higher harmonics at the multiplier output with conventional tuned circuits. 
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U-Iiv increasing the frequency deviation, as was pointed out in Section 11.2. Tor 

imple. if |he Armstrong modulator produces an F'M signal with (% = 2jr(l00kHz) 

I \,„ 2jt( 50 Hz), by placing ten frequency doublers after the modulator we 
mi .ii the output of the last doubler a frequency deviation of 2n(50 Hz) x 2'" - 
• I 2kHz). In addition, we obtain a carrier frequency of 2 ti{ 100kHz) x 2 = 

10 *.i MH/|. Phis carrier may be heterodyned to any desired frequency by any 
the techniques of Chapter 7 with no effect on the frequency deviation. Another 
,i.,| controlled oscillator should be employed in the mixer to maintain the carrier 

' since all the blocks of the diagram of Fig. 11.8-1 can be physically implemented 
c a cmis discussed elsewhere in this book, we leave the physical circuit construction 
,m cxcicise lor the reader. 

11 iahle I ime-Delay Modulator 

I lie del;i> experienced by a constant-amplitude sinusoid A cos io 0 t passing through 
iu*I work is a function of time, i.e., if f 0 = t 0 U). then the signal appearing at the 
lunik out [Hit has the form 

r(f) = KA cos [oj 0 t - m 0 f 0 (f)], (11-8-7) 

u-u- K is the attenuation introduced by the network. Now' if f o (0 can somehow be 
u ,ed in vaiy in propoilion to J f J{0)d(h i.e., il 

f 0 (f) = — f I\0)d0, dl.8-8) 

co 0 J 

rn an I M signal of the desired form is produced at the network output. In the case 
llie hequcncy modulation of a laser beam, the field across the crystal through 
In, Ii ihe beam is passed must be varied in proportion to §'J(0)il0 to produce a 
lie delay of the form given by Eq. (11.8-8). 

.<> I IUQUENCY STABILIZATION OF FREQUENCY MODULATORS 

i many applications the carrier frequency at the output of an FM generator u 
■ on„ed lo be extremely stable. For example, the Federal Communications Com¬ 
ma,,on requires that commercial FM stations (88 MHz to 108 MHz) maintain a 
nne, frequency stability of ±2 kHz about their assigned station frequency. Tin. 
u lesponds to maximum carrier variation of two parts in 10 5 for a station a; 
)() Mil/. Such stability is usually not directly obtainable with any of the 1 M 
enei alors previously discussed, with the possible exception of the crystal controlled 

ii i ns I long generator. 

I his stability may be obtained by comparing the output signal of an FM genei ale: 
Hi, , i yslal oscillator in such a fashion that an error signal results if the 1 M cm 1 1. 
,„,i al its specified frequency. This error signal is then amplified and fed back i. 
In- | M generator input with the correct phase to return the FM carrier to its require. 
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^ r : (/) Av'Je - y 5oj*Acu/P)] 
^- v A f ) A',(e ‘ 7 6cu) 

Fig. 11.9-1 Block diagram of frequency stabilization system. 


A widely used frequency stabilization feedback system is shown in block diagram 
form in Fig. 11.9-1. In this figure the output of the FM generator is assumed to be 
of the form 


vU) 


A cos 


to 0 t + Et + yt + A oj 




(11.9-1) 


where co 0 is the desired carrier frequency, y is the frequency shift due to the feedback 
loop, and e is the frequency difference between the actual carrier frequency with no 
feedback and the desired carrier frequency. The FM generator output is mixed with 
a highly stable crystal-controlled oscillator and the difference term is extracted. If 
the crystal-controlled oscillator operates at the frequency co 0 — co d , then the mixer 
output has the form 


r A (0 = C cos 


(a> d + £ + ■/)/■ + Aco 


J'f(0)dO 


(11.9-2) 


The mixer output is then placed through a frequency demodulator (to be discussed in 
Chapter 12) which has the transfer characteristic between instantaneous frequency 
and output voltage shown in Fig. 11.9-1, with the result that the demodulator output 
is given by 


12 (f) = K d [e + y - S(o + Acof(t)\. 


(11.9-3) 
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r )4 ____ 

n reality, the center frequency of the discriminator should be cj d . The term Sco 
.-presents the error in obtaining the desired frequency. This term combines the 
accuracies of the demodulator and the crystal oscillator.) 

The discriminator output is placed through a low-pass filter which is sufficiently 
arrow to remove the /(f)-term from r 2 (f). The filter output is then amplified by 
-/1 0 and applied to the input of the FM generator. To produce a term yt in the 
hase of the FM generator output, the filter output must have the value y/K^ as well 
s -A 0 K d [s\ + y - <5co]; thus 

y= — A 0 K^Kj[e + | — So], (11.9-4) 

here K is the generator constant which relates input voltage to frequency deviation. 


Equation (11.9-4) may be rearranged in the form 


■AqK^KjU: - <3tu) 
1 4- A 0 K K d 


— t: + So) 


1 + 1 


/AqK k Kj 


,1.9-5) 


mm Eq. (11.9-5) it is apparent that, as A 0 K^K d approaches infinity, y approaches 
e + Soj and the resultant net carrier frequency approaches co 0 4 Sox Thus for a 
igh-gain feedback system the final stability is a function of only the crystal oscillator 
lability and the demodulator stability. 

Once one has a high-gain (nonoscillating) system, one has the problem of spread- 
ig (he allowable variations between the crystal oscillator and the frequency demodu- 
uor. If the reference frequency is very close to the desired output frequency, then 
will be much lower than o 0 and a 1 ° 0 detuning of the demodulator will cause a 
inch smaller percentage change in co 0 . 

As we shall see, frequency demodulators can be constructed of quartz crystal 
lining elements; hence, with proper temperature control, stabilities of sc\eral parts 
.cr million are available both from the initial crystal oscillator and from the dis- 
riminator. As an example, consider a case where A 0 K K K d = 100 and where an FM 
cncrator at 20 MHz is used to generate a final carrier at 60 MHz. The stabilizing 
rystal oscillator operates at 5.9 MHz, and this frequency is multiplied by a factor 
if 10 to obtain the reference frequency. (In a practical circuit, multiplication by 
x3 = 9or2x2x3 = 12 would be more reasonable.) The frequency demodulator 
perates at 1 MHz. 

From a modified version of Eq. (11.9-4), 

y = — 100(38 + 3y — — 10 <5 osc oj) 


— 300 ^ ( 100 ^ 
301 £ + 30l ddisc 


1000 . 


I cnee, if the original 20 MHz oscillator has a maximum drift of 1 % or h 
200 kHz), then the final 60 MHz signal has the following "drift 11 terms: 

600 300_ r 3000 , 

M kH + 3oI w +_ 3 oT < 5osc/ 


301 
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• „ ,f ' he . discri ” in! ‘ 10r is “ cura,e “ d stable lo within i"/„ and the 5.9 MHz oscillator 

‘ 5 P " ,S ">“«■>"• th» the final worst-case output variation 
trom 60 MHz should not exceed approximately 

2 kHz + 2.5 kHz + 900 Hz = 5.4 kHz, 

0F 'Tub 10 ° n * part ' n ! ° 4 - In this case a better Cf y stal oscillator would not be of 
lability 6 P ^ ° 0e had faiSed the feedbaCk gain and im P r ° ved the discriminator 


PROBLEMS 

11.1 For the sinusoidal]) modulated FM signal 

r(() = V , cos (a> 0 l + fi sin (u m r), 
a) show that the rms value of t(r) is siven by 


Jim + 2 £ j 2 jp) 

= ^ 

\ - 

(Hint: £ = I) and 

b) determine the amplitude of the significant sidebands for the case where ji = 5 and 
t ] — 5 \ . 

i 1.2 Determine the bandwidth occupied by the phase-modulated signal 

<10 = A cos [a> 0 t + &(f>f(t)] 

for the case where A0 = 5 rad and /(,) = sin 10 5 r. Retain only frequency components 
which are greater than I ° ( > of the unmodulated carrier. 

11.3 A 10 V peak-to-peak FM square wave is generated with a carrier frequency of 14 MHz 
and modulated with a baseband signal which is band-limited to 5 MHz The FM squar’ 

SIT e r2f r0Ugh “ reCta "* uL,r band f ,asi at 70 MHz in order' to 

obtam a TO MHz FM test StgnaJ. The filter BW passes all sidebands greater than i» of 

th unmodulated earner at 70 MHz. Determine the maximum frequency deviation Ihich 
TOMHz'*2,Snal^ ™ W ' th ° Ut ln[roducin g excessive distortion into the 

' U FET^T' 11 Sh 7 n 'l Fi& ' 1P ' 1 ' dete ™ ine an for t-M Assume that the 

t-H has a square-law characteristic in its saturation region. 

11 5 The FM signal 



r (0 — A cos a> 0 t + — sin co m t 


IS passed through a high-g single-tuned filter with bandwidth BW = 2a centred at w 0 . 
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(cos lO 4 0d0) 


Figure 11 -P—1 


Assuming the “quasi-static” approximation to be valid, show that the instantaneou 
frequency at the filter output is given by 

d j Aoj cos w m f\ 

= OJ 0 + A co cos to m t - ^ tan --- • 


For the case where Aaj/co m = p = 5 and Acj/a = i (a set of parameters for which tk 
quasi-static approximation is valid), determine the percentage of third-harmonic distorts 
(relative to Acu) introduced into the instantaneous frequency by the nonlinear pha- 
characteristic of the filter. (Hint; Expand tan -1 0 in its MacLauren series and keep th 
first two terms.) 

11.6 Verify that r(r) = C cos [ f <y,(0) d6 + 0 O ] is indeed a solution of Eq. (11.4-4). 

11.7 For the circuit shown in Fig. 11.P-2, the t = 0 value oft? cl is 100 mV while the t = 0 \ah. 
of v C2 is 0. Determine an expression for v a (t) for t > 0 (cf. Section 8.3). (In practice, ti- 
circuit of Fig. ll.P-2 has a sufficient number of leakage paths to be self-starting. In additi. r 
the oscillation amplitude is limited by the nonlinearity of the drain-source resistance . 
the FET at about 200 mV.) 
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Operational amplifier gainer 3000 

Figure ll.P-2 


11.8 For the circuit shown in Fig. Il.P-3, g 1 has a collector-base capacitance given by C(v CB ) = 
Ac CB 1/_ , where 


A = 15.7 pF v 7 volts. 

a) Show that the instantaneous frequency of the oscillator is given by 


OJi(t) = 


1 

VL[C 0 + C(f)]’ 


where 

C C 

C ° = cfc7 +C °’ c ’o = AV cc ~ l/2 , and C(t) = ~V cc ~ 3l2 V(t). 

b) Determine a numerical expression for v a (r). (In a practical FM oscillator with small 
values of C, and C 2 , most of C 2 would be supplied by the emitter-base capacitance of 
the transistor and thus the physical capacitor C 2 would be omitted.) 

11.9 Verify that Eq. (11.4-14) is the solution to Eq. (11.4-13), 
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Figure 11.P-3 

11.10 Determine expressions for v,(t) and v 0 (t) in the circuit of Fig. 11.5-2 with the following 
parameter values: 

V E £ = Vcc = 15 V, I k o = / kl = 1 mA, l k = 2 mA, C 0 — 0, 

f(t) = cos 5 x 10 2 r, R loss = R l = 5 kfl, r = 
c = C L = 1000 pF, L = L l = 10 ^H, and M = 0.5 *xH. 

All transistors are silicon and identical. 

| |,i i For the triangular-wave FM generator shown in Fig. ll.P^4, determine the instantaneous 
frequency. The Schmitt trigger in the circuit has the followingicharacteristics: 

1) When v 0 (t ) increases upward through +5 V, the Schmitt trigger output switches from 
—10V to + 10V. 

2) When r 0 (f) decreases downward through -5V, the Schmitt trigger switches from 
+10 V to -10V. 

1112 Design an eight-diode wave-shaping network similar to the one shown in Fig 11.6-9(h* 
which converts the output of the circuit of Fig. 11.P-4 into a 4 V peak-to-peak sinusoidal 
FM wave. The time intervals between break points on the output waveform should he 
equal. 
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Figure 11.P-5 
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I I \ Show that ihe FET circuit in Fig. 1 l.P-5 may be modeled as a controlled current source 
. I(r)/ t where 


= g m U)r = 


A u 



l + 


~y~p) 




2/ r 


H/U) \ 

^ r 


provided that 

a) r « 

b) i ,(/) « |F r |, 

c) the FET operates in its square-law region, and 

d) the low-frequency components of i D are shunted to ground by L. 

If C 0 = C = 500 pF, L = 10/*H, r=ia F P = -4 V, V ss = 2 V. l\ = 1 V, \ DD = 10V, 
l nss = 4 mA, and the oscillator limits the output waveform to 4 V peak-to-peak, find an 
expression for the FM voltage across the tuned circuit for the case where/(O = 10V. 

I I I 1 Design an FET oscillator which can be used in conjunction with the circuit shown in Fig. 
I I P 5 which has the numerical values given in Problem 11.13. 

Ills In the circuit shown in Fig. 1 1.7-5, V cc = F £t = = 12 V, \ 2 = 5 V, 1 , = 1.5 V, = 

3 V, = 4.5 kO, R 2 = 3ka R E = 4kO, R c = 2 kfi, r = 47 Q. C, = C 2 = 1000 pF, 
/; > 100, and/(/) = cos 10 4 f. Sketch r sq (r) and find an expression for the instantaneous 
frequency. 


CHAPTER 12 


FM DEMODULATORS 


In broad outline an FM receiver is similar to an AM receiver. Both are normally 
superheterodyne types with RF amplifiers, RF filtering, mixers, and IF amplifiermn 
and fi termg. In the AM receiver the desired output information is earned in the 

in the from , uai ' atl0n fe hence envelope linearity must be maintained not only 
the front end but throughout the receiver. In the FM receiver the desired infer 
mat.on is contained m the variations in the instantaneous frequency; hence in order 
to demodulate the FM signal, one must convert these frequency variations feto 
baseband amplitude variations. 

.i V n ^’^ ll 'n 2 !e[_v, tnost FM demodulators are at least to some extent also capable 
of demodulating AM s,goals. Hence if in the course of passage through the tnn 
mtsston channel or the from end of the receiver, the «mlope of the FM S V„7 
corrupted by notse. fading or filter-induced FM-to-AM convcrsio, hen i 

reTdZir 5be detec,ed ™ d « +* * * w*ss 

of dkr W t e Shal ' See - SOme ™ detectors are more susceptible than others to this type 
distortion. Howeser almost all FM receivers of reasonable quality includean 
envelope amphtude variation removal circuit, commonly called a limber between 
the last IF amplifier and the demodulator. In some practical circuits ’the ratio 
?n ! e ' hmitmg and the demoduIati °n functions become somewhat 

for whhh'ih F ° r £bC SakC ° f mit ‘ a[ unders tanding we shall first study demodulators 
for which these operations are completely separate and independent 

thiS Chapter ° UtlineS the theoreticaI Imitations on 
VMious types of FM demodulators. It then analyzes all the common FM demodu- 

end° n C ' f r h UUS aS VVd 3S sevcra[ usefuI but not y et common circuits. The chapter 

more compi “ de,K,ore that « - - 

12.1 LIMITERS 

The limiter circuit is ideally a zero-memory nonlinear circuit that produces a constant- 
amplitude, constant-waveshape type of output for all its permissible input levels or 
waveshape types. Figure 12.1 1 shows an ideal limiter characteristic- Fig 12 1-2 

shows two practical characteristics. 

of °' “T litUde ' m0d, " a " d ™ Si8nal a PP ,ied >» ">= circuit 

Hg. 12.1-1 Will be converted into a constant-amplitude FM square wave. This 
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1/ 

y,lf) 

t r 2 



- F 2 

v,('0 




Fig. 12.1 -1 Ideal limiter characteristic. 




Fig. 12.1-2 -practical'' limiter charactistics. 


square wave may be applied directly to certain types of FM detectors. In other cases, 
it m;i\ he filtered--the filter must remove the carrier's third and higher odd har¬ 
monics and their sidebands without disturbing the sidebands around the carrier- 
U> produce a constant-amplitude sinusoidal FM signal. In actual circuits, such, 
filters at the outputs oflimiters tend to be designed primarily to satisfy the require¬ 
ments of the discriminator rather than those of the limiter. Normally their band- 
widths are just large enough to prevent signal-induced AM which causes distortion 
at the demodulator output. 

Figure 12.1-3 shows a circuit that might be modeled by the characteristic m 
i ig. 12.1-2(a). To accomplish such a modeling, one replaces the real diodes b\ 
combination of an ideal diode, a battery, and a series resistor. The two output volta r \ 
breakpoints occur when 


v 0 (t) = ± 


L'i(t)R Q 
R: -f Rf 


= ±Vo* 



Fig. 12.1-3 Diode limiter. 
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where V 0 is the diode turn-on voltage. The midsection slope is R HR , p y , 
t e outside section slopes includes r diode in parallel with R 0 . It ^obvious 'tLt^as 

respectTf'b.r ^ ^ HS ^ mpUt driving am P Iitude becomes very large with 
respect to l 0 . the output waveshape approaches a square wave Of course ^ven if 

fe 1S Zer h °’ there ^ no limiting at all if the input amplitude is less than k 

P 0UtPUt Signal fr0m th ' c barac S teristic h of 1 Fig 

^i tic o r l r I ' the f dnVmg Signa ’’ the ° Utput sl °P es for ‘he charac 

2" ot Mg. l_.l-7|a)are always a function of the drive 

bandpass fiber is known exac.fy °“*P“> a limiter followed by a 

-der of lOVo. if proper 

S UC Co C f lara ' :IC i' S ^'''l^abe dwely 

3000 times) into a 1 kP load Figure | ? ,_a g „ . , ° r more ^ reater than 

limber. This unit has a level-shifting emitter-^C^XSi:™ IZt l 
square-wave output which is centered about 0 V If the circuit were j - PP y 
junction with a bandpass filter, the filter would replace R 2 in the collector of O ^ 

sinusoi a signal is required at the limiter output, a bandpass filter 
centered at the earner frequency must follow the nnniino v u ^ 

This filter must have sufficient bandwidth (usualI v BW > 8 A m , Charactenstic - 
charac,eristic remains sufficiently flati„theviciniw of ,*° ,ha * " s 

detail. problems 12.4 and 12.5 consider this point in more 
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Dynamic Limiting 

When a peak envelope detector is placed across a tuned circuit driven by an amplitude- 
modulated current as shown in Fig. 12.1-5, the modulation of the tuned-circuit 
voltage depends not only on the bandwidth of the parallel RLC circuit, but also on 
the R 0 C 0 time constant of the envelope detector circuit. In particular, as was shown 
in Example (10.3-2), if the envelope detector time constant becomes sufficiently large, 
all amplitude modulation is stripped from the tuned-circuit voltage, provided that 
failure-to-follow distortion does not occur. In addition, if ,\(r) is an amplitude- 
modulated FM signal, the amplitude variations may be removed from the tuned- 
circuit voltage while its instantaneous frequency remains identical with the instan¬ 
taneous frequency of /,(r). 

As we shall now demonstrate, even if is an amplitude-modulated FM signal 
the envelope of the tuned-circuit voltage r(f) and the point at which diagonal clipping 
occurs may be determined from the equivalent circuit for the envelope detector 
developed in Section 10.3. At the same time we shall show that the instantaneous 
phase or M<l and r<r) are identical, provided that the bandwidth of the unloaded 
tuned circuit is sufficiently large so that the circuit appears resistive (of value R) over 
the band of frequencies occupied by the FM signal. 

To demonstrate that the results of Section 10.3 remain valid when itt) is an 
amplitude-modulated FM signal of the form 


ii(t) = b(t) cos 


fOgt “1- AlJ 


J\0)d0 


= h(f)cosm 0 r(f), ( 12 . 1 - 1 ) 

we retrace the analysis of Section 10.3. We first assume that Q T for the parallel RLC 
circuit is sufficiently high so that r(r) contains frequency components only in the 
vicinity of a) 0 . Therefore, r(r) may be written in the general form 

l'(t) = g(f) COS COqT i(t). 



cos t*Joi(/)] 

Fig. 12.1-5 Dynamic limiter. 
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Now i! the R 0 C 0 time constant is sufficiently long so that v 0 (t) contains little or no 
i 'Ppl® aiR i if no failure-to-follow distortion occurs, then r o (0 must equal g(t). Also, 
the diode current must consist of a train of narrow' pulses occurring at the peaks of 
thus i n {() may be expanded in a Fourier-like series of the form 

'd(0 = i D oU) + 2i D0 (r)cosw 0 T 1 (r) + ■■■. (12.1-2) 

Since / /M) (0 flowing through an R 0 C 0 circuit must develop r 0 (r) = g(r), g(t) may be 
expiessed as 

g(0 =/ DO (f)*-o(f). (12.1-3) 

uIk u- : ,,(/) is the impulse response of the R 0 C 0 network. In addition, the equating 
nl lhr fundamental FM signal components flowing into the tuned circuit to zero 
lesulls in 


b(t) cos oj 0 t 


gU) 

R 


+ - l DoU) 


COS CJoTjlf). 


(12.1-4) 


11 leic il is assumed that the tuned circuit appears resistive to r(f).] For Eq. (12.1-4) 
i" he satisfied, r,(f) must be equal r(f) and also 


m g(D . ,, 

~Y ~ 2R = ( |2 -! 5 1 


As m Section 10.3 the simultaneous equations. Eqs. (12.1-3) and (12.1-5), ma\ 
lie related to the equivalent circuit shown in Fig. 12.1-6. We note that this circuit is 
identical with the corresponding circuit of Fig. 10.3-5 [except that C = 0. which is a 
direct result of assuming the tuned circuit to be resistive to r(r)J| therefore, the 
envelope g(t) and the point where failure-to-follow distortion occurs may be detei 
"lined in exactly the same fashion as they were in Chapter 10. 

It is now clear from Fig. 12.1-6 that, if C 0 is chosen sufficiently large so thai r 
appears as an ac short circuit over the band of frequencies occupied byithe ac com¬ 
ponent of b(t), then g(t) rises slowly to the dc level 

g(t) = b(t)^Rl~j, (12.1 (■ 



Fig. 12.1-6 Equivalent circuit for determining g(t) and i D0 {t). 
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fflwSW levd ^ Co " seque " tly ' si "“''«')■ *> 


t(0 = cos 


W 0 f + Am 




dO 


(12.1-7) 
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2R 
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prevent failure-to-follow distortion. ° 8r ' at 8 red “ ced olll P u ' amplitude, to 
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to /ft) can be obmhed from'aHmi'^KM 'sign*!'having ei“ of fc tmT''””' 


i(t) = A cos 


co 0 t + Am f(0) d0 




= A cos m 0 r(r) 


or 


f.q(f) = BF 


,:> o l + Am J" f{0)d0 


= b ^[wot(0 ], 


(12.2-la) 


(12.2-lb) 
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Fig. 12.2-1 Plot ofFffi) vs. 0. 
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I here arc only two basic techniques for demodulating [or extracting Jit) Irom 
, | m signal The first technique places an FM modulator in the return branch 
, li-cdhick amplifier. The resultant demodulator, referred to as the phase-locked 
|1M l') makes use of the fact that a feedback amplifier with sufficient gam 
, L in its forward branch the inverse operation of that winch is performed n its 
anch. Since the PLL is somewhat specialized in its operat.on, we shall defer 

Th'eseccffiVandmore general technique for accomplishing FM demodulation is 
.I fi rsl placing the amplitude-limited FM signal through a differentiating net- 

M. 

££^3**2* MS lb. V- or b, r ov,n s il b> 

■ i; s „ . high-pass (capacitive) coupling 

, (icouency demodulator (or discriminator, as it is also called) is shown m ng. 
, , , More'than 99,9 U U of all the frequency demodulators in existence t 
■niploy some variation of the demodulation technique illustrated by the block 


lacram. 



Fig. 12.2-2 Block diagram of the basic frequency demodulator. 

1 o see more quantitatively how the demodulator of Fig. \2.2-2 P« f ° rms |^ u ' 
■leimine an expression for its output when each of the signals given by Eq. ( — ■ 
applied at its fnput. With v(t) applied, the output of the differentiation networ 

ven by 


envelope proportional lot:) ( (0 


w n f + Ac; f(0)dO 


( 12.2 : 


v h (t) = -K d A[cd 0 + Atu/(r)]sin 

,lh ,hc result that the output of the envelope demodulator has the desired form 
v 0 (t) = AK d K m [o ) 0 + Acof(t)] = AK D K, u aMt). I 12 -- 

hcc K„ is the constant of the differentiation network and K*, is the constam ; 
10 amplitude demodulator. On the other hand, with r sq (r) applied, the output ol , - 
illcieiitiation network is given by 


v,(t) = K d B[co 0 + A«/(f)]F 


(Unf + Am 


J” J\0)d 

l„s |oi in is obtained by applying the chain rule when differentiating i’, q (0- 


(12.2 -t 
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where F'(0) = clF(Q)'clO. A plot of F'(0) vs. 0 is shown in Fig. 12.2-3. Here we observe 
that BK d [oj 0 + A o)J(t)] envelope-modulates a high-frequency train of positive and 
negative impulses of area 2; hence, if the envelope demodulator extracts the envelope, 
i\,(() is again given by 


v„(r) = K D K st B[to 0 + Atof(t)l (12.2-5) 

The value of K X1 in this case is in general, but not always, different from K Xf given in 
Eq. (11.2-3), since most amplitude demodulators are waveform dependent. 

It is now apparent that to implement the frequency demodulator of Fig. 12.2-2 
we require a dilTerentiation network and an amplitude demodulator; hence in the 
remainder of this section and in the next few sections the physical implementation of 
these blocks will be considered. Specifically, in the remainder of this section we shall 
consider the theoretical restrictions imposed on the input FM signal when each of 
the three amplitude demodulators discussed in Chapter 10 is employed in the fre¬ 
quency demodulator of Fig. 12.2-2. In particular, we shall obtain a curve of the maxi¬ 
mum permissible deviation ratio D = A ojjco 0 as a function of modulation index 
jS = Ac o/co m for which theoretically undistorted demodulation of the input FM signal 
is possible. 

We shall then, in subsequent sections, consider the three different ways in which 
the differentiation network can be realized or closely approximated. For each of 
the three cases we shall first obtain the theoretical limits on the operation of the 
differentiator and then proceed to implement it with a physical network. We shall 
then combine the differentiator with one of the amplitude demodulators discussed 
in Chapter 10 to obtain a complete frequency demodulator. 

Nole 1 h;iI, since there are three basic methods for envelope demodulation and 
three basic ways to make a differentiating circuit, there are nine different frequency 
demodulators of the form show r n in Fig. 12.2-2. We shall explore only the most 
practical of these and leave the study of the remainder to the interested reader. 
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chronous Detection 

accomplish the synchronous detection of a differentiated FM signal we multiply 
i given by Eq. (12.2-2) or Eq. (12.2-4) by the undifferentiated FM reference signal 
! sin [oj 0 t + A co$ l f(0)d0] y as shown in Fig. 12.2-A, and pass the resultant signal 



nigh a low-pass filter Where v h (t) is given b> Eq. (12.2-2) and the input 1 M signal 
nusoidal, the multiplier output of the synchronous detector has the form 

Hnl(f) 


r m (0 = + AK d K m [(d 0 + A ojf(t)] 


Urn llO 


AK d K m [u) 0 + Aa>/(r)]cos 


2w 0 f + 2Aco J f(0)d0 


, ( 12 . 2 - 6 ) 


■re K m = KVJ2. The multiplier output contains a low-frequency component 
!) and a high-frequency component v m2 (t\ as is shown in Fig. 12.2-5. If the spectra 
lese two terms do not overlap, then v ml (f) may be extracted by the low-pass filter 
wn in Fig. 12.2-4 to yield 

r 0 (r) = AK d K m [o) 0 + A cof(t)]* h L (t% (12.2-7) 



Fig. 12.2-5 Spectrum of r m (f) plotted vs. co. 
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where h L (t) is the impulse response of the low-pass filter. If the filter is sufficiently 
flat at H l ( 0) = 1 over the band of frequencies 0 < to < o m . then Eq. (12.2-7) simpli- 
fies to the desired form 


= AK d K m [co 0 + Acof(t)]. (12.2-8) 

The ability to separate t ral (t) from t m2 U) by filtering places a theoretical limit on 
the maximum values of Aio and tu„, relative to «„ which can be demodulated by fol¬ 
lowing the differentiation network by a synchronous detector. As we shall now show, 
these limits can be expressed as a plot of the maximum permissible deviation ratio 
D = Aw/w 0 versus /i = Aco/io m . We shall obtain a similar plot for Lhe average 
envelope detector and the peak envelope detector which will indicate that synchronous 
detection permits the largest possible deviation ratio for any given value of /?, 

lo determine under what conditions the spectral components of l m fw) do not 
overlap, we note that the upper spectral component I^,(£u) is the Fourier transform 
of the product of w 0 + Ar/(r) (which is band-limited to cuj and an FM sianal cen¬ 
tered at 2w 0 with a frequency deviation Aw, = 2 Aw. a modulation index/h, = 2/J, 
and a bandwidth B\V,. Since multiplication in the lime domain corresponds to 
convolution in the frequency domain, the spectrum of i;,,(w) has a bandwidth or 
BVV, + 2fj„.i Therefore, separation of r mI (r) front by filtering is possible 

provided that 


or equivalently. 


BW, 


+ - C 


< 2w 0 . 


A to 1 

— <- 

w 0 1 BW 2 

/? + 2 Aw, 


= A,. 


(12.2-9) 


( 12 . 2 - 10 ) 


kor any value of /f a conservative estimate of BWj/2 Aro, can be obtained from Fig, 
1 1-1-4: thus £> mj „. the maximum deviation ratio for which synchronous detection (or 
any form ordeteclion, for that matter) is possible, mav be plotted as a function of /i 
For example, ir fi = 5. then & = 2£~10 and' BW,/Am, = 1.4. Therefore 
°nm = 0.625. 

A plot or vs. />’ for the synchronous detector is shown in Fig, 12,2-6. As 
(i cn. * 1 * hence the curve has a known limiting value. If the input FM 

signal has a modulation index (i and a deviation ratio D which determine a point ]yin« 
under the curve of Fig. 12.2-6, then it is possible to demodulate it with a frequency 
demodulator employing a synchronous detector. However. If the point lies close Lo 
the curve, the complexity of the filter at the output of the synchronous detector will 
increase significantly. 


t Convolution of two band-limited spectra produces a spectrum which is also band-limited 
with a bandwidth equal to the sum of the two original bandwidths. 
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I'Ij;. 12.2 A Plot of D m . dX vs. [S for which synchronous demodulation of an FM signal is possible. 

l-oi the case where r fc (f) given by Eq. (12.2^1) is applied to the synchronous 
do l eel or, the effect of multiplying F[«o T (0] by - sin w 0 i(f) is the conversion of the 
tinui ol alternating positive and negative impulses into a train of all positive impulses. 
However, since this full-wave rectification can be performed in a more straight- 
l<>i ward fashion with diode networks, synchronous detection is not employed in 
conjunction with hard-limited FM signals. 

To develop the reference signal for the synchronous detector, the input FM signal 
may be placed through a network which shifts its phase by n/2. Another method. 

I Ik one most often used in practice, is to shift the output of the differentiation network 
In n/2 and use the undifferentiated input FM signal directly as the reference. 

Average Envelope Detection 

Alien r h (t) given by Eq. (12.2-2) is placed through an average envelope detector of the 
oi m shown in Fig. 10.1-6, v a (t) may be written as the product of r b (t) and a switching 
unction .S'im( 0 which is a unit amplitude square wave similar to the one shown in 

10 I 7 except that it is periodic in r(f) rather than t. Thus S FM (t) may be expanded 
n a Fourier series, with the result that i- u (/)may be written as follows (cf. Eq. 10.1- I 1 1 

r.ltf) 

K A |-- A --- 

J«»i» + Atu/(/)] + —[to 0 4 Arrj/'U)] sin m 0 r(t) 

4 higher harmonic AM-FM signals. (12.2 11 

11 (■„,(/) can be extracted from r fl2 (r) by the output filter of Fig. 10.1-6, then 

F(0 = '—-["o + Act/(f)]* h L (t). (12.2 I ; 

n addition, if the low-pass filter passes f(t) in an undistorted fashion, ;„(/) simplirj 

■ » lli$ ilcsiiccl form 

= K\ t K D A[co o 4- A toj (t)], (12.2 I 

line K iW //JO)/*. 
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In this case, in order to separate r al (0 from i a2 {t) by filtering, the spectrum of 
the amplitude-modulated FM wave centered at Ct 0 with a bandwidth BW, + 2 « 
where BW, is the bandwidth of the input FM signal) must not overlap with ht low" 
SST 1 m "*** <* To ensure ,his s^ra'icn! we 

- BW, 

4 -y- < <w 0 . (12.2-14) 

or equivalently, 

D ~ 2 BW/ (12.2-15) 

P + 2”Am 

Wnh the aid of Fig. 11.1-4, Z) max may be plotted as a function of /?, as shown in Fig 

lines'in h ^ ^ ^ (which is with dashed 

g. — ), we observe that, since the synchronous detector “ripple" term 

“^ at 2 2° Whi,ethe detector ‘Tipple" term is cemcred 5only Z 

, ync ronous detect or is less restrictive on the parameters of the input FM signal 
han is Che average envelope delenor. However, if the parameters S »3 

detection mavT * T ’?* “" d “ <"'« <* >2.2-7. average envelope 

> e employed instead of the more complex synchronous detection. 



e F n™!o“e'd 7 ete'i'“r 0r ' > "" ” '' d ' mod “ la “" of “ ™ is possible with an average 

of F,ria^’S;, C h n as y ,h E e^m 2 ^ ^ '- dpd d — 

^ K d B[o )o 4 Aw/(t)]/- p [cu 0 T(t)], (12.2-16) 

th«7hC'h!ir S Sh ° Wn '"T’- l2 4 a TojoI ion (122-16) is a direct result of the fact 
imputes from7m aVer ‘ 8e e " Vel0Pe dMCl ° r rem ° VdS ,hd 
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Fig. 12.2-8 Plot ofF p (fl) vs. 0. 

11 is apparent that Fp[c« o T (0] may be expanded in a Fourier series in w 0 r(f), 
line the average value of the series is given by 1 /n\ thus the low-frequency com- 
meni ol rj/) has the form (K d B’ti)[cj 0 + A cjf(t)]. If this component of t„(f) can 
e sepaialed from the fundamental AM-FM signal component of v a (t) by the output 
>u pass lilter, then 

r„(f) = — K + Acofd)]* h L (t) (12.2-17) 

71 


v o (0 = K d K„B[( 0 0 + A (12.2-18) 

Ik* re K st = H l (Q)/k for the case where h L (t) passes f(t) undistorted. It is interesting 
> nuic that K u for the average envelope detector is the same for both impulselike 
id sinusoidal inputs. 

Again in this case, to ensure the validity of Eq. (12.2-17) or Eq. (12.2-18), the 
na 1 1 urn of f\t) must not overlap with the spectrum of the component of v a {t) centered 
1 his requirement is, of course, identical with that which ensures the separation 
I r (1 ,(/) from v a (t) given in Eq. (12.2-11); hence for an unfiltered FM signal the curve 
I 1 ig. 12.2 -7 again determines the maximum value oFthe deviation ratio for an\ 
Ivcn ft for which average envelope detection may be employed in the frequency 
emodulator. 

If a full-wave rectifier replaces the half-wave rectifier of Fig. 10.1-7, the output 
mphiude is, of course, increased by a factor of 2. More important, however, as the 
ltcicsied reader should verify, the D max -vs.-/? curve becomes identical to the one 
blamed with a synchronous detector. The basic reason for this is that with full-wa\e 
a iiheation the component of v a (t) centered about co 0 is reduced to zero. 

eak Envelope Detection 

peak envelope detector either greatly distorts a train of narrow pulses or function^ 
.a iiinilv as an average detector when such pulses are applied at its input; hence 
is seldom employed in the frequency demodulation of unfiltered square-wave FM 
ignals 
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On the other hand, when the limited FM signal is band-limited and has the form 
given by Eq. (12.2-la), the peak envelope detector may be employed. However, 
when it is employed, as we recall from Sections 10.3 and 10.5, the carrier frequency 
must be much greater than cu m , usually by a factor of 100 or more, for its correct 
operation (i.e., to keep the ripple small and to prevent failure-to-follow distortion). 
For the case of FM signals it is the instantaneous frequency cu,(r) rather than the carrier 
frequency which gives rise to ripple at the detector output; hence, when the peak en¬ 
velope detector is employed in the frequency demodulator, we must require 

K'WImin = ®0 - ACO > 100oj m , 

or equivalently, 

D <-^-, 

100 + p 

A plot of D mJX = /V(J00 4- ft) is shown in Fig. 12.2-9 along with the plot of Fig. 12.2-6 
(dashed lines) on the same set of coordinates. Again we observe that the synchronous 
detector is far less restrictive on the parameters of the input FM signal than is the peak 
envelope detector. Since D nvix —> 1 as ft —■> cc for all three amplitude demodulators, 
it makes little or no difference theoretically which envelope detector is used where 
the modulation index is high. Simplicity of construction in practical circuits usually 
dictates the use of the peak or average envelope detector in place of the synchronous 
detector. 


(12.2-19) 

( 12 . 2 - 20 ) 



Note that, if the FM signal has been distorted somewhere in the system prior to 
the demodulator, for example by a limiter, and then filtered to reclaim r(f). D max 
must be low r er than the top curve of Fig. J 1.2-3. However, since this filtering curve is 
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.. icsliictivc than the amplitude demodulator limiting curves on D max given in 

Igs 12 2 6 and 12.2-7, D is normally limited by the bandpass filters in the system 
mil noi by the amplitude demodulator in the discriminator. 

1 o pul things into proper perspective, one should recall that ordinary entertain- 
iu:ni iv pc I 'M broadcasting has A/= 75 kHz and/ m = 15 kHz and uses an IF of 
l) / Mil/. Hence D max = 0.0070 and /) = 5. Thus a well-designed peak detector 
v 111 never pose a problem for such a system, since D„ ldX can never occur with /? less 
ha 11 5. however, Eq. (12.2-20) is satisfied down to P = 0.7. 

(July in special wideband systems will the restrictions of this section become im- 

>Ol 1,1 111 


IM DIRECT DIFFERENTIATION— 

1111 ( I AKKK-IIKSS FREQUENCY DEMODULATOR 

I In iv methods exist by which the differentiation of a signal may be accomplished: 


I I) 11 ccl differentiation. 

I 1 icqucucv-domain differentiation, 
l 1 ime delay differentiation. 


In this; section and in subsequent sections each of these differentiation methods is 
nu-siiLMtcd theoretically, implemented practically, and combined with a practical 
n\*{'hi |>5 d(Steelor to yield a frequency demodulator (or discriminator) of the basic 
oi in shown in Fig. 12.2-2. In this section we consider the direct differentiator. 

A dn eel differentiator is a device which performs the operation of differentiation 
;\,M I |y and thus places no theoretical limitations on the signal at its input. When such 
I dev lee is employed in a frequency demodulator, all the limitations on the incoming 
I M signal arise from the amplitude demodulator. An example of a direct differentiator 
would be a circuit, emplo>ing a single capacitor C, for which the input is the capacitor 
vullage and the output is the capacitor current. 

A frequency demodulator employing a capacitor as a direct differentiator and 
emplo> ing an average envelope detector of the form shown in Fig. 10.2-5 is illustrated 
in 1 ig 113 I. A model for the circuit of Fig. 12.3-1 in which both D and the emitter- 
tase junction of Q are modeled by ideal diodes in series with batteries of value V 0 is 
shown m Fig. 12.3-2. For proper circuit operation, V 0 must be small in comparison 
with the maximum value of u^t) (as we saw in Section 10.2); i.e., germanium diodes and 
iiansisUus should be employed. Hence in the following analyses we assume V 0 * 0 

Wiih \*a ^ 0, the two ideal diodes in parallel are indistinguishable from a short 
uu ml; thus the capacitor voltage is given by 


< c (f) = r f (0 - F cc , 

w iih 11 k icsult that the capacitor current has the form 

dv t {t) 


hit) = C- 


dt 


(12.3-1) 


(12.3-21 
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-DifTerentiutor Half-wave 
■ ; rectifier 


Low-pass filter 


ru 


Q 


h u 'i 




D 

1 —KH» 




■*n 


T . 


: Q i-J/i 


Fig. 12.3-1 Frequency demodulator employing a direct differentiator and an average envelope 
detector. " K 


PlinHnc lie'll 



Fig. 12.3-2 Model for the discriminator of Fig. 12.3-1. 


7he capacitor current is a direct derivative of v t (t ) with the differentiation constant 
— C. (In practice, a finite generator impedance term and a finite diode and 
transistor loss term combine as r £ to make the differentiation approximate instead of 
exacg II w Q Ov < 0.1. then the operation is within I % of pure differentiation. If 
r E = 50 n and ro„ = 10 rps. then C must be less than 200 pF.) 

II i',U) - t(r), where r(f) is given by Eq. (12.2-hi), then 


'i(f) = 


AC[iOj(t)] sin 


a) 0 t + A co 


m de 


(12.3-3) 


Only the positive half of t,(f) flows into D 2 ; hence i E (t) is a half-wave rectified version of 
M0- The average value of this rectified waveform is extracted by placing ai £ (£) through 
the R 0 C n low-pass filter. Consequently, if D = Ai-j/w 0 and /J = Aa)/to m for r(r) 
determine a point below the curve of Fig. 12.2-7 and the low-pass R 0 C a filter extracts 
the low-frequency component of a/ f (r), then fjr) may be written as follows (cf Eq 
12.2 12 ); 

„ ,,, _ xACcofa) * h L (t) 


n 


(12.3-4) 
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where fi,({) is the impulse response of the low-pass filter. For the case where the 
liliei passes = co 0 4- Aajf{t) in an undistorted fashion (the filter is fiat for 
0 < < rr> M1 ), Eq. (12.3^4) simplifies to the desired form 


Vo(t) 


aACR o 
-aji(t) 


qcACRq 

71 


[co Q 4- A cof(t)]. 


(12.3-5) 


A plot of versus is shown in Fig. 12.3-3 for this case. From the figure we 
observe that the output voltage is linearly related to co^t) up to the frequency for 
which r„ = V cc 4- V 0 % V cc and Q saturates. For any given the slope of the 
characleristic shown in Fig. 12.3-3 must be chosen sufficient^ small so that Q does 
not saturate For example, if/I = 10 V, ifco f (0 = 10 8 [1 4- rad/sec, if C = 50 pF, 

and if I, ( = 15 V, then R 0 must be chosen less than 


nV Ci 


aACco im ^ 


(3.14) (15) 

(50 x 10' l2 ) (1.5 x 10 s ) (10) 


628 0. 



I ; i^. 12.3 3 Plot of the discriminator characteristic for the frequency demodulator of Fig. 12.3 l 

Clarke-Hess Frequency Demodulator! 

I lie fircuit shown in Fig. 12.3-2 functions best when A co is a reasonable fraction of o h 
However, when A co « cu 0 , significant advantages over the circuit of Fig. 12.3 2 
icsuli when a balancing branch, which reduces v a to zero when co ( - = o> 0 , is added to 
the basic frequency demodulator. A circuit containing such a branch is shown in 
Fig 12 3 4. The balancing branch in the circuit subtracts a term proportional to 
lhe input envelope from u y (0- In particular, if V 0 ^ 0, a term of value aAR 0 zK 
(ef Eq 10.2-11) is subtracted from the output, with the result that v 0 (t) takes the form 


v 0 {t) 


aACR 0 

71 


oJq 4- Ac of ( t ) 


1 

RC 


(12.3 f 


I K K. Clarke and D. T. Hess, “Demodulator for Frequency Modulated Signals,” U.S. Pate: 
* M >W3, December 13, 1966. 
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However, if 1 /RC is adjusted to equal co 0 , then v a (t) simplifies to 


t u U) = 


x ACR,^ 




(12.3-7) 


C 



The transfer function of c 0 (t) given by Eq. (12.3-7) vs. A cqf(t) is shown in Fig. 12.3-5. 
Here we observe that v,, is linearly related to Aojf(t) provided that neither g, nor g, 
saturates. 

The advantages of balancing out the carrier component from the output by 
choosing RC = l/cu 0 are numerous. First, the balancing suppresses small amplitude 



Fig. 12.3-5 Discriminator characteristic for the Clarke-Hess frequency demodulator 
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mii;iiions which might sneak by the limiter. For example, if 

A = A 0 [l 4- e(0]' 

whne |j;U)| 1 is a small disturbance on the envelope A, then at the output of the 

i iK iiit of 1 lg. 12.3 4 

r„(f) = ——[ Acj/(f)[l + fi(f)]J- ( 12 . 3 - 8 ) 

7t 

lli-ii- m' see that ii corresponding small disturbance appears at the output which 
dec leases in direct proportion to /(f). On the other hand, with A = A 0 [ 1 + e(r)]. 
I lie i ml pul of the single-ended circuit of Fig. 12.3-1 is given bj 


A / P 

i JM = —--~[m 0 Am/{f) + m 0 e(r) + Am/(fk;(f)] 


zA 0 CR 0 coo 


1 + — /(f) + e(f) 

OJ 0 


(12.3-9) 


In tins ease the output disturbance is independent of j (f) and, if A co/co 0 is small, the 
distm bance might easily dominate f(t) For this reason alone, almost all high-quality 

I M demodulators are balanced in some fashion or another. [Note that subtracting 
a constant which is independent of A from the output does not produce the same 
clka I as balancing, even though v Q (t) = 0 for m,(r) = a j 0 .] 

I he balancing branch also provides a means of developing an error signal for the 
auiomatte frequency control (AFC) in an FM receiver or the frequency stabilizing 
i until of an FM generator. If \/RC is adjusted to equal oj 0 (which is usually the 
i on i cm 1 1 cquency of the IF strip in an FM receiver) and the FM signal passing through 
ilu- 11 ship drifts in frequency by <5m, then the output^of the circuit of Fig. 12.3-4 is 
given by 

v 0 (t) = “^-^[Ar of(t) + a-4 (12.3-10) 

71 

II I jt) is placed through a sufficiently low-pass filter to remove the f(t) component, 
i e . (lie demodulated signal, then the filter output contains a dc signal directly pro- 
puiiional lo the frequency drift. This signal can then be amplified and applied as a 
Ireqiicik v control to the local oscillator (which in this case is an FM generator) to 
i elm n i he mixer output signal to the center of the IF strip. 

I lin'd, balancing permits us to increase greatly the sensitivity of i 0 (t) to /(/). 
As I ail be seen from Fig. 12.3-5, the slope of the A (»f(t)-p 0 U) characteristic can be 
iih leased lo the point where variations in f(t) between + 1 and — 1 cause cor- 
iespond mg variations in v 0 {t) between + V cc and — V cc \ that is, a slope of V cc Am 
is possible On the other hand, without balancing, the characteristic of Fig. 12.3 3 
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prevails. This characteristic can have a maximum slope (without saturating the 
transistor) of 


1 ct _ Vcc 
Minus OJ o + Am' 

Thus with balancing the sensitivity may be increased by a factor of 


+ Am 
Am 


= 1 + 


m n 


A m’ 


which is quite significant for most practical circuits in which m 0 » Am. 

Example 12.3-1 Choose values for the various components in the circuit of Fig. 
12.3-4 such that the circuit produces a 2 V peak-to-peak output wffien driven by an 
FM signal of the form 

i'i(t) = (10 V)cos [ 10 7 f 4- 10 5 f cos 2 x 10^]. 


The available power supplies are + F[ T = + 12 V. 

Solution . We first note that m 0 = 10 rad sec. Am — 1 (V rad/sec, and m w = 2 x 10 4 
rad/sec; thus ji = 5 and D = 1/100. Therefore, since D and ft determine a point w'ell 
below r the curve of Fig. 12.2-6, we observe that demodulation is possible without 
requiring an elaborate output low-pass filter. 

We next select two germanium transistors and two germanium diodes with 
frequency limits well above 10 MHz. In addition, w r e select R = 5 kD as a compro¬ 
mise between a large output signal and an increased value of V 0 . As w r e saw in Section 
10.2, a small value for R increases the effective size of V 0 . On the other hand, a large 
value of R decreases the sensitivity of the demodulator. 

With R = 5kQandm 0 = 10 7 rad/sec we obtain C = l/co 0 R = 20 pF. To obtain 
a 2 V peak-to-peak output signal, the slope of the characteristic of Fig. 12.3-5 must be 
adjusted to equal (1 V)/10 5 rad/sec; thus R 0 must have the value 


R 


o 


1 V 71 

10^ rad/sec a AC 


157 kQ. 


In addition, to pass the modulation information, R 0 C 0 must be less than or equal to 
1 jco m . If we choose R 0 C 0 = l/m,„, then C 0 = 318 pF. (Actually, for this value of 
R 0 C 0 the output baseband signal suffers a 3 dB attenuation. To avoid this attenuation 
C 0 must be reduced; this leads to an increase in output ripple.) 

Finally, a choice of C\ 2000 pF ensures that the coupling capacitor is an 
effective short circuit in comparison with R at the carrier frequency (A' c = Rj 100). 

If an FM square wave is applied to the frequency demodulator shown in Fig. 
12.3-4, the circuit functions in exactly the same fashion as it did for a sinusoidal FM 
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signal, provided that RC is readjusted so that 

RC = n/2to 0 . (12.3-11) 

As was pointed out in Section 12.2, when an FM square wave is placed through a 
dilleientiator and an average envelope detector, the output is identical with that 
produced by a sinusoidal FM signal with the same amplitude. Hence the contribution 
lo r„(0 from the upper branch of the circuit of Fig. 12.3-4 is unchanged when an FM 
square wave is applied. On the other hand, when an FM square wave of amplitude B 
is applied to the balancing branch of the demodulator, a component of value BRJ2R 
is subtracted from r 0 , as the reader should verify. Thus, with an FM square wave 
applied to the frequency demodulator of Fig. 12.3-4, r 0 (f) is given by 


l'o(t) = 


olBCRc 


co 0 + AojJ\t) - 


2 RC 


wInch ieduces to 


Vo(t) 


zBCRq 

71 


A cof(t) 


(12.3-12) 


(12.3-13) 


piovided that RC = n/2co 0 . Clearly, v 0 (t) given by Hq. (12.3-13) is identical with 
i J/) given by Eq. (12.3-7) for the case where the FM square wave and the sinusoidal 
I M signal have the same amplitude. 

With a square-wave input to the frequency demodulator of Fig. 12.3-4, a much 
larger ripple component appears at the output than with a corresponding sinusoidal 
input. This is a direct result of the narrow current pulses of area 2BC which flow 
through the upper branch of the frequency demodulator into the output capacity; 
( 0 In particular, the ripple on v a (t)kom this component alone has a value ot2BCjC 
(>f course, this ripple can be removed by subsequent stages of filtering; however. i; 
still adds directly to r 0 (f). This direct addition limits the maximum amplitude of th 
signal component of i; 0 (r), since the signal plus the ripple must not saturate the 
transistors of the demodulator. In particular, the maximum signal component o 
rj () must be kept less than V cc + V 0 — 2BCjC 0 . 

I n the practical circuit the finite value of r T caused by the generator and transisto: 
diode impedances will cause the "differentiator” branch current pulses to take iK 
shape of decaying exponential pulses of initial amplitude 2B/r z rather than impulse 
ol infinite amplitude. In either case the pulse area will be 2BC. In the practical c\o. 
one must make sure that 5r z C is smaller than a half-period of the highest instantanei' 
Irequency f 0 + Af in order that the pulse caused by one step is completed before if. 
ue.xl step occuis. This requires that 


10(/o + A/W 


(12.3 U 
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12.4 FREQUENCY-DOMAIN DIFFERENTIATION—THE SLOPE DEMODULATOR 

A frequency-domain differentiator is a linear network whose transfer function 
H(jat) has a linearly sloping magnitude over the band of frequencies occupied by the 
input FM signal. Such a network, as was shown in Section 11.3, functions as a 
differentiator and converts variations in the instantaneous frequency at its input to 
envelope variations at its output. For example, if the network has the transfer function 
shown in Fig. 11.3-2 and if i(r) given by Eq. (12.2-la) is applied at its input, the net¬ 
work output is given by (cf. F.q. 11.3-20) 


,, 1 1 \ /'^(f - f 0 ) - COj 

i b (t) = A --cos 


CO. 


co 0 t + A to 


f(0)d0 + 0(m o ) 


(12.4-1) 


Hence at the output of the amplitude demodulator following the frequency-domain 
differentiator w r e obtain 


r 0 (f) = AK D K u \_co 0 - co! 4- A cof(t - f 0 )], (12.4-2) 

where K u — 1 /m t is the slope of the \H{ j(o)\-vs.-oj charact eristic and K yi istheconstunt 
o! the envelope demodulator, ft is apparent that a frequency-domain differentiator 
followed by an amplitude demodulator does indeed produce a signal proportional to 
fit) [lo be more precise, f(t — f 0 )]. 

Howe\ci, because most practical filters have linear characteristics only over a 
narrow band ol frequencies, a frequency demodulator employing a frequency-domain 
differentiator is best suited for FM signals for which the deviation ratio is small 
This frequency restriction also prevents the demodulation of an FM square wave 
(which lias frequency components in the vicinity of tu 0 , 3w : &f 5w 0 , etc.) unless the 
square wave is first filtered to extract its fundamental FM component. This filtering, 
in some eases, can be accomplished by the differentiation network itself. 

The simplest practical implementation of the frequency-domain differentiator 
is a parallel RLC circuit which is tuned so that the input FM signal is centered on the 
sloping portion of the transfer function. Figure 12.4-1 illustrates such a circuit 
followed by a peak envelope detector to form a "slope" demodulator. 



Fig. 12.4-1 Single-ended slope frequency demodulator. 
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II'we assume initially that R 0 » K and C 0 « Cm that the envelope delator does 
load the tuned circuit, that Aw and w„ have appropriate values, in comparison 
It \Uv parameters of the tuned circuit. Tor the "quasi-static' approximation o\ 
lilt to be valid (we shall check these assumptions), that r,u) = /i cos [w 0 ( + 
l ioitlO]. and that D and jS for the input FM signal determine a point below the 
wot I it: 12,2 K. then the envelope variation in r(f), which appears as r„(f). is given 

v„U) = I i\Zi yljcOiU)]] 

= /i|Z 11 [./w 0 + jAujJ\tj]\. (12.4-3) 

civ /,,(/>) is the input impedance of the parallel RLC circuit. Figure 12.4-- 
m is this transfer characteristic which relates w,(f) and t 0 (f). 



Fig. 12.4-2 Transfer characteristic relating w,(r) and ijt). 


l o design a slope demodulator we must select values for the center frequent 
and the hand width BW of the tuned circuit of Fig. 12-4-i In general, we choo- 
parameters to achieve the largest possible output signal which is linear I 
filed to v>^l). To see how this choice can best be accomplished, vve expand \Z t d )• 

;i I aylor series in co about cu 0 : 


|/[!( jco)\ = \Z ll (jto 0 )\ + \z u (joj 0 )\{co co 0 ) 

(to — O»o) 2 r • _ OJ 0^ , MU 

+ IZnOwoF--2!^ + |Zll(7Wo)l *—3!- + (U * 4 


i ■ apparent that maximum linearity is achieved if oj c is chosen such that \Z l{ (jn < 
ul as many subsequent derivatives oTlZ.UMl*. as possible are zero. 1! 
mdwidth is then chosen as narrow as possible to maximize |Z n tM>)l - [ A Sll1, ‘ 
Mulwidtli steepens the skirts ar|Z„tM and thus increases its slope.] However 
n.dl bandwidth also-increases the size of the first nonzero derivative of|Z tl (>j)l 
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thereby increasing the nonlinear distortion for a fixed Aca The permissible distortion 
puts a limit on the minimum value of the bandwidth. 

If Q T for the parallel RLC circuit is greater than 10, then \Z ll {jco)\ can be closely 
approximated by (cf. Eq. 2.2-9) 


\Z(M = 



(12.4-5) 


where a = 1/2 RC = BW/2 and oj c — 1/ x / LC. For this case 


\Z[ i(yto 0 )| 


- RQ 

a(l + H 2 ) 3 2 ' 


\Z iX {jco 0 )\ 


I Z^tioJoY' 


R(2Q 2 - 1) 
a 2 (l + Q 2 ) 5 2 ' 

- 3K(2Q 3 - 3Q) 

* 3 0 + n 2 ) 72 


(12.4-6) 


where Q = (to 0 — to c ) x It js apparent that \Z { i(7 cd 0 )| " = 0 provided that Q 2 = j or, 
equivalently, that 

oj l = co 0 4 2 (12.4- 7) 

The plus term of Eq. (12.4-7) corresponds to operation on the low'er skirt of | Z l]L (ja))\, 
while the minus term corresponds to operation on the upper skirt. With fi 2 = 4, 
none of the higher derivatives of \Z { i(/aj)| (w=t!Jfj may be set equal to zero. In addition, 
with Eq. (12.4-7) satisfied. 


\Zn(joj 0 )\ — y/$R, 


2 R 

\Z l l(jOJ Q )\ = ± r~ * 

j x /3a 


\Z n (joj 0 )\ 


+ 


6 R /2\ 3 


hence, v 0 (t) may be w r ritten (on the assumption that the quasi-static approximation is 
valid) as 


v„(t) = /i|Z u [)w 0 +jAa>f(t)]\ 




(/ 

Acof(t) 


(X 


+ ■ ' 


(12.4-8) 


Now 7 , if 2Ato/3a < 0.04 or, equivalently, BW >100 Ato/3, then the third term of Eq. 
(12.4-8) is less than 1 % of the second term for all /(f), and thus v Q (t) varies reasonabl} 
linearly with /(f). Specifically, if the bandwidth is chosen at its minimum value 












































s% 


i m demodulators 


12.4 


liW l(X) Aoj/ 3, then v 0 (t) is given by 


v„(t) = I { R 


■V 3 


1 + 


m ' 


( 12 . 4 - 9 ) 


As we saw in Section 11.3 the quasi-static approximation is valid for the single- 
tuned circuit provided that (cf. Eq. 11.3-17) c 


1 / Aw' 2 

^ hr 


«i. 


lor the circuit just considered, (Aw/a) 2 = 0.0036; hence, for any value of B greater 
Ilian 0 36, b 


2/Aw' 2 

P hr 


< 0 . 01 , 


(lie validity of quasi-static approximation is ensured, and thus Eq. (12.4-9) provides 
an accurate expression for r„(r). 

Once w 0 . Aw, and w m for the input FM signal are known, the parameters of the 
tuned circuit can be selected. For example, if w 0 = 2 tt( 10.7 MHz), Aw = 2Tr(75kHz) 
and w„, = 2n( 15 kHz)(commercial FM). then BW = 100 Aw.'3 = 2 tc(I. 5 MHz) and 

a BW 

= w 0 + (o 0 + -—j= = 2tt( 1 1.23 MHz), 

with the result that Q T = w,/BW = 7.5. If, in addition, R = 10kQ and /, = ] m A 
then C = 1/(BW)/? = 6.7 pF, L = 1/w c 2 C = 12 /<H, and 

r„(f) = (8.15 V) + (0.23 V)f(t) 

(/>' Aw/w„, = 5 ensures the validity of the quasi-static approximation). 

Itnlanced Slope Demodulator 

As was pointed out in Section 12.3, single-ended demodulators are virtually never 
used if Aw/w 0 is small, because of their high sensitivity to envelope variations on the 
input signal. Consequently, to make the slope demodulator less sensitive to envelope 
variations at its input, a balancing path must be in trod uccd. A balanced slope demodu- 
Inlor which not only produces zero output for w, = w 0 but also has an increased 
linear operating range is shown in Fig. 12.4-3. For this circuit, balancing is achieved 
b> taking the difference of the output voltages of two single-ended slope demodulators, 
one tuned above w 0 and the other tuned below w 0 by a similar amount. 

If again we assume that the envelope detectors do not load the tuned circuits, 
that the “quasi-static” approximation is valid for determining the voltage across 
each tuned circuit, and that i,(r) is given by 


w ( jf + Aw 


J 7 «» 


dO 


i,(t) = 1 1 cos 


( 12 . 4 - 10 ) 
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Fig. 12.4-3 Balanced slope demodulator. 


then for the demodulator shown in Fig. 12.4-3 
l 'M) = ('„,(/•) - c o 2 (t) 

= Ml^ut/Vn, + ./Aw/'(0]li - \Z n [jw + jAcoJ(t)\\ 2 ) 

= I i\Z r [jcj 0 + /Aw/V)]|, ( 12 . 4 - 11 ) 

impedanee^of the' paraded ^and R & L ^ anc ^ Z “ ( ^ are th e input 

characteristic now bating r, ( r) and ^ ^ 

two ^ndivadlm/d^nict'er^Ucr^hoVn^^^i^^^^are 

combine in such a way as to form a - Dive 'n , correctI > adjusted, they 
ay to torm a t 0 (f)-vs.-w,.(i) characteristic which has odd 



Fig. 12-4-4 Transfer characteristic relating w, (r) and r„(r) for the circuit of Fig 12.4,3 
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.yinmetry about <u 0 . Thus if \Z r (joj)\ is expanded in a Taylor series in to about o; 0 , 
lie even terms vanish : 


|Z 7 (/V/j)| = \Z T {jaj 0 )\'(oj - 0J 0 ) + \Z T (joj 0 )\ 
+ \Z T (jco o r' 


„(w - t’Jp ) 3 

3! 


,(cu - w 0 ) 5 


5! 


(12.4-12) 


I herefore, Ju t , and c o c2 can now be chosen such that \Z T (ja> 0 )\”' = 0 [since \Z T (joj 0 )\ n 
is alieady /eroj, with the result that the first term introducing a nonlinearity in \Z T (jto)l 
iind in turn r„(f), involves the fifth derivative of |Z r ( 7 cu)| | (J = W() . 

If (J, for both the tuned circuits of Fig. 12.4-3 is greater than 10, then |Z 7 (yo;)| 
may be closely approximated by 


\Z T (jto)\ = 


R t 


R? 


4 + 


to - tu. 


4 + 


oj - C'J f3 


(124-13) 


wheie a, : l/2Rj x = BW/2 and oc 2 = 1/2R 2 C 2 = BW 2 /2. For this case, odd 
symmetry in \Z T (jto)\ about to 0 is obtained by choosing = R 2 = «i = a 2 = 
6: - MVV/2, <o cl = oj 0 + Sco, and co c2 — co 0 — So j. In addition (as the reader should 
vci ilv), |Z/( i<o 0 )\'" = 0 if So) is chosen as 


da) = i-ot = - - 


3 BW 


1 2 ? 


(12.4-14) 


With this choice for Soj, the Taylor series expansion for \Z T (jto)\ reduces to 


4 R 

5 

o 

3 

1 

3 

L__ 

54 | 

f w - w o) 5 , 


T vj 

5 

a 

~ 625' 

l « / + ’ 



iml in turn 




4/,K 


$ 


Aiqf(t) 54 |Af'>Af)\ s 

~i 625 


(124-15) 


(124-16) 


1 1 1 )i this case, if A co/gl < 0.585, then the second term of Eq. (12.4-16) is less than 1 
l> 1 the first term for all values of f(t); thus v 0 (t) varies in direct proportion to f(t). 

However, a value of A oo/y. as large as 0.585 puts a strain on the quasi-static 
appi oximation for values of /? less than 7 (cf. Eq. 11.3-17). Therefore, Aoj/ol is usually 
l I lose n to be j, a value which ensures the validity of Eq. (11.3-17) with ft as low as 5 
With A to/a = j (or BW = 4 Am), v n (t) given by Eq. (124-16) simplifies to 

i'oU) = ^4^vTao- 


5 


(12.4-171 
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Hence if /, = 1 mA and R = lOkfi, r 0 (r) = (3.1 V)/(r); thus the balanced slope 
demodulator, in addition to its other advantages, provides a coefficient for the/(f)- 
term in its output which is more than 13 times as large as the corresponding coefficient 
ror the single-ended slope demodulator. 

Here again, parameters for the tuned circuits of the balanced slope demodulator 
may be chosen once co 0 , A to, and c o m are specified. Using the commercial FM values 
we obtain BW = 4 Am = 2rr(300 kHz), Soj = 2,r(184 kHz), = 2tt(10.884 MHz)’ 
and oj c2 - 2tt(10.516MHz); hence Q Tl = 3 6.3, 0 r2 = 35.2, C, = C, = 53 pF 
L x = 4.04/iH, and L z = 4.55 /iH. 

A possible physical circuit for realizing the balanced slope demodulator is 
shown in Fig. 12.4-5. For this circuit the first differential pair not only provides the 
two identical current drives i,(f), but also acts as a limiter. (Actually the currents at the 
collectors of 0, and 0, are 180° out of phase with each other. The envelope detectors 
however, are not sensitive to this phase inversion.) The diodes in the detectors are 




Limiter 


*V\ 

kJ 


>>1 



Fig. 12.4-5 Practical embodiment of balanced slope demodulator. 
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mile ol germanium to minimize their effective V 0 ; however, if the diodes are matched, 
ic I u -tcrm is balanced out at the output. Finally, the second differential pair accepts 
ic differential input and provides a single-ended output. The resistors are added in 
*i ion with the emitters of this differential pair to increase the linear operating range 
ml reduce the loading of the differential pair on the envelope detectors. The modu- 
ted input to this circuit is the transformer-coupled voltage t(r) appearing at the 
ise of (J i 


nvdopc Detector Loading 

ii many applications it is not desirable to make the output resistance R 0 of the 
mclopo detector in the slope demodulator so large that it does not load the tuned 
ik ml However, provided that C 0 looks like an open circuit in comparison with 
M1 ovci the band of frequencies occupied by /(0, that is, 0 < oj < co m . the loading of 
n‘ envelope detector is readily accounted for. In particular, with C 0 an open circuit 
> / (/), the, envelope detector functions in a static fashion and its primary effect is to 
*wei lli cQ, of the tuned circuit by reflecting a resistor of value R 0 2 in parallel with 
ie parallel RLC circuit. For example, if the tuned circuit has a parallel resistance of 
I) k il and R {) - 40 kQ, the loading of the en\elope detector may be accounted for by 
ev ieasing the total parallel resistance R T = R^R 0 f 2) to 10 kQ. This value of R 7 
. I hen used in all the expressions previously derived. 


tries-Tuned Balanced Slope Demodulator 

'i ies resonant circuits can also be used to obtain a slope demodulator. For this dual 
langement a common voltage must drive the two series-tuned circuits, and the 
illeieuce of the envelopes of their currents must be used to provide an output. A 
mill for accomplishing this is illustrated in Fig. 12.4-6. For this demodulator an 
o-iage envelope detector is used instead of the peak envelope detector; thus the 
si i ict ions on D and of the input FM signal are considerably relaxed. Specifically 
and //must determine a point under the curv e of Fig. 12.2-7 instead of determining 
point under the more restrictive curve of Fig. 12.2-9. 

I or the circuit of Fig. 12.4-6, if V 0 ^ 0 for the diodes and transistors, then rki 
>peais directly across the series-tuned circuits, with the result that the envelope o! 
(/} is given by 

LILitmo + jAcy/'(r)]| i 

id the envelope of i 2 {t) is given by 

VxlYuUcoo+jAcofmi, 

line ),,(/>), and Y 11 (p) 2 are the admittances of the series r l L i C 1 and r 2 L 2 C 
man I circuits respectively. For each tuned circuit, the series resistance include- 
iv inpul resistance of the transistor-diode combinations. Consequently, if the band 
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Width ofthe R 0 -C 0 low-pass filter is greater than then v B (t) is given by 

r„(;) = >■ ] [y C o l( r)]|, - | y n [ 7 c,,(f)]| 2 } 

x r KR o 

“ PrlMU)]], (12.4-18) 

erlthn^Cd^ ~ = ILiOmii - {Ynijcoij. (A subscript T is used to differ- 

entiate the transistor y. T from the a of the tuned circuit) 

It is apparent that Eq. (12.4-18) is ofthe same form as Eq. (12.4-11)- hence the 

nrimtr::r p ! oy i ,nchoosi 7 parameier va,ues f ° r the tuned ^mts 0 f 

hnfh rt t PP ^ 7 CirClUtS 0f Fig - 12 - 4 - 6 - ln particular, if Q T > 10 for 

both of the tuned circuits of Fig. 12.4-6. then ^ T 


y -T k l Rq 1 
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•ikt il'we again choose a, = a 2 = a,r, = r 2 = r,oj cl = «o + Soj,(o c2 - a) 0 <5w, 

>| then provided that Ato/x is kept less than * r„(/) reduces to 


4y. f l\R 0 fiAoj/V) 
~ 5nr \ 5 a 


(12.4-20) 


y with the Clarke-Hess demodulator discussed in Section 12.3, R 0 should be 
„ sufficiently large to maximize i-Jr), but not so large that either transistor m the 

eu 1 1 of I if.-. 12.4-6 saturates on the peaks of/(r). 

Although we have assumed V Q * 0 in this analysis, the expression foi iJM 
vrtl | n | n (12.4-20) is not appreciably affected if l 0 is a lew tenths of a vo . is 

. .. is a direct result of the balanced nature of the circuit; thus, to aid in this 

tlniu'iiu' every effort should be made to match the input characteristics of the tran- 
it „ rs and diodes of Fig. 12.4 6. If this is not done, some variations in center tre- 
ii'ik v with input amplitude will result. 


i*\si:i 1 Slope Demodulator 

I place of the two tuned circuits of Fig. 12.4-6, two crystal resonatorsmay be inserted, 
ac w ith its series resonance slightly above io u and the other with its senes resonance 
iuhtlv below w 0 . The result is a slope demodulator with an extremely stable center 
eijnency and an output voltage which is extremely sensitive to small deviations 

Smith 1 )' has reported such a discriminator in which, instead ol separate crystals, 
tree sections of a single quartz crystal are mechanically coupled. He P^ems 
, r a detector with a center frequency of 15 MHz and a linear bandwidth of ± , kHz. 
Us device is reported to be generally useful in the 5-40 MHz range and to have pos- 
ihle useful bandwidths of up to 0.2% of the center frequency. 

A single crystal used with a balancing branch is often employed as the d.s- 
riminator in the frequency stabilizing situation described in Section l l. l k m sue i 
,i nations it is normally more satisfactory to operate the.crystal in the vicinity or the 
cro in its impedance function rather than near its parallel resonant frequency. (Slv 
ion 6.7 discusses the crystal’s impedance function in some detail.) 


2.5 TIME-DELAY DIFFERENTIATOR, TIME-DELAY „ nR 

lEMODULATOR, FOSTER-SEELEY DEMODULATOR, AND RATIO DETECTOR 

y time-delay differentiator is a linear network which implements the fundamental 
lefinition of a derivative, 


dv(t) ,. r(t) - r(f - f 0 ) 

—-— = lim --- — ■ 

at t q-*o 

I he block diagram for such a network is shown in f ig. 12.5 l. 


(12.5- I) 
In this diagiam wc 


;■ Warretl L. Smith, “The Monolithic FM Discriminator: A New Piezoelectric Device.' 1 IEEI 
,nms, on Communication Technology , Com-16, No. a, pp. 460-463 (June U6X). 
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Fig. 12.5-1 Block diagram of a time-delay differentiator. 


observe that a delayed version of i p (r) is subtracted from r(f) and the resultant signal 
is amplified by l/f 0 . In general, r 0 must be chosen equal to zero to realize the exact 
derivative of v(t): however, as a practical matter, so long as t 0 is small in comparison 
with the time interval during which variations in u(t) occur, the derivative of r(f) is 
approximated quite accurately. 

It is apparent that f 0 should not be chosen any smaller than necessary, since such a 
choice requires an additional amplifier gain (l/r 0 ) to bring the signal up to a useful 
level. Therefore, we shall now determine the maximum value of t 0 which permits the 
network to function as a differentiator (i.e., to convert variations in instantaneous 
frequency into envelope variations) for the case where r(f) has the form 


c(t) = A cos 


o) 0 t + Aoj 


f{ 0 ) do 


(12.5-2) 


In the next section we shall again determine the maximum permissible size of f 0 where 
u(t) is a square-wave FM signal given by Eq. (12.2-lb). Once the maximum size of 
t 0 is determined, we shall implement the block diagram of Fig. 12.5-1 with practical 
circuits and then interconnect them with the various amplitude demodulators to 
form frequency demodulators. 

For the purpose of analysis w T e shall consider the more general time-delay 
differentiator, shown in Fig. 12.5-2, from which the amplifier has been omitted and the 



/o^time delay 

0 o = carrier phase shift 

Fig. 12.5-2 General time-delay differentiator. 
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My. 12.5 J Magnitude and phase characteristic of the delay network of Fig. 12.5-2. 


.vision lbi- a phase shift of 0 o at m 0 in the delay network has been included. Figure 
s \ illustrates the magnitude and phase characteristic of the delay network of Fig. 
s 1 Note that, if 0 o = - m 0 f 0 , then the phase characteristic passes through the 
igin and the normal delay line shown in Fig. 12.5-1 results. 

If we apply r(r) given by Eq. (12.5-2) to the time-delay differentiator shown in 
g 12 5 2, then with the aid of Eq. (11.3-3) we can write 


r,,(/) ; .'I cos 


m 0 f + Am J f(0)(W - A cos 

Envelope term: g(t) 

.A-- 

m de - 0 O 


(Dot + A to 


r>s ~ fo 

J m 


do + On 


2/1 sin j Am J 

Am ( f (9) d0 Am f f(0)d0 - 0 O 

J L Jt-to 


- sin \ (Oq{ + 


(12.5-3) 


High-frequency term 


u . second expression in Eq. (12.5-3) is obtained with the aid of the trigonometric 
c 11 1 1 1 y 

. x + y . x v 
cosx—~cosx= — 2 sin—-—sin —— 

ncc r,,(0 will be placed through an envelope detector, only the envelope g(0 of v b (t) 
■Cij he considered in determining the maximum permissible value for f 0 . More 
cciIk ally, the maximum value of t 0 is that value which still permits g(f) given by 


g(0 


= 2 A sin 




dO - 0 o 


(12.5-4) 


\ ai y in direct proportion to f(t). 
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The envelope g(f) may be arranged in a form in which its dependence on r 0 is 
more explicit by defining 


Am r 


f(0)dd 


Am r Am r'~'° 

= — Jf(9)d9~— J f(O)d0. 


(12.5-5) 


Now by taking the Fourier transform of Eq. (12.5-5) we obtain 


AmF(m) 1 

K(co) = -—(1 


J™ 


= F(tx>)e~ JcJ,o!2 


Amr 0 sin (mr 0 /2) 
~2 mf 0 /2 


= F((o)H D {jco), (12.5-6) 

where K(co) and F(m) are the Fourier transforms of k(t) and /(f) respectively and 

2 toto/l 

A plot of \H D (jco)\ and arg H D {jco) vs. m is shown in Fig. 12.5-4. from which we 
observe that \H D (ju>)\ is essentially constant at Amf 0 /2 for m < 2/f 0 ; hence, if 
co m < 2/f 0 , where m„, is the limit on the spectrum of F(m), then 


K(oj) = F(co)H d (lo) 


Acot 0 


- jcjto/2 


F(co), 


or equivalently. 


HO = —//fr - tr]. 


(12.5-7) 


(12.5-8) 



Fig. 12.5-4 Plot of the magnitude and phase characteristic of H D (jm) 
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I hus we see that k{t) is proportional to a delayed versionf of/(f) provided that 

2 


fn < 


Willi kit) given by Eq. (12.5-8), g(t) simplifies to 
g(t) = 2A sin 


A(0t ° rL M 

^0 

_ 2 j \ 21 

" 2 _ 


(12.5-9) 


(12.5-10) 


I he transfer characteristic relating g(t) and (Acot 0 /2) f(t — f 0 /2) is shown in Fig. 
125 5, from which we observe that only if 



Hg. 12.5 5 1 ransfer characteristic relating g(t) and (Aojt 0 '2)j (t — t 0 j 2) 


Acuf 0 


7 -f\‘- 


« 1 for all f 


does g{() vary in proportion to f(t — t 0 /2) as desired. More specifically, if we expand 
>;( /) given by Eq. (12.5-10) in the form 


g(t) = 2A sin k(t) cos ^ — 2A cos k(t) sin 


(12.5-1 


we observe that, i [ k(t) is kept less than 0.2 for all t, then sin k(t) < k(f)and cos k(t) 
(within 2",,), with the result that 

g(f) = 2 Ak(t) cos — — 2A sin ^ 


= A A an 0 f\t —-) cos — — 2A sin —. 
0J \ 2 ) 2 2 

The requirement that k(t) < 0.2 is equivalent to 

A o.)t 0 <0 4, 

as is readily seen from Eq. (12.5-8). 

|‘ A slight delay is unimportant in most communication applications. 


(12.5-121 


(12.5 l.o 
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The desired proportionality between g(t) and f(t - r 0 /2), as expressed in Eq 
(12.5-12), requires that both Eqs. (12.5-9) and (12.5-13) be satisfied. When 
P > 0.4/2 = 0.2 (which is usually the case in practice), Eq. (12.5-13) is more restric¬ 
tive than Eq. (12.5-9) hence for this case the maximum size of f 0 is restricted to 0.4/Aco. 

In general, a value for 6 0 must also be selected. It is apparent that, if 0 O is chosen 
as 0, In, 4n, etc., the component of g(r) proportional to /(r 0 /2) is maximized. The 
difficulty with this choice is that g(r) is not positive (or negative) for all f and thus peak 
or average envelope detection is impossible. To overcome this difficulty, 6 0 must 
be chosen such that (cf. Eq. 12.5-12) 

a °o , • 0 o 

Aojt 0 cos — < 2 sin —, 

2 2 


or equivalently, 



A cot 0 

~~T~ 


(12.5-14) 


Since A tot 0 < 0.4, Eq. (12.2-33) is satisfied provided that 


0 o > 0.4(22.7°). 


(12.5-15) 


In man) practical circuits a phase shift at the carrier frequency of 0 o = +tt/ 2 
is readily obtained; thus this value is usually employed, with the result that Eq. 
(12.5-12) simplifies to 


g{ t) = + A 2 


1 + 


Awf 0 

2 



(12.5-16) 


Consequently, if the time-delay differentiator (with 0 o - ±n/2) is followed by an 
envelope detector as shown in Fig. 12.5-6 and if t 0 is chosen at its maximum value 
°f 0-4/Aw, then the resultant frequency demodulator output is given by 


v o(0 = AK Ms /2[ 1 + 0.2 f(t - t 0 /2)l (12.5-17) 

where K Xf is the amplitude demodulator constant and the - and 4- correspond 
to 0 o = n/2 and 0 o — — 7i/2 respectively. 



Fig. 12.5-6 Single-ended time-delay frequency demodulator. 
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I he single-ended time-delay demodulator finds wide application in demodu- 
Liimg I M microwave signals. Two paths are provided for r(f) through waveguides 
oi i rails miss ion lines of differing lengths. The difference in length is adjusted so that 
one signal experiences a time delay t 0 and a phase shift 0 o = — co 0 t 0 = — 3n/2 = 
n/2 n (that is, a phase shift of — n/2 plus an inversion). The output of the two 
waveguides (or transmission lines) is then combined and envelope-detected with a 
v issial detector inserted in the guide. The detector output is the demodulated FM 
signal A similar scheme should apply to the demodulation of frequency-modulated 
lajfj beams. 

A balanced frequency demodulator employing a time-delay differentiator is 
shown in block diagram form in Fig. 12.5-7. In this diagram tw'o single-ended time- 
delay hequency demodulators, one with 0 o = — 7i/2 and the other w r ith 0 o = n/2. 



Fig. 12.5-7 Balanced time-delay frequency demodulator. 


aie arranged in such a way that their outputs subtract, with the result that v 0 (t) is 
given by 

i-„(r) = y/2AK u Acot 0 f(t - f 0 /2). (12.5-18, 

I oi this case, not only are all the advantages of balancing obtained, but also the 
i ocllieienl of the f(t - t 0 / 2)-term is increased by a factor of 2 over the single-ended 
demodulator. 

II v noting that a phase shift of n/2 can be obtained through a phase shift of 
- n ° plus a signal inversion (a phase shift of —n), we may rearrange the balanced 
lime-delay demodulator of Fig. 12.5-7 in a form which requires only phase shifts of 
h .1 at the carrier frequency. (A phase shift of —n/2 is more readily realized in a 
physical circuit than is a phase shift of + n/2.) Two versions of the resultant circuit 
arc shown in Fig. 12.5-8. 

When an actual piece of delay line is used to implement the circuit, the single- 
d> lay line circuit is the obvious choice. For this case, 0 o — ~aj 0 t 0 : hence, Jo: 
d ( , n/2, 


t 0 = To/4, 
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Fig. 12.5- 8 Alternative forms for the balanced time-delay demodulator. 


where 7 0 is the carrier period. Thus to construct a delay-line demodulator at T 0 = 
100 nsec ( / 0 = 10 MHz), one requires a minimum overall delay of 25 nsec. Since 
an ordinary coaxial line has a delay of the order of 5 nsec/m, such a detector will be 
rather cumbersome if built with this type of line. Fortunately helically wound delay- 
lines exist! with delays of up to 30 nsec/cm or 3/tsec/lOm. Thus, with the use of 
distributed lines, delay-line demodulators are a practical possibility for values of 
f 0 as low as 800 kHz. 

The Foster-Seeley Demodulator 

Many existing FM demodulators use the nearly constant phase characteristic 
of a tuned circuit near resonance to approximate the delay line and thus to realize a 
delay-line type of demodulator. In the analysis of such circuits, one should remember 
that two layers of approximations are being used. In the first layer, one is approxi¬ 
mating an ideal differentiator with a delay line; in the second layer, one is approxi¬ 
mating the delay line by the tuned circuit. In the second approximation, one normally 
further neglects the circuit-induced amplitude variations. 

t See J. Millman and H. Taub, Pulse and Digital Circuits, McGraw-Hill, New York (1956). Chapter 
10, Section 1 describes a number oflines with delays from 140 nsec m to 30.000 nsec m. 
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1'ifina- 12.5 9 illustrates the widely used Foster-Seeley FM demodulator^ As 
e slmlt show, in this circuit the tuned transformer introduces a time delay r 0 and a 
Inise shift of rr/2 between v(t) and v h (t). The voltage v b (t) is then combined with u(t) 
i a fashion identical with that of the block diagram of Fig. 12.5-8 to yield rjt) given 
y I i| (125 18). Since peak envelope detection is employed, K v = 1. 


Ideal 



12.5 <) Loster- Seeley demodulator which physically implements the block diagram of 
i)' I 1 s 8 (top) 


1>. obtain a suitable expression for t 0 in terms of the parameters of the tuned 
ii (,'uit of Fig. 12.5-9, let us assume that the envelope detectors do not load the tuned 
lansfoimer circuit. (If they do, as was pointed out in the previous section, a resistor 
must be placed in parallel with R.) Neglecting detector loading, we can determine 
j/) horn the model of the tuned transformer illustrated in Fig. 12.5-10 (cf. Fig 
A 5 c). 

Willi this model, v b (t) is related to r(r) by the transfer function 


H(p) = 


VJLP) 

V(p) 


-> 

r 


kco 2 0 !2 

+ lap + a>o' 


(12.5-19) 



1) I I-osier and S. H. Seeley, Proc. IRE , 25. p. 289 (1937). 
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where oj 0 = l/ x /(l — k 2 )LC and a = 1/2RC. The pole-zero diagram of H(p) is 
shown in Fig. 12.5-11. Note, however, that this pole-zero diagram is identical with 
that of Fig. 3.1-5 (except for the scale factor), for which 0 o was found to equal —n/2. 
In addition, for Q T = co 0 RC > 10 (cf. Eq. 3.1-9), H(ja>) may be closely approximated 
as 


1 + j[(io - cu 0 )/a] 
kQ T e~ j{i,ln ~ ^ + 

2^1 + [(« - « o ) *] 2 


(12.5-20) 



Fig. 12.5-11 Pole-zero diagram of H(p). 


For \(co — co 0 )/a\ < 0,2, ta n L [{t/j — co 0 )/a] may be approximated by (6) — co 0 )/a 
within 2% and v I + [(rrJ — o* 0 )/3c] 2 may be approximated by unity within 2%. 
Thus, if we operate sufficiently close to cu 0 , H(joj) simplifies to 


H(jco) = 



o)/a + jt'2] 


(12.5-21) 


wffiich is the transfer function of a delay network with a delay of t 0 = 1/a, with a 
carrier phase shift of - n/2 , and with a scale factor of kO T j 2. By choosing 


kQ T 

1 


= 1, 


(12.5-22) 


we obtain the desired scale factor for the delay network. 

For proper operation, the bandwidth BW of the FM signal r(r) must lie within 
the range over which H{ jeo) appears as a delay network : that is, 


BW 

"27 


(BW)r 0 

2 


< 0 . 2 . 


(12.5-23) 





















































■) 


I'M DEMODULATORS 


12.5 


owcver, since BW/2 is greater than Aw, Eq. (12.5-23) is more restrictive than Eq. 
2 5 13); hence the maximum size of t 0 [and in turn r 0 (f)] is limited in this case by 

c physical implementation of the delay network. 

At this point we are in a position to determine the parameters of the tuned 
ansl'ormer once w 0 . Aw, and co„ are specified. Consider, for example, w 0 = 
t | 10.7 MHz), Aw = 2475 kHz), and w m = 27i(15kHz). For this case /? = 5 and, 
nm I-in. 11.1-4, BW = 3.2 Aw; thus from Eq. (12.5-23) we see that the maximum 

line of f ( 1 is 


1 


0.4 




0.4 


= 266 nsec. 


BW 3.2 Aw 

„ 3 76 Mrad/sec. Since Q T = w 0 '2a = 9. the coefficient of coupling must be 

IItislcd lev equal 2 'Qj = 0 . 222 . 

Now if R = 10 kQ, then 

1 - - I 


C = — = 13.3 pF 
2a R F 


and 


L = 


wJCtt - k 2 ) 


- =17.6 /(H. 


1 iulilition, ir A = 5 V, from Eq. (12.5-18) we obtain 

i- 0 (t) = (0.886 V)/(r - 133 nsec) ^ (0.886 V)/'(,)• 

1 w 1 iting the expression for r 0 (f) we implicitly assumed that the diodes in the envelope 
elector were ideal. Even if they are not, so long as their characteristics are matched. 
ie 1 0 -term they introduce cancels in the output. 

A final version for the circuit of Fig. 12.5-9 is shown in Fig. 12.5-11. In this 
iicuit, r(t) is developed from a current source drive by tuning the input of the trans- 
>1 mei to w 0 ; that is, = w 0 . In addition, the "floating” voltage source r(f) 

, developed across the RF choke by placing a coupling capacitor from the top of the 
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input-tuned circuit to one end of the RF choke. The other end is grounded to high 
frequencies through C 0 . 

If the primary tuned circuit for the circuit of Fig. 12.5-10 has approximately the 
same Q T and thus the same bandwidth as the secondary tuned circuit, the bandwidth 
of i,(r) is concentrated over the range of frequencies where the input impedance of 
the tuned transformer appears resistive. Hence 

A = I,R in , 

where R in is the input resistance of the tuned transformer evaluated at w 0 and A is 
the amplitude of v(t). Consequently, once R in is known, v(t) can be determined 
directly from / ; (r) and the previous analysis may be employed to determine v„(t). The 
value for R in is readily shown to be given by 


K.n = Kl!f.t 


Thus if R = 10 kQ, R* = 2.5 kQ. and 


then 


i t (t) = (4 mA) cos 


lit) = (5 V) cos 


co 0 t -f Acu 


f(0)d0 


co 0 t + Aw J(0)d6 


J' 


The Ratio Detector 

If one of the diodes of the Foster-Seeley demodulator is reversed and a large capacitor 
is placed in the circuit as shown in Fig. 12.5-13, the ratio detector results.^ The ratio 
detector performs the functions of both a dynamic limiter and a frequency demodu¬ 
lator and is thus used in many entertainment-type FM receivers. The limiting opera¬ 
tion is accomplished at the expense of balancing, and thus the signal component of 


t To shov\ that R in = ||(R/4) let /,■ = / ( cos co 0 t with the result that i{t) = A cos co 0 r If envelope 

detector loading is neglected, then 2i h (t) = 2A cos (oj 0 r — n '2). Now the input power to the tuned 
transformer is given by P in = ^ 2 /2R in . This power is dissipated in and R; thus P in = 
Rr\ + Pr- However, P R = 4A 2 /2R and P Rl = A 2 /2R { ; therefore. 


If envelope detector loading is not neglected, then 


+ See s - W. Seeley and J. Avins, “The Ratio Detector," RCA Review , 8, p. 289 (1947). See also 
B. D. Loughlin. “The Theory of Amplitude Modulation Rejection in the Ratio Detector " Proc 
IRE, 40, pp. 289-296 (March 1952). 
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,10 has hall the amplitude of the ouput of a corresponding Foster-Seeley demodu- 
Ini in addition to a dc component. 

In gel some idea of the operation of the ratio detector, consider the circuit of 
ig 12 5 |t with C 2 removed. For this case, if we again assume that the loading of 
c envelope detectors can be modeled b> placing R 0 in parallel with R , that operation 
sneli llial the tuned transformer transfer function is given by Eq. (12.5-21), and that 
>i •’ I, lhen the upper and lower branches of the ratio detector function as 
iglc ended time-delay demodulators, with the result that (cf. Eq. 12.5-16) 

i'„U) = Ay/2[l - (Acot 0 /2)f (t - t 0 j2 )], 

i„(f) = Ay/2[\ + (&cot 0 /2)f (t - f 0 /2)], (12.5-24) 

id 


1-2(0 = t-;(o + i-„(o = 24 v /2. 


D, 



Now if C 2 is returned to the circuit, it charges up to a point where the voltage 
:oss it has the value 

r 2 (r) = 2A x /2, (12.5-25) 

wlueh level no additional current flows through C 2 and the circuit functions as if 
weie not there; that is, v 0 (t) is still given by Eq. (12.5-24). However, in a fashion 
nlai to that discussed in Section 12.1, C 2 placed across the secondary of the tuned 
"slormer in series with diodes and I) 2 performs the function of a dynamic 
"lei and keeps the amplitude of v(t) and v b (t) constant at A even if / ; (r) contains a 
ill amount of amplitude modulation. However, the modulation index (m) cannot 
loo large; otherwise, failure-to-follow distortion will result. 
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In the case of the ratio detector it should be noted that the amplitude A of v(t) is 
determined by the average amplitude of flowing into the tuned transformer with 

f..npH m ° Ve > ThU i S ’ ° nce the average amplitude of 'M and the parameters of the 
fashion irCU are kn ° Wn ’ A and ' n tUfn L '° {t) b£ calculated in a straightforward 


•‘-V'.'lf'T- 

wifh la r y P ™ Ct i“’ rati ° detector circuits ’ smal1 resistors (small in comparison 

Fi St^e h in Sene r the di0des - These resistors serve two purposes. 
First, they provide a way of correcting for slight imbalances in the diodes and the 

center tapped transformer; second, they somewhat reduce the tendency of the circuit 
toward diagonal clipping. u ‘ l 


Time-Delay Demodulator with a Synchronous Detector 

The time-delay differentiator may be followed by a synchronous detector to yield an 
FM demodulator. Such an arrangement is shown in Fig. 12.5-14. For this demodu¬ 
lator the top branch is superfluous, since v(t) multiplied by - V l sin co 0 r(f) produces 



synchronous detector^ dem ° dU,at ° r COm P risin g a “--delay differentiator followed by a 


a lerm centered about 2w u which is not passed by the low-pass filter. In addition, if a 
phase shill of -n.2 at is incorporated into the delay network and v(t) is used as 
the reference signal, the output r 0 (f) remains unchanged; thus the simplified circuit 
ot r ig. 12.5-15 produces the same output as the circuit of Fig 12 5-14 

it is apparent for the Circuit or Fig. 12.5 -15 that the low-frequency component 
at the Inter input is given by 


KA 2 


sin 2fc(f), 


? 
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which simplifies to 

KA 2 I f n \ 

--^-Aeur 0 /|r - -j (12.5-26) 

piovidetl that t 0 <0.2/Aw and t 0 < 2/to m . If the low-pass filter extracts this lovv- 
Ivciiucncy term (which is possible only if D and /? determine a point below the curve 
ol I ig. 12.2 6), then 

l oU) — — Awt 0 f 1 1 — — |, (12.5—27) 

wheie K st = KA/ 2. Equation (12.5-27) could have been obtained by letting 0 o = 0 
in I q (1^.5 12) and placing the resultant signal through a synchronous detector. 



Reference: A cos [a> 0 r(r)] = - A sin 



Fig. 12.5-15 Simplified time-dela> frequency demodulator 


hi arrive at Eq. (12.5-27) we require t 0 < 0.2 Aw instead of i 0 < 0.4/Aw as 
i^eii In Eq, (12.5-131. This is a direct result of emplpying — 1, sinty 0 r(r) as the 
:• ference signal for the synchronous detector in place of a more complex signal 
i upon tonal to the high-frequency term of Eq. (12.5-3). Fortunately, the simpli- 
e.iimn of the reference signal has only this small effect. 

hi lie that r„(r) given by Fq. (12.5-27) contains no de component dependent on A 
Inis the Irequency demodulator of Fig. 12.5-15 has the same insensitivity to ampli- 
ule variations as any ol the balanced frequency demodulators previously discussed 
i addition, it is easier to implement physically. 

I tguie 12.5-16 illustrates one possible physical implementation of the block 
Ingram of Fig, 12.5-15. In this circuit, as in the circuit of Fig. 12.5-9. the transformer 
uh a tuned secondary is employed to achieve a time delay of= 1 y. as well as a 

iase shift of — */2 at the carrier frequency. Again the bandwidth of the input 
M signal 

co 0 t + Aco f j (0) dQ 


v(t) = V y cos 
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must be less than 04* (cf. Eq. 12.5-23) and 

1 0.2 

r o — ~ < - —. 
a A co 


The differential pair is used as a multiplier, with the result that the low-frequencv 
component of the collector current of Q 2 is given by ^ 

— af^QTK a i (x) / 1 \ 

~ 2^/ + ° Cf/k0 ’ (12.5-28) 
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,line // is I he transistor alpha, u t (x) is the function of x given by Fig. 4.6-4, x = 

I ,'A /, and / ;o is the quiescent emitter current of Q 3 with i'(t) = i\(t) = 0. If the 
n low pass filter extracts the low-frequency component of the collector current 
if (F while eliminating the components centered about co 0 and its harmonics, then 
„{/) is given by 


U/ 


K-t 


^T^O^kO T 


(XfRokQrViCiiix) - \/2x) 

2R e ol 


(12.5-29) 


)l t nurse, l .q (12.5 29) is valid only if the bandwidth of the input FM signal is less 
linn 0 \% and ( 0 = I/a < 0.2 /Aoj. The stricter of the two conditions determines the 
n.ivimum value of t 0 and, in turn, the largest amplitude for v 0 (t). 

hiloii.it has reported an integrated 10.7 MHz differential-pair detector based 
m this appmach. He also obtained an experimental output characteristic for his 
mini 


2 (> m .SM OUNT FREQUENCY DEMODULATOR 

\ pulse count frequency demodulator is a time-delay frequency demodulator for 
\ha h the lime-delay network is a physical delav line, the amplitude demodulator is 
m aveiage envelope detector, and the input signal is a hard-limited FM square wave 
(/) .is desei ibed by Eq. (12.2-lb). The basic block diagram of a pulse-count demodu- 
.iloi is shown in Fig. 12.6-1. Figure 12.6-2 illustrates the waveforms ol the signals 
ippeiiimg at the various points of the block diagram of Fig. 12.6-1. From Fig. 

I 2 <> 7 we observe that a pulse of duration t 0 is generated in v a (t) at each positive 
'cio crossing of r (f) and then averaged (or counted) by the low-pass filter to obtain 
(1 (/) 

Intuitively the operation of the pulse-count demodulator makes good sense. 
A'hen the instantaneous frequency is high, the pulses of v a (t) are closely spaced and 
lie average value (the low-frequency component) of the pulses at the low-pass filter 
*u(pul is high. Similarly, as the instantaneous frequency decreases, the pulses of 
„(/) become more w idely spaced and the low-pass filter output decreases. Thus the 
<>u pass lilter provides an output which is proportional to instantaneous frequency 



Fig, \2.& 1 Block diagram of pulse-count frequency demodulator 


A liiloUi/‘f M Detection Using a Product Detector,” Proc. IEEE, 56, pp. 7r>5—757 (April 196s 
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Fig. 12.6^2 Waveforms for the block diagram of Fig. 12.6-1. 


Lor slowly varying co t {t) or j\t\ the constant of proportionality between v 0 (t) 
and ru ( (r) can readily be determined by letting co^t) = co (a constant). For this case, 
v a {t) is a periodic train of pulses with an amplitude 2 B 7 with a duration f 0 , with a 
period 2k/ co, and thus with an average value Bt 0 co/n. Therefore, 

i'oU) = — 2 ~H L ( 0), (12.6-1) 

7T 

where H L ( 0) is the dc transfer function of the low-pass filter. A plot of v 0 (t) vs. co is 
show n in Fig. 12.6-3. However, the voltage r 0 (r) is proportional to co only for T > 2 1 0 . 
As T is decreased beyond this level, the pulses of v h (t) and v a (t) begin to decrease in 
duration with decreasing T, w f ith the result that v 0 (t) decreases with increasing co 
(for co > n/t 0 ) as shown in Fig. 12.6-3. [The reader should convince himself of this 



Fig. 12.6-3 Transfer characteristic for the pulse-count demodulator. 
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^ '"> subtracting r sq (/ - r 0 ) from r sq tf) for the case where T/2 < r 0 .] Because of 
u' <Iisct>nIinuity in the r tt (f)-vs.-w f (f) curve, t 0 must be chosen sufficiently small so 
1.1 ( 

n 

- > W,(f) max = cu 0 + Aw, (12.6-2) 

eijtu valcntly. 


t any given value of co 0 + A ox 

I lie Uansler characteristic of Fig. 12.6-3 was obtained on the assumption that 
(/) was a constant. We must now determine how rapidly /(r) may vary relative to 
'<> without altering the static transfer characteristic (or equivalently, how small t 0 
usi be relative to a given w„, in order not to alter the static transfer characteristic). 
’ accomplish this we observe that ijt) and thus r a (t) for the pulse-count demodu- 
ioi and the circuit shown in Fig. 12.6—4 are identical, provided that the linear pulse- 
. .. filler in Fig. 12.6^4 has an impulse response lift) given by 



equivalently a transfer function H(jco) 


t < 0, 

0<f <f 0 . (12.6-4) 

t > C 

•i^[/?(f)] of the form 


H(jco) = t 0 e J "‘° 2 


sin(wf 0 /2) 

ajt 0 /2 


(12.6-5) 


Exact Half-wave Linear pulse- 

differentiator rectifier forming filter 



H{ jw) — h{!) 


h{() 

'n 

r 0 f 

12.6 4 Block diagram of a circuit whose output is identical with that of the circuit of 

12 6 I 


c equivalence is apparent when we note that the exact differentiator produces an 
uniting train of positive and negative impulses of strength 2 B at the respective 
■ Ilive and negative zero crossings ol r sq (/). The positive impulses, which get past 
hail-wave rectifier of Fig. 12.6-4, are converted into rectangular pulses of height 
and duration t 0 by the linear pulse-forming filter. 
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The pulse-forming filter has a magnitude and phase response identical with that 
shown m Fig. 12.5-4 except that |tf(0)| equals r 0 instead of Atot 0 /2. However, this 
titter is in cascade with the output low-pass filter which cuts off immediately beyond 
<-j m [the maximum frequency component of/'(/)]; hence, if 

2 

r ° < ( 12 . 6 - 6 ) 

so that \H(jto)l remains essentially constant at r 0 over the passband of the output 
low-pass filter, the linear pulse-forming filter may be replaced by an attenuator of 
value t 0 without affecting c 0 (r). This substitution reduces the circuit of Ffo. 12.6^1 
to an exact differentiator followed by an average detector and an attenuator of t n - 
hence with the aid of Eq. (12.2-17) (K D = 1) we can write r 0 (r) in the form 

Bt 

L 'o(t) = + ^C/V)] * MO (12.6-7) 


or 


MO 


B'oHd 0 ) , , 

---MO. 


provided that the output filter passes r„(r) without distortion. 

Ti Caily ’ tlien ’ 11 1S chosen sufficiently small so that both Eqs. (12.6-6) and 

r7h 1 a T TT ed ’ the constant of proportionality relating and m t {t) is 
Bt o H L {0)/n both dynamically and statically. Thus, once e^Atu. and , Vl are specified 

or e input FM signal and p and D are found to be below' the curve of Fia. 12 2 7 
[so that the low-frequency component of v&) can be extracted by the output low-pass 
filter] then r 0 may be chosen sufficiently small so that r„(r> is linearly related to w(M. 

T *2 If USUU case " here <,J ». « < 0 0 , Eq. (12.6-3) is more restrictive than Eq (12 6-6) 
and thus we need only concern ourselves with choosing r 0 sufficiently small so that 
the static demodulator transfer characteristic remains linear. Of course, t 0 should 
be chosen no smaller than necessary, since the amplitude of r 0 (t) is directly pro- 
portional to t 0 . : v 

A practical system which performs the same operation as the time-delay differ¬ 
entiator followed by the average envelope detector is the pulse-count frequency 
demodulator shown m Fig. 12.6-5. For this demodulator the monostable multi¬ 
vibrator is triggered on the positively sloping edge of r sq (0 and produces a pulse of 
amplitude V 2 and duration t 0 . The low-pass filter then extracts the low-frequencv 
component of the pulse train. 

The static transfer characteristic of r 0 (r) vs. «,(0 (which is valid provided that 

t 0 < 2/wJ is shown in Fig. 12 . 6 - 6 . For this case no reduction in pulse duration occurs 

unti T 2 Kj cd dccieases to the point where the monostable multivibrator cannot 
recover between the end or the pulse of duration t 0 and the beginning of the next 
pulse. It the time for complete recovery of the monostable multivibrator is t R then 
the minimum permissible size of T is T = t 0 + t R . Consequently, in order to obtain 
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Fig. 12.6-5 P Lilse-count demodulator 



I* ig. 12.6 6 Plot of the transfer characteristic for the pulse-count frequency demodulator shown 
in I ig I ? 6 5 


lhe desired linear relationship between vjt) and a>,(f), 

V 2 t o H,(0) 


r„U) 


(U,(0. 


i s must be chosen sufficiently small so that 

2n 2 n 


In + Ir Si 


<’> 0 + Aw 


and 


r 0 < —. 


(12.6-Si 


(12.6-9] 


(12.6-10) 


I he validity of Eq. (12.6-8) depends, of course, also on the ability of the low-pass 
out pul filter to extract the low-frequency component of the pulse train in an undis- 
0 u led fashion. 

Commercial discriminators of this type are available as separate units. Center 
liequencics from 1 Hz to 10 MHz are available. Above 10 MHz the pulse duration 
inns! be less than 100 nsec and the recovery time must be of the order of 10 nsec, 
hi nre practical circuit considerations impose limitations When operated with:, 
ihe pieviously described limitation, such circuits are capable of achieving signif:- 
i ani ly better than 0.1 % linearities with frequency deviations approaching the carric: 

I I equcncy. 
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Commercial divide-by-two and divide-by-ten networks are now available 
which operate with input frequencies as high as 1000 MHz. With such counting net¬ 
works the useful frequency range of the pulse-count discriminator can be extended 
considerably in frequency. 

For cases where D lies reasonably close to the lower curve of Fig. 12.2-7 the 
modulation cannot easily be separated from the carrier ripple without a reasonably 
complex low-pass filter. To remedy this situation somewhat, the monostable multi¬ 
vibrator of Fig. 12.6-5 may be triggered on every zero crossing of v sq (t) rather than 
only on positi\e zero crossings of r sq (r). With such triggering the closest carrier fre¬ 
quency components to the desired modulation at the input to the low-pass filter 
result from the FM spectrum centered at 2 co 0 rather than at w 0 . 

Therefore, the upper curve of Fig. 12.2-7 provides a bound for ZX If the mono¬ 
stable multivibrator is triggered on every zero crossing, the output voltage of the 
pulse-count demodulator is given by 


Colt) 


V 2 t qH l (0) 

71 




(12.6-11) 


from which we observe that the output level has apparently been increased by a 
factor of 2. Th is increase cannot normally be realized, since for this case 


l 

h) + t R <-, (12.6-12) 

(o 0 -}- Ato 

which constrains the maximum permissible value of t 0 to be less than one-half the 
previous value. 


12.7 MORE EXOTIC FM DETECTORS—THE PHASE-LOCKED LOOP, THE 
FREQUENCY-LOCKED LOOP, AND THE FREQUENCY DEMODULATOR WITH 
FEEDBACK 

As the final section of this chapter and of the book we present the block diagrams for 
and brief resumes of the operation of three “threshold-extending” FM demodulators. 
All of these circuits are more complex than the demodulators discussed previously; 
however, since all the individual elements within each block diagram have been 
considered in this book, the interested reader should have an adequate basis for 
understanding their operation. 

Because this section makes no pretense of offering a complete explanation of these 
useful but not yet widely used circuits, we have included a fairly substantial list of 
references at the end of the chapter which will supply further information. Even 
more recent information will probably be available from an inspection of recent 
indexes to papers in the IEEE Transactions on Communication Technology or Aero¬ 
space and Electronic Systems. 

higuies 12.7-1, 12.7-2, and 12.7-3 show all three circuits in block diagram form. 
All three circuits contain feedback loops, all contain multipliers within the loop, 
and all three take their outputs after a low-pass filter that is within the loop. If 
preceded by a limiter, the a(t) amplitude terms shown would become constants; 
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Low-pass loop 
niter 

Fig. 12.7-1 Block diagram of frequency-locked loop 


nl though the circuits would detect FM signals uncorrupted by noise, they would 
if: l Ik'ii ability to remove or reduce the effects of noise-induced “spikes” and hence 
ini ability to extend the FM noise threshold. It is just this ability to extend the 
iieshold that justifies the added complexity of these circuits in various weak-signal 
M situations—satellite links, for example. 

I lie Irequency-locked loop combines an envelope detector and a feedback loop 
* a circuit to process the output from a conventional limiter-discriminator circuit, 
i long as the input signal is large, the envelope detector output keeps the loop 
im high and hence the loop bandwidth wide and the discriminator output reaches 
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Fig. 12.7-2 Block diagram of phase-locked loop. 
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Fig. 12.7 -3 Block diagram of frequency demodulator with feedback. 


the circuit output unchanged. When the input amplitude drops briefly to a small 
amplitude (it can be shown that sudden drops to a small amplitude are often caused 
by the same noise mechanism that introduces “spikes” or impulselike disturbances 
in the FM signal), the loop gain drops and the circuit output is uncoupled from the 
discriminator output until the disturbance passes. Some of the references listed at 
the end of the chapter contain experimental results as well as much more complete 
discussions of the circuit operation. 

As was pointed out previously, one approach to the phase-locked loop is to 
consider the voltage-controlled oscillator as an FM generator in the return path of 
a eeubaek loop. If aft) is large, then the loop gain is high and the forward path must 
try to perform the inverse of FM generation or it must approximate an FM detector 
When a(t) falls—again during a noise disturbance—the loop tends to open and the 
output tends to be unaffected by any noise spikes present in the input FM signal. As 
pointed out below, the phase-locked loop suffers from problems of initial locking on 

a signal, from VCO drift, and, if poorly designed, from unwanted "loss-of-lock" 
conditions. 

The frequency demodulator with feedback includes both a voltage-controlled 
oscillator and a conventional discriminator within a feedback loop. Also included 
within the same loop are a low-pass filter and a single-pole IF filter. Hess| has shown 
that as the IF filter bandwidth goes to zero the equations for this circuit reduce to 
those for the phase-locked loop, whereas when the IF filter becomes wide and the 
ow-pass filter becomes narrow the equations approach those for the frequency- 
locked loop. 

Again an intuitive argument for the circuit operation is that, when the amplitude 
is high, the loop gam is high and the feedback widens the circuit bandwidth and 


T, t - H V SS ’, E q l "' a lence of FM Threshold Extension Receivers." IEEE Tram, on Communi¬ 
cation Technology , Com-16, No 5, pp. 946-748 (Oct. 1968) 
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cscnls 1 lie discriminator output unchanged. When a(t) falls, then the loop gain 
ul ciicuit bandwidth fall rapidly and the output is uncoupled from the unwanted 
slnrlions in the input sine wave. 


Iiuse-I JK'ked Loop Operation 


In see mathematically how the simple phase-locked loop initially becomes 
ocked” to the incoming signal, consider the simplified case where an unmodulated 
unci at ro ( , I j; is tuned slowly toward the free-running VCO frequency cu 0 . Then in 
ig 17 7 2 i//(f) is r.t and at r = 0 one may assume the VCO output to be cosinusoidal 
ine also assumes that the low-pass loop filter rejects additive frequency terms and 
iisses diffcicnce terms with an attenuation independent of frequency. Under these 
mdilions, 

0 (r) = oj 2 cos [et — 0(f)], (12.7-1) 

heio tn, contains a(t) (assumed constant for the moment), B , the filter constant, 
,c | tci m li Din the multiplication, and the multiplier constant ; oj 2 is known as the 
oop bandwidth" or the loop ‘'hold-in range." 

Now 1 q. (12.7-1) is a first-order nonlinear differential equation which can be 
>lml, on the assumption that 0 = 0 at t = 0, to yield 


0(0 = 


8 — C'J 2 C0Sh J(o] — E~ t 


m = 


£“ — CQ~ 


8 — C0 2 COS y/E* ~ C0 2 t 


— — 

F, 2 1 

M < 

(12.7-2) 

- 

2 * 

|e| > 

(12.7-3) 


hese two equations are plotted in Figs. 12.7-4 and 12-.7-5 for positive values of 


f f 


When a) 2 > |e|, then as time passes 0 approaches e and the loop is “locked." 
r approaches zero, then 0 also approaches zero. From Fig. 12.7^1 it is apparent 
iat it lakes about five “time constants" equal to 1 — e 2 for this locking to 

ecu i. 

Now, since in the steady state 0(f) = a, if e is varied slowly in comparison with 
tn] , then the output of the phase-locked loop produces an output directly 
loporlional to the frequency difference between the input and the VCO frequency 
onsequently, if , 


0(f) = A to 


mdo , 


I he maximum frequency component of/(f) is co m , and if 


<o„, « Jiol - Aoj 2 . (12.7 li 

icn the output of the phase-locked loop is directly proportional to /(f) and fre 
nency demodulation is accomplished. 
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I he inequality of Eq. (12.7-4) implies that > Aw and that oj 2 » w m . In addi¬ 
tion, it can he shown that, in order to avoid distortion in the detected signal, D and /? 
must tall below the curve of Fig. 12.2-6; hence the phase-locked loop detector 
stillers from the same type of limitations concerning carrier frequency cj 0 . modula¬ 
tion frequency and frequency deviation A to as do the other demodulators dis¬ 
cussed in this chapter. 

When |i:| > then 0(f) goes on oscillating with time at a beat frequency 

dependent on v /t: 2 — aIn this case locking never occurs unless one either decreases 
i oi increases the “loop bandwidth” w 3 . 

Real phase-locked loops have more complex filters and have “pull-in" and 
“hold -in” ranges that are different. (The “hold-in” range exceeds the “pull-in" or 
“lock-in" range.) However, in all cases these ranges are a function of the input 
signal amplitude. Thus, if the amplitude suddenly dips, the circuit may “lose lock” ; 
i! this happens, the output will be unaffected by the input frequency disturbances 
lhal accompany such suddenly dipping amplitudes. 
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1*1 Im I he circuit shown in Fig. 12.P- 1. plot the output voltage amplitude V 2 vs. the inpu 
vollage amplitude V\ for 0 < Y\ < 50 mV. At what value of I j is V 2 within 95° (1 of e 




asymptotic limiting value? If 
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tq - (1.6 mV)(l + 0.5 cos a > m t) cos oj 0 t, aj ni « oj ( 
find the modulation index of v 0 (t). 



12.2 For the circuit shown in Fig. ] 2.P-2, plot the transfer characteristic of F, vs. /, for 0 < /, < 

5 mA. Assume that the loaded Q remains sufficiently high to justify the assumption of a 
sinusoidal output voltage. ^ 



Figure 12.P-2 
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I 2 3 For the circuit shown in Fig. 12.P-3, show that if the loaded Q is high, the amplitude of 
the output voltage V\ is related to the amplitude of the input current by the expression 

^ = 2 M.v), 

l s 

where /, (x) is the modified Bessel function of order one and x = c\V x fkT. Using the values 
lor /,(v) and the asymptotic expression for I x (x) given in the Appendix at the back of the 
book, plot K, vs. I x for 0 < I x < 5 mA. Does this circuit function as a limiter? For what 
lange of /,? What value of C ensures Q T = 20 if I x = 5 mA and oj 0 = 10 8 rad, sec? 


V\ cos t o 0 t 



12 1 A high-g single-tuned circuit follows an ideal nonlinear limiter (Fig. 12.1-1) to extract the 
fundamental component of the FM signal. Assuming that the filter functions in a quasi¬ 
static fashion (Eq. 11.3-2), determine the minimum filter bandwidth (in terms of Aco) 
which ensures no more than 1 % amplitude modulation on the output signal (m = 0.01) 
With /f = 5, determine the maximum deviation ratio which is possible if the tuned circuit 
must suppress the third harmonic component of the limited FM signal to less than 1 % of 
the fundamental while keeping the induced AM below' l %. 

1 1 ■ Repeat Problem 12.4 for the case where the bandpass filter is a maximally flat double- 
tuned circuit. 

[ ’ o I or the bandpass limiter shown in Fig. 12.P^, v^t) = V x cos co 0 t, which results in v 0 (t) = 
F> cos v) 0 t. Using the sine-wave tip analysis in Sections 4.2 and 4.3, plot the limiter charac¬ 
teristic of F 2 vs. F x . If 

I'lU) = (5 V)[l + 0.1/(0] cosoj Q t 

and the modulation is passed by the bandpass filter, determine the AM modulation inde\ 

<>f 

I 1 I or the dynamic limiter shown in Fig. 12.1-5, L = 10 ;^H, C = 1000 pF, R = R 0 = 10 kU, 
( „ -- 10 fiF, and 

i,(0 = (1 mA)(l + 0.5 cos 10 3 () cos 110 7 ( + 10 4 | cos 10 3 0d0 

I ind r(/). What is the AM modulation index of r(0? What is the output AM modulation 
index if C 0 is reduced to 1 /iF? Does failure-to-follow distortion occur? 
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12 8 For the circuit shown in Fig. 12.P-5, 

. U(0 = (0.5V)(1 +0.5 cos 2.5 x 10 5 )cosl0 7 f. 
Find r w (0 What is its AM modulation index? If 

I'M) = (0.5 V) cos 110 7 f + Aw ( cos 10 4 0 do\ 
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is applied to the circuit of Fig. 12.P-5, find the maximum value of Aco which ensures less 
than 1 amplitude modulation (m = 0.01) for r o (0- 
I > *j | he (’larke-Hcss demodulator shown in Fig. 12.3-4 is to be used to demodulate an FM 
triangular wave. Show that in order to balance the demodulator for this case one must 
choose RC = n/4<j) 0 . Show also that when the demodulator is balanced, the output is 
given by Fq. (12.3-7), where A is now the peak amplitude of the FM triangular wave. 

I j in | ,M the C'larke-Hess demodulator shown in Fig. 12.3-4, R = 1000 O, C - 100 pF, R 0 = 

I S 7 ktt, C Q - 6300 pF, V cc = 10 V and 

t'ift) = (10 V) cos 1104 + 10 6 J cos 10 4 0 tU) 

1 nut rjt). How much carrier ripple appears at the output? 

I'll a It) V peak-to-peak FM square wave with instantaneous frequency cu.-lr) is applied to 
ihe circuit of Fig. 12.3-4 with C = 100 pF, R 0 = 15.7 kH, C 0 = 6300 pF, and V cc = 10 V. 
a) Vmd the value of R which balances the demodulator at oj 0 = I0 7 rad/sec. 

I,) n ,-j. = toon and cu,-(r) = oj 0 = 10" rad, sec, make an accurate sketch of the current 
(lowing into the output R 0 -C 0 filter. Determine the output carrier ripple. 

* I plot the i^-vs.-w.-U) characteristic as ojjt) is varied between 0 and 2a> 0 . 
d) If io,{t) = (10 7 + 5 x 10 4 cos 104) rad/sec, determine v 0 (t). 


I: ]' I or the circuit shown in Fig. 12.P-6, r ,-(f) is given by 


[,(0 - (2 V) cos 


4*4 4- An> 


f m 


dO 


^ Crystal 



Figure 12,P-6 
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where cu 0 = (10 7 + 176) rad/sec. The crystal parameters are given by C 0 — 4 pF, 
C = 0.04 pF, L = 250 mH, and r = 125 fi (cf. Section 6.7). Plot the static demodulator 
characteristic v a vs. Acof(t) for -500 rad/sec < Acof(t) < 500 rad, sec. (Hint: Since 
operation is in the vicinity of the crystal's series resonance, the effect of C 0 can be neglected.) 
What is the maximum permissible value of Aco which ensures that the nonlinearity of the 
transfer characteristic does not exceed 1 %? With this value of Aw, with P = 5, and with 
J (t) = cos coj, find vjt). If R increases by 10%, what is the change in the center frequency 
of the demodulator? Would this demodulator be useful in the system shown in Fi« 
11.9-1? Why? 

12.13 Verify the condition given in Eq. (12.4-14) and the expansion of Eq. (12.4-15). 

12.14 For the balanced demodulator shown in Fig. 12.4-3, R, = R 2 = 50 kfi and R 0 = 100 kn. 
Choose optimum values for the remaining unspecified parameters if the circuit is to de¬ 
modulate an input FM signal limited to 10 mA peak-to-peak having a carrier frequency 
W 0 = 10 s rad/sec. a frequency deviation of Aw = 10 6 rad/sec, and a maximum modu¬ 
lation frequency of 10 5 rad/sec. Find v„(t) for this choice of parameters. 

12.15 A ruby laser beam is modulated in frequency with a deviation of A/= 1 GHz and a maxi¬ 
mum modulation frequency of/ m = 6 MHz. Draw a diagram of an optimum frequency 
demodulator for such a beam. The demodulator should employ only beam splitters 
(prisms), polished mirrors, and a photodiode (or phototransistor). Indicate all effective 
path lengths, assuming that the carrier beam propagates at the speed of light through the 
demodulator medium. 

If the received beam has an intensity of 30 foot-candles and it the photodiode has a 
linear sensitivity of 100 /iA/foot-candle and delivers its output current to a 600 Q impedance, 
determine the output voltage for the case where/(r) = cos (2n x 6 x 10%). 

12.16 I n the bottom circuit of Fig. 12.5-8 the delay network is a piece of helically wound delay 
line with a delay of 20 nsec/cm and a length of 10 cm. If v(t) = (5 V) cos cot and K M = 1, 
plot the i„-vs.-w transfer characteristic for 0 < w < 5 x 10 7 . Over what ranges of w is 
this characteristic linear? Do these ranges of a> agree with the results of Section 12.5? 

12.17 If the envelope detector in the demodulator shown in Fig. 12.P-7 is assumed not to load 
75 12. show that rjt) is given by 

G(0 = iO.-W - r,.(r - 2r 0 )], 
where r 0 = 400nsec. If, in addition, 

l: M) = (5 V) cos |w 0 r + Aw ( cos (u m 0 t/l/J , 

where w 0 = 3.93 x 10 6 rad/sec, Aw = 10 6 rad/sec, and p = 10, find rjt). Is the demodu¬ 
lation nonlinearity less than 1 %? 

12.18 A 10 V peak-to-peak square w'ave with frequency w is applied to the demodulator of Fie 

12. P-7. e ' 

a) Sketch rjt) for w < n/21 0 and for co > n/2t 0 . 

b) Plot the r 0 -vs.-w characteristic for 0 < w < n/t 0 . Compare this characteristic with 
that shown in Fig. 12.6-3. 

12.19 A 2 V peak-to-peak FM square wave r sq (r) triggers the monostable multivibrator shown in 
Fig. 12.P-8. 

a) If the instantaneous frequency w,(r) = w (a constant), plot the v 0 -vs.-co characteristic 
for 0 < co < 10 6 rad/sec. At what point does the characteristic cease to be linear? 
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b) irto,(0 - (10 5 + 10 4 cos 10 3 r) rad/sec, determine an expression for v„(r). What is the 
maximum carrier ripple which appears at t 0 (f)? 

12.20 Repeat Problem 12.19 for the case where the trigger circuit at the base of Q, in Fig p P-8 
is replaced by the trigger circuit shown in Fig. 12.P-9. What is the advantage of this more 
complicated circuit? 



Figure 12.P-9 
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MODIFIED BESSEL FUNCTIONS 


I ho modified Bessel function of order n and argument x may be defined as the integral 
function given by 


/„(*) 


— f e xcosd cos nO dO. 
2n), n 


(A—1) 


A functional relationship between / n (x) and x may be achieved by integrating Eq. 
(A 1) numerically (on a computer or by hand) for various values of x. Table A-l 
pi oscnls values of I n (x) for n = 0, 1, 2, 3 and values of x between 0 and 10. Table 
A ?. presents values of I n (x) normalized to e x for n = 0, 1, 2, 3,4, 5 and values of x 
between 0 and 20. In addition, Table A-3 presents values of 21„{x)/l 0 {x) for the same 
values of n and x. It is quite clear that / n (x) is a monotonically increasing function 
of \ 

1 01 small values of x we may expand e xcos0 in a MacLauren expansion and keep 
only the first few terms in the series. With this approximation inserted in Eq. (A-l) 
we obtain 


/ iM 



x cos 0) cos 6 dO 


X 

2 


i r 


/ 2 (x) % — | I 1 + X cos 0 + 


x 2 cos 2 0\ 


cos 20 dO = 


In a similar fashion we can show that, as x -► 0, 


i n ( x ) 


(x/2 y 

n! 


(A—2) 


My keeping all the terms in the expansion for e xcos0 and performing a term-by-term 
mlegi alion, we can reduce Eq. (A-l) to an equivalent MacLauren series in x for 7 n (x) 

1 his series expansion is found in all the literature on modified Bessel functions. 

for large values of x, e xcos6 has a very sharp dominant peak in the vicinity of 
0 0 and may therefore be approximated by 

^xcosO ^ pX( i —9 z f2). 
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Table A-l Tabulation of 7„(.x) vs. .x for n = 0, 1, 2, 3 


V 

l 0 M 

/,(x) 

EW 

/j(x) 

0.0 

1.0000 

0.00000 

0.00000 

0.00000 

0.5 

1.0635 

0.25789 

0.03191 

0.00265 

1.0 

1.2661 

0.56516 

0.13575 

0.02217 

1.5 

1.6467 

0.98167 

0.33783 

0.08077 

2.0 

2.2796 

1.59060 

0.68895 

0.21274 

2.5 

3.2898 

2.51670 

1.27650 

0.47437 

3.0 

4.8808 

3.9534 

2.2452 

0.95975 

3.5 

7.3782 

6.2058 

3.8320 

1.82640 

4.0 

11.3020 

9.7595 

6.4222 

3.33730 

4 5 

17.4810 

15.3890 

10.6420 

5 93010 

5.0 

27.2400 

24.3360 

17.5060 

10.33100 

5.5 

42.695 

38.588 

28.663 

17.743 

6.0 

67.234 

61.342 

46.787 

30.150 

6,5 

106.290 

97.735 

76.220 

50.830 

7.0 

168.590 

156.040 

124.010 

85.175 

7.5 

268.160 

249.580 

201.610 

142.060 

8.0 

427.56 

399.87 

327.59 

236.07 

8.5 

683.16 

641.62 

532,19 

391.17 

9.0 

1093.6 

1030.9 

864.49 

646.69 

9.5 

1753.5 

1658.4 

1404.30 

1067.20 

10.0 

2815.7 

2671.0 

2281.50 

1758 40 


with this approximation, Eq. (A-l) reduces to 

7 " W % Uv^ /2cos "^ ~ hi e~ x ° 212 cos nO d8. 
Equation (A-3) is directly integrable and yields 



(A-3) 


(A-4) 


s/2nx 



For x > 10, Eq. (A-4) is accurate within 1% for / 0 (x). 




































APPENDIX 


V 2 I ;i hula I ion of /„(v) r v vs .v for n = I, 2, 3,4, 5 



UO <■' 

/,(*] <•' 

l 2 (xy e x 


IAx )>' 

l,(x),e x 

) 0 

1 0 

0.0 

0.0 

0.0 

0.0 

0.0 

) s 

0 6450 ^ 

0.15642 

0.01935 

0.00160 

0.00010 

0.00005 

0 

0 165 /<) 

020791 

0.04994 

0.00816 

0.00101 

0.00010 

1 *N 

0 16 /4 ^ 

0.21904 

0.07538 

0.01802 

0.00329 

0.00048 

1 II 

0 10X51 

0.21527 

0.09324 

0.02879 

0.00687 

0.00133 

» s 

0 v /005 

0 20658 

0.10478 

0.03894 

0.01133 

0.00270 

10 

0 Ml 1()() 

0 19683 

0.11178 

0.04778 

0.01622 

0.00454 

\ 1 

0 222S0 

0 18740 

0.11572 

0.05515 

0.02117 

000676 

1 0 

o Mr/oo 

04 7875 

0.11763 

0.06112 

0.02594 

0.00924 

1 

0 19420 

0 17096 

0.11822 

0.06588 

0.03038 

0.01187 

Ml 

(1 ISIS.) 

0.16397 

0.11795 

0.06961 

0.03442 

0.01454 


0 1 / 118 

0 15770 

0.11714 

0.07251 

0 03804 

0.01719 

i.O 

0 16(4)6 

0 15205 

0.11597 

0 07474 

0,04124 

0,01975 

»5 

0 1 SOSO 

0 14694 

0.11459 

0.07642 

0.04405 

002220 

0 

0 IS 174 

0 14229 

0.11308 

0 07767 

0.04651 

0.02452 

5 

0 1 18 12 

0.13804 

0.11150 

007857 

0.04865 

0.02668 

Ml 

0 1 1143 

0 13414 

0.10990 

0.07919 

0.05050 

0.02869 

(.5 

0 1 1900 

04 3055 

0.10828 

0.07959 

0.05210 

0.03056 

» 0 

0 1 1 196 

0 12722 

0.10669 

0 07981 

0.05 34 S 

0 03227 

J •> 

0 1 H25 

042414 

0.10512 

0.07988 

0.05467 

0 03384 

HI 

(U27X3 

0.12126 

0.10358 

007983 

0.05568 

0 03528 

) i 

0 12407 

04 1858 

040208 

0 07969 

0.05655 

0 03660 

0 

0.12173 

0.11606 

0.10063 

0.07947 

0.05728 

0.03780 

5 

U 11S99 

0.11369 

0.09922 

0 07918 

0.05790 

0.03890 

* () 

0 11643 

0.11146 

0 09785 

0 07885 

0.05842 

0 03990 


0 11402 

0.10936 

0.09652 

0.07847 

0.05886 

0 04081 

M) 

am 76 

0.10737 

0.09524 

007807 

v 0.05921 

0.04163 

1,5 

O I09c>3 

0.10549 

0.09400 

0.07764 

0.05950 

0.04238 

to 

0 10761 

0.10370 

0.09280 

0.07718 

0.05972 

0.04306 

L5 

0.10571 

0.10200 

0.09164 

0.07672 

0.05990 

0.04367 

i 0 

0 10390 

0.10037 

0.09051 

0.07624 

0.06002 

0 04422 


0 10218 

0.09883 

008943 

0.07575 

0 06011 

0 04473 

Ml 

0 10054 

0.09735 

0.08838 

007526 

0 06015 

0.04518 

*5 

0.09X98 

0.09594 

0.08736 

0.07476 

0.06017 

0.04559 

Ml 

0 09749 

0.09458 

0.08637 

0.07426 

0.06016 

0.04595 

r,5 

0 09607 

0.09328 

0.08541 

0,07376 

0.06012 

0.04628 

III 

0 09470 

0.09204 

0 08448 

007326 

0.06006 

0.04657 


0 09340 

0 09084 

0.08358 

0 07277 

0.05998 

004683 

);{) 

0 09214 

0.08969 

0.08270 

0.07227 

0.05988 

0.04706 

i o 

0.09094 

0.08858 

0.08185 

0.07179 

0.05977 

0.04727 

HI 

0.08978 

0.08750 

0.08103 

0.07130 

0,05964 

0.04744 


Table A-3 


.v 


0 . 1 ) 

0.5 

l.f) 

1.5 
2.0 

2.5 
3.0 

3.5 
4,0 

4.5 


5.0 

5.5 
6.0 

6.5 
7.0 

7.5 
8.0 

8.5 
9.0 

9.5 


10 0 

10.5 
11.0 

11.5 
12.0 

12.5 
13.0 

13.5 
14.0 

14.5 


15.0 

15.5 
16 0 

16.5 
17.0 

17.5 
18.0 

18.5 
19.0 

19.5 
20.0 
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o.o 

0.4850 

0,8928 

1.1923 

1.3955 

1.5300 

1.6200 

1.6822 

1.7270 

1.7607 


1. 768 
1.8076 
1.8247 
1.8390 
1.8511 
1.8615 
1.8705 
1,8784 
1.8854 
1.8916 


1.8972 
1.9022 
1.9068 
1.9110 
1.9148 
1.9183 
1.9215 
1.9244 
I 9272 
1.9298 


1.9321 

1.9344 

1.9365 

1.9384 

1.9403 

1.9420 

1.9436 

1.9452 

1.9466 

1.9480 

1.9493 


2/ 2 (.x)// 0 (x) 


0.0 

0.0600 

0.2144 

0.4103 

0.6045 

0.7760 

0.9200 

1.0387 

1.1365 

1.2175 


1.2853 
1.3427 
1.3918 
1.4342 
1.4711 
1.5036 
1.5324 
1 5580 
1 5810 
1.601 S 


1.6206 

1.6377 

1.6533 

1.6677 

1.6809 

1.6931 

1.7044 

1.7149 

1.7247 

1.7338 


1.7424 
1.7504 
1.7579 
1.7650 
1.7717 
1.7781 
1 7840 
1.7897 
1.7951 
1.8002 
1.8051 


! 2/ 4 (.y)// 0 (.y) 


0.0 

0.0050 
0.0350 
0.0981 
0 1866 
0.2884 
0.3933 
0.4951 
0.5906 
0.6785 


0.7585 

0.8311 

0.8969 

0.9564 

1.0104 

1.0595 

1.1043 

1.1452 

1.1827 

1.2172 


1.2490 
1.2784 
1.3056 
1.3309 
1.3545 
1.3765 
1.3970 
1.4163 
1.4344 
1.4515 


1.4675 
1.4827 
1.4970 
1.5105 
1.5234 
1.5356 
1 5472 
1.5582 
1.5687 
1.5788 
1.5883 


0.0 

0.0003 
0 0043 
0.0179 
0.0445 
0.0839 
0.1335 
0 1900 
0.2506 
0.3129 


0.3751 

0.4360 

0.4949 

0.5513 

0.6050 

0.6560 

0.7042 

0.7497 

0.7926 

0.8330 


0.8712 
0.9072 
0.9412 
0.9733 
J .0036 
1.0324 
1.0596 
1.0854 
1.1099 
1 1332 


1.1554 

1.1765 

1.1966 

1.2158 

1.2341 

1.2516 

1.2683 

1.2843 

1.2997 

1.3144 

1.3286 


2/ 5 (.y)/7 0 (.y) 


0.0 

0.0000 

0.0004 

0.0026 

0.0086 

0.0200 

0.0374 

0.0607 

0.0893 

0.1222 


0.1584 

0.1970 

0.2370 

0.2779 

0.3189 

0.3598 

0.4001 

0 4396 

0.4782 

0.5157 


0.5520 
0.5872 
0.6211 
0.6538 
0.6854 
0.7157 
0 7450 
0.7731 
0.8002 
08262 


0.8513 
0.8754 
0.8987 
0.9211 
09426 
0.9634 
0 9835 
1.0028 
1.0215 
1.0395 
1.0569 





































































40 A I’l'IINDIX 


To obtain derivatives of 7„(x), we differentiate both sides of Eq. (A—1) with respect 
> \ to obtain 


<//„(v) I r 

<!\ 2/rJ 


cos () e xcos0 cos nO dO 


~>K J C0S ( n + l ) 0c{0 + eXCOS ° cos (/] - 1)0 (to 


(A—5) 


2 

|ii;iIiom (A 


i i(-v) + I n - i(.v) . 

5) is valid for n > 1. 


For n 

dl 0 (x) 

dx 


0 we obtain in an identical fashion 
M*). (A-6) 


loin 1 1 | (A 1) it is apparent that 

‘ ,vc “ s " = + 2 X /„(.y) COS nO. (A-7) 

n = 1 

we wish to evaluate the Fourier series of e xsine , we may define tp = 0 - n/2 and 

>sri vc that 


Xj 

= = /q ( x) + 2 X CM COS 110 

n = 1 


= / 0 (x) + 2 X f„Wcos 

n = 1 


= / 0 (x) + 2 X (- l)"/ 2n (-x)cos2n0 

n = 1 



cc 


+ X (- ir + 1 / 2 n -.Wsin( 2 « 


1 ) 0 . 


a similar fashion we can show that 

c“- vcosfl = /„(*) + 2 X (- ir/„(x) cos nO 

n = 1 

defining <j> = 0 — n. 


(A—8) 


(A—9) 
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tiating both sides of Eq. (A-7Twhrre!pe f cUoO m0dlhed functions b > dlfferen - 

x 

^ X n Ki x ) sin nO = _x sin 0e xcos9 

n= 1 


= x sin 0 


/oM + 2 £ /„(.y) cos 


X 

= X sin 0/ o (x) + x X I„(x) sin (n + 1)0 


Xj 

* X Ai(*) sin (n — 1)0. (A—10) 

(sin ^ Herms - the ^ ^ 


2«/ 11 (x) = x[/ b _ 1 (x)-/ (i+i( x )] . 


(A—11) 


Additional relationships involving Besse, functions can be found in the following references : 
r N r° n ’ Appl ' e<l BCSSCl Flmcti0,,s ’ Blackie and So11 ’ Limited (1946), Chapter 3 

3 E t ' wh- 7 7 ° fBeSSd FlmCti ° nS ’ Cambddge UmVerSlty PreSS ’ Cambridge d922) 

j. b. T. Whittaker and G N Watcnn a r r \ 

Press, Cambridge (1927), SecfionT? 7 Cambridge University 

fo I loafing references I'" ^ nS ^ ° f ™ d ^d Bessel functions may be found m the 

Bureau of Standards, Applied Mathma’tiraTS No‘If Co ^ NatiC,I,al 

Washington D.C. (1964). Reissued by Dover New YwkVfw? 

9n deai w,th —--— 

smiird^refererce^o^ t^utt^f^anr/^fo NeW Y ° rk (1945 >' This 

other functions up to /, l( 6), ^L°- ^^ * ** " ^ — • 

3 ' (777^777°^ of Bessel Functions, Columbia University Press New York 
(1908). This work tabulates x/ 0 (.x)//, (*) for values ofx up to 20 The reciproca of ihk m t 
ts within a factor of two of 2/ l (.x)/x/ 0 (*>, which is the ratio of G to * ° Calofthlsfllnctlon 















ANSWERS TO SELECTED PROBLEMS 


CHAPTER 1 

1.1. P| = 4.15 mW, P 2 = 1.65 mW, P 3 = 0.55mW 

1.6. v„(t) * -0.28 sin 10 7 r + 7.3 cos 2 x I0 7 r + 0.33 sin 3 x 10 7 t 

1.7. v a * -5.9 V, V EBi % 815 mV 

1.8. v Q (t) ~ 118 mV cos 10 6 f 


CHAPTER 2 

2.1. n = 19.1; / High = 25.8 kHz,/ Low = 266 Hz; = 1/20.9; r/ = 0.914 

2.7. Bandwidth is 242 kHz 2.8. P load = 4.6 W 

2.10. Loaded Q is 16.2 


CHAPTER 3 

3J ' Y ( r ) - 1/2L 

" l{P) ~ P + (1/2GL) 

This may be represented physically as the series combination of a conductance G and 
an inductor 2 L. 

3.2. i 2 (t) = 100 mA 1 + -L C os |l5 x 10 5 r - || 

3.3. a) l0’Vc- ,o ‘' /s cosl0 7 t«(0 

b) 100 \e ~ 106,/3 sin 10 7 f u(t) 

c) 1500 V[1 — £’ _1 ° 6 ' /3 ] cos 10 7 t n(f) 

The voltages appear large since unit drives were assumed; i.e., an impulse of one 
coulomb strength and a step with a one-ampere level. 

3 - 6 - 1^22 = 200 1 2 a/ 5 (cf. Ex. 2.4-3); I 2 = 2.67 mA 

3.7. v a (t) = y/2 Vcos |l5 x 10 5 r - cos 10 7 f 

CHAPTER 4 

4.2. Fundamental is 0.39 mX; third harmonic is 0.145 mA. 

4.6. G m = 400 pA/V when K dc = 3V 

!'n !/ = ^ 4 - 8 ' 7 ‘ = 8 45 mA ’ = 7 - 8 mA 

4- H- K a „ k = 9.3V 4.!2. P baltery = 27mW 
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iiaimfr 5 

2 /' u 12.5 mW 5.3. V c * 540 mV 

5 I, ^ 6 ( )()mV 5.6. C > 63 /iF; conduction angle ^ 120°. 


IIAI*I KK 6 

1 ») A ■ ■■ </8, C = 1370 pF; b) | F 3 MI = I VM = 1 V 

2 h) |F ( (iui| = 0.535 V with no change in frequency. 

V - Hr rad/sec, | V x {o>)\ = 4 V, \I y (oj)\ = 200 ^iA 

5 All three poles originate at 1/2 RC for = Oand move outward along radial paths separated 
hy 120" as /i is increased. One path lies on the negative real axis. For \x = 4^, two of the 
poles cross the imaginary axis at o) 0 = ^/3/lRC. 

7 iu„ I0 4 rad/sec, |F 1 (</j 0 )| = 1.66 V. (Note that the attenuation through each cathode 
followei is 0.8 15 ) 

A ■ 'h'% = l/v/5 RC 6.10. A mm = + 93, S, = 20 

11 r 23 I - 2/A) = 24.75 12, -0.268 rad/s'ec 
13 3 '() inA. I 34 mA 

M rji) 125 V cos 4.5 x \0 b t;THD = 0.37';,, 

IIAPTEK 7 

I i = 450 nA, / siBna] = 905 nA, i 0 , ciMa , or = 1.62 m'A 

' .. -66/iA. /„, cnlaltll -r I 72 mA 

s ^ 420 mhos 
9 r„(0 --- g(f)[860] cos (a+ — o; 2 )f 


11A n KK 8 


1 h) 5 V at tt ) 0 ; 1.5 V at (oj 0 + to m ) and at (oj 0 — w,,,) 

2 h) 125 mW; 22.5 mW 

t l>) 5 V + 2.12 V cos |aj„,f — cos co 0 t 
4 tl ) £(/) = (5 V) sin o+f + (10 V) sin co 2 t 

cos (3 x 10 7 f) 


1.06 V 


1 + 0.707 cos 10 4 f 


N 0 495 

9 r„(0 - (750 mV)[l + 0.5/(f)] cos 10 7 f 


17 tv 


(10 V) - 2 V 


1 + 0.354 cos 10 5 r 



MAIM KR 9 

* 4N ,J t' with no ac, 29°C with ac 
^ // - 0.30, r\ = 0.60, i/ = 0.81 

/ .. ' 7 W 9.10. rj ^ 0.77 
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10.1. vjt) = 7.5^ - (45 mV) cos / 10 3 r - ^ 


A~ R~ 

10.3. r„(0 = y [1 + mf(t )] 2 + AB[ 1 + mf(t)} + /- 


*M0 


10.8. (40 mV) cos 10 4 r 

10.9. (3.18 V)|/ + 0.7()7m cos 110 J / — ?J 

10.10. f,(f) = (100 V)cos IfJ 7 t;U0 ^ 100 V, <j> = 14.4°;FR = 0.0157 

10.11. For large Q r . THD * 0.47 Q, 

10.12. a) v„ = 62.5 V, = (62.5 V) cos 10 7 t,Q T = 125, FR = 0.025, <p = 18.2°, THD 
b) v'o = 125 V, v 0 * 0,1) = (125 V) cos 10’r, Q T = 250 ,FR = 0 0125 

<P = 13.2°, THD = 0.0038 


10.14. i 0 (t) = (44.2 V) cos 2 x 



Ur) = (125 V) + (442 V) cos 2 x 



i ,(r) = (125 V) 1 


+ 0 353 cos 2 x 10 4 


10.15. R = 12.5 kn 



cos 10 7 r 


10.17. c,(r) = -(3.75 V) 1 


+ 0.471 cos 



cos 10 7 r 


c 2 (r) = (3.75 V) + (1.77 V) cos 



r 3 (0 = (0.885 V) cos 



CHAPTER 11 

11.2. BW = 1.6 x 10 6 rad/sec 11.3. A/ = 625kHz 

11-4. U0 = (11 V) — (5 V)cos 6 X 10 8 r + 2 x 10 5 ['cos 10*0 rffl) 
11.5. -57.7 dB 

11 7. v„ = (100mV)sin jlO 7 / + 5 x 10 6 J f(0)doJ 

11.10. a> 0 = 10 7 rad/sec, Aa; ^ 10 4 rad/sec 

11.11. co,(t) = (2.5 x 10 7 rad/sec) [1 +0.1 /(f)] 


0.0075 
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i ,in 2 V cos 1 10 7 t + 1.25 x 10 3 J cos 10 3 fl dO 
l.ti) 10' ll/[l + i/'(0] 


•I I K 12 

I, o S mV, in,, s: 0.02 12.4. BW > 14Aa>, D < 0.0028 

II II - s l Ao./)< 0.027 12.7. 0.0075.0.075, no. 

r-> ^' 2 ) V cos | lO^r — 

. 1 ) I v/nu,d) r„(0 - (250 mV) cos 10 3 r 
i,(rj o v cos o> m t 


i jn 



f 0.2 cos 10 5 t) 


1.) i .(/) (0 sx V)-+ (0.041 V) cos 10 3 r - ^ 


INDEX 













f 


INDEX 


Abramowitz, M,, 641 
AFC, 590 

AGC, 308, 331-336, 486, 530 
Alienability, 324-327 
AM generators: balanced, 382-384 
differential amplifier, 374-375 
diode bridge, 376-379, 382-384 
FET, 380-381 

integrated circuit, 395-396 * 
square law, 384-387 
tuned circuit, 387-392 
See also Diode bridge, FET, Chopper 
modulation, Multiplier, and/or 
Modulation 

AM methods: analog, 354-355 
chopper, 355-358 
direct, 361-362 
high level, 447-450 
nonlinear, 359-360 
AM on FM signals, 589-590 
AM receiver, superheterodyne, 478 
AM signals: in capacitively coupled 
circuits, 168-169, 195-199 
in narrowband filters, 72, 76, 88-89 
normal, 347 

single sideband, 350-352, 457-461, 
464-466 

suppressed carrier, 349, 357 
Amplification, AM, 405-406 
Amplifiers: cascode, 324-326 
class A, 401-405 
class AB, 401 

class B, broadband, 401, 421-425 
class B “linear,” 92, 405-408 
class C “linear,” 408-410 
class C-RF, 401, 410-415 
class D, broadband, 426-432 


class D, narrowband, 401, 415-421 
differential pair, 114-119, 324-326 
feedback, 206, 475^178 
FET, 98-104, 131-136 
gain controlled, 214, 335-336 
maximum signal without distortion, 4, 
100 , 110 

narrowband-tuned, 6-8, 314-331, 405-421 
power, 401-455 

small signal range, 4-5, 110, 118 
transistor, 1-8, 104-113 
tuned, 6-8, 314-331, 405-421 
Amplitude control, 212-215, 265-266, 

308, 331-336 

Amplitude limiting, 7-8, 110, 188, 571-577 
nonlinear, 207 

Amplitude modulation; see specific 
headings under AM 

Amplitude sensitivity, function, 230-231, 
264-265 

Amplitude stabilization: FM, 530-532 
oscillators, 212-215, 262-266 
Analog computer, 528 
Angelo, E. J., Jr., 13 
Armstrong, E. H., 560 
Astable multivibrator, 553-556 
Attenuator, nonlinear, 213, 265-266 
Auto transformer, 49-51 
Automatic frequency control (AFC), 590 
Automatic gain control; see AGC 
A VC; see AGC 

Average envelope detection, 461-466 
in FM detectors, 582-584, 587 
Average envelope detector, 468-478 
dual transistor, 473-475 
operational amplifier, 475-478 
Avins, J., 613 
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ick diode, 505-506 
ighdady, E. J., 523, 526 
indwidth: FM, 513-515, 565 
parallel RLC circuit, 28 
peak envelope detector, 485, 494-495 
pi network, 441-443 
power amplifier coupling network, 
433-43^7 
transformer, 21 
irkhausen criterion, 11, 208 
mnett, W. R., 628 
rssel functions: modified 
in amplifiers, 108-111 
approximations, 113, 636 
in mixers, 293-300 
tabulations, 109, 637-639 
theory, 636-641 
uses, 3-9, 108-111, 293-300 
ordinary, 427, 511-514 
plot of, 512 
zeros of, 514 
las shifts, 4-5 

in transistor circuits, 149, 169-181 
lasing: clamp circuit, 131-134 
constant current, 1-2, 162-169 
resistive, 169-181 
triode grid, 432-433 
ilotti, A., 618 
inary AM, 410 
Liltzmann’s constant, 2 

admium sulphide, 560 
alandrino, L., 628 
alteration: FM generator, 514 
high-Q filter circuits, 88-89 
apacitive coupling, 162-171 
to nonlinear devices, 149-180 
apacitive step-down circuits, 38-48 
arrier, pilot, 353 
arrier cancellation, 355, 376-383 
arrier filtering, 459-461 
ascode amplifier, 324-327, 345-346 
assara, F., 628 
hopper modulation, 355-358 
hudobiak, W. J., 421 
lamping circuits, 131-134, 153-180, 188 
current-driven, 153-155 
inductively biased, 154-156 
peak FET, 131-134, 301-302, 304-305 


Clarke, K. K., 401, 588, 628 
Clarke-Hess FM detector, 587-592, 632 
Collector saturation in oscillators, 234-236 
Colpitts oscillator, 223, 226, 231, 253 
Complementary pair transistors, 423 
Conduction angle, 93-103, 107 
peak envelope detector, 482 
Conversion transconductance; see 
T ransconductance 
Converters, transistor, 311-314 
Convolution, 74, 581 
Coupling networks, 16-64, 433-447 
Cross modulation, 123, 337-338 
Crystal equivalent circuit, 243-247 
Crystal filter, 459 

Crystal FM detector, 564, 602, 632 
Crystal oscillator, 243-255 
Current-driven junction, 249 
Current inverter, 547-549 
Current pulse, peak envelope detector, 
480-482 

Current-switching circuit, 417-420, 
431—432 

Dammers, B. G., 260 
Delay line, 603, 634 
helical, 609 

Delay network: ideal, 604 
RLC, 610 

Demodulation: amplitude, 457-508 
frequency, 571-635 
Derivative, definition, 602 
Deviation ratio, 511 

Diagonal clipping; see Failure-to-follow 
distortion 

Differential amplifier; see Differential 
pair 

Differential pair: amplifiers, 114-119 
amplitude modulator, 365-375 
distortion in, 114-119 
mixers, 309-310 
multiplier, 365-375 
oscillator, 236-240, 251-252, 288, 291 
RF amplifiers, 324-326 
Differentiating network: direct, 586-587 
frequency domain, 522, 586, 593 
time delay, 586, 602-603 
Diode bridge, 376-379 
modulator, 376-383 
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Diode clamping circuit, 153-162 
Diode detector, 468-503 
Diode shaping network, 551-553 
Diodes: back, 505-506 
germanium, 471, 586 
hot carrier, 553 
silicon, 2, 471, 496, 499 
variable capacitance, 541-542 
Zener, 557 

Distortion: in AM, 361-362 
failure-to-follow; see Failure-to-follow 
distortion 

in FM detectors, 595-623 
phase, 390 

total harmonic; see Total harmonic 
distortion 

Double-tuned circuits, 328-331 
Double-tuned transformers, 433-439 
Drain resistance (in FET’s), 134-136 

Edson, W. A., 244 
Efficiency power amplifiers, 402ff 
Efficiency transformer, 19, 402 
Emde, F., 641 
Enloe, L. H., 628 

Envelope detector, 468; see also Average 
envelope detector, Peak envelope 
detector 

Envelope detector loading, 489 
in FM demodulators, 600, 610 
Equivalent circuits: low pass, 65-81 
peak envelope detector, 485 
transformer, 51, 56, 62-64 
Equivalent linear resistance, 181-194 
envelope detector, 481 
Exponential characteristic, 104-113 

Failure-to-follow distortion, 361, 467, 
389-390, 577 

in amplitude modulators, 389-390 
in broadband peak detector, 500 
in peak narrowband detector, 490-494 
Federal Communications Commission, 562 
Feedback: amplifier, 206, 475-478 
detector, 475-478 
FM detector with, 623-628 
FM generator stabilization, 562-565 
FET: AGC circuit, 266 
amplifiers, 98-104, 131-136 
clamp-biased circuits, 131-134 


distortion in, 98-104 
drain resistance, 134-136 
mixer, 295-297, 301-305 
multiplier, 363-365 
oscillator, 241-243, 253-255 
switch, 380-38F 
Filaments, tungsten, 414 
Filter: crystal, 459 
mechanical, 315-316 
pulse-forming, 620 
FLL, 623-625 
FM demodulation, 571ff 
FM demodulator: balanced slope, 596-600 
balanced time delay, 608-613 
balancing in, 589-591 
Clarke-Hess, 587-592, 632 
crystal, 564, 602, 632 
direct differentiation, 586-588 
FMFB, 623-626 
Foster-Seeley, 609-613 
frequency locked loop (FLL), 623-626 
ideal, 578 
laser, 608, 633 
microwave, 608 

phase locked loop (PLL), 623-628 
pulse count, 634, 635, 618-623 
ratio detector, 613-615 
series tuned slope, 600-602 
simplified time delay, 615-618 
slope, 593-602 
time delay, 602-623 
FM detectors; see FM demodulators 


FM differential equation, 527-528 
quasi-static, 532-533 
FM generators: analog, 528-529 
Armstrong, 527, 559-562 
crystal-controlled, 560 
differential pair, 537 
FET, 569-570 
laser, 560, 562 
quasi-static, 534-542 
single transistor, 540 
square wave, 553-559 
time delay, 562 
triangular wave, 568, 549 
variable capacitance, 541-542 
FM noise threshold, 624 
FM signals: impulse train, 579, 584 
nonsinusoidal, 520-521 


O 

o 

CO 

UJ 

> 


< 

U 


> 

cC 

< 


< 

L'J 

h- 


D 


W 


O 

UJ 

Zi 

o 

n 


D 

C3 

< 

o 

L'J 

C£ 

D 


Q 

!-■ 

0 

i 

UJ 

!$' 

Ij 

0 


v.3 


UJ 



lC 

G 

r_ * 


>- 

> 

<L 

U: 


Li 




F 


y- 


Z 

O 



0 

< 

l_L_ 

n 

UJ 

a 


2 







index 


square, 577, 520-521 

(ri;uiKiilar, 520-521, 542-545, 632 

sawtooth modulated, 510 

sidebands of, 513 

vl spectrum, 511-515 

dl II, 623 625 

islet, I). I ., 610 

^ ter-See ley detector, 609-613 

oyher like" FM expansion, 516 

mi in series: half-sine wave train, 92 

impulse train, 80 

narrow-pulse train, 480 

pel iodic signal, 79 

m (angular pulse train, 408 

mik; wave lips, 93-95, 144-148 

square wave, 92 

awikhiug function, 355-356,462 
hii iei ti ansform, 72 
ol AM signal, 72-73, 347-349 
of Hilbert transformer, 351 
ol nonlinear FM, 517 
of unit step, 71 

n I unity demodulator with feedback 
(I Ml U), 623-625 
tqunity depression, 279, 282 
‘cquency deviation, definition, 510 
equency division multiplexing (FDM), 
73, 509 

equency doubler, 561 
cqunicy locked loop, 623-625 
equency modulation, 509-570; for 

breakdown, see specific topics wider 

1 M 

cqunicy stability, 210, 216-222 

tlnecl, 216-217 

I M generators, 562-565 

indirect, 217-222 

equency tripier, 561 

ulign, 1*., 628 

ill wave rectifier, 503 

am control, 265-266, 308, 331-336; 

see also A VC 
I I Iki, I A., 243 
ci uianium diode, 471, 496, 499 
liberty Ik, 365 
iay, l\ £., 13 
ros/kowski, J., 244, 279 


Haantjej, J., 260 
Hafner, E., 243 
Half-power frequency, 27 
Half-wave rectifier, 462, 468-478, 618, 620 
operational amplifier, 475-478 
Hall effect multiplier, 362-363 
Hayashi, C., 273 
Hess, D. T., 527, 588, 625, 628 
Hilbert transform, 351-353, 457 
“Hold in range,” 626, 628 
Hot carrier diodes, 553 
Hysteresis, 544—545 

IF amplifiers, 314-331 
Immovilli, G., 628 

Impedance matching, 16-19, 326-327 
Impulse response, narrowband filter, 70 
Input impedance, variation with 
frequency: 

in single-tuned circuits, 321-325 
in double-tuned circuits, 330-331 
Instantaneous frequency, definition, 510 
Instantaneous phase, definition, 509 
Intermodulation, 242 

Jahnke, E., 641 
Joyce, M. V., 401 
Junction voltage, 2, 4 

Kirchhoff’s current law, 480 
Klein, G., 551 

Large signal transconductance; see 

Transconductance, large signal 
Lienard method, 273 
Light bulb, 212, 213, 261 
Limiters, 6-8, 110, 188, 571-577 
differential pair, 573-574, 599, 629-631 
diode, 572 

dynamic, 575-577, 613-614 
tuned circuit, 629-630 
Linearization: exponential characteristic, 
119, 123-129 
mixers, 302-305 
Lissajous pattern, 8S-89, 362 
Load line, 183-190; see also Operating 
path 

Local oscillator, 294 
frequency modulated, 590 
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Loop gain, 206 
Loudspeaker, 421 
Low pass equivalents, 65-69 
IF strip, 69 / 

MacLean, W. R., 260 
Matching, impedance, 16-19 
Maximum modulation frequency, 511 
Meacham bridge oscillator, 212, 261-267 
Measurements, high Q circuits, 88-89 
Mechanical filters, 315-316 
Midband range transformer, 17, 21 
Miller capacitance, 52 
Miller effect, 241 
Millman, J., 546, 553, 609 
Mixers: differential-pair, 309 
FET, 295-297, 310-311 
general problems, 294-295, 300-302, 
305-306 

series resistance in, 302-305 
transistor, 8-10, 297-300, 307 
Model transformer, 17, 51, 63-64 
Modified Bessel functions: in amplifiers, 
108-111 

approximations, 113, 636 
in mixers, 293-300 
tabulations, 109, 637-639 
theory, 636-641 
uses, 3-9, 108-111, 293-300 
Modulation, amplitude, 347-399; for 

breakdown , see specific topics under 
AM 

Modulation, frequency, 509-570; for 
breakdown , see specific topics 
under FM 

Modulation index: AM, 8, 77 
FM, 511 

Monostable multivibrator, 622, 634-635 
Multiplication of frequency deviation, 516 
Multiplier: FET, 363-365, 379-381, 
384-387 

four quadrant, 368-373 
frequency, 8 

integrated circuit, 365-373 
single quadrant, 367 
square law, 354 
transconductance, 395 
two quadrant, 368-369 


Multivibrator: astable, 553-556 
monostable, 622, 634-635 

Narrowband amplifiers, 6-7, 65-80, 
112-119, 314-331 
Narrowband networks, 65-81 
Narrowband power amplifiers, 405-420, 
432-447 

Negative resistance, 205, 270-272 
Networks: capacitive step-down, 38-48 
coupling, 433-439 
low pass equivalent, 65-69 
narrowband, general, 65-81 
pi, 439-447 
“transformer-like,” 51 
transient response, 21-23, 70-72 
Neutralization, 321, 327 
Noise, 509 

Noise figure, 336-337 

Noise immunity in FM receivers, 571, 590 

Noise threshold in FM systems, 624-629 

Onoe, M., 641 
Operational amplifier, 262 
half-wave rectifier, 475-478 
low-pass filter, 478 

Operating paths: class A amplifier, 407 
class B amplifier, 407 
class C amplifier, 410 
effect of harmonics on, 438 
Oscillators: Colpitts, 223, 226, 231-232 
crystal, 243-255, 262 
alignment, 251 
tuning, 246 

differential pair, 236-240, 251-252, 288, 
291 

Hartley, 223 
junction FET, 241-243 
large signal model: differential pair, 237ff 
single transistor, 225ff 
local, 10, 233, 305-307 
Meacham bridge, 212, 261-267 
Miller, 253, 255 

negative-resistance, 268-272, 292 
one-port, 268-272 
pentode, 289 
phase shift, 212, 283-284 
Pierce, 253-254 
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series mode crystal, 248-254 
sine wave, 10-12, 205ff 
single transistor, 222-236, 286-287, 
289-290 

variable frequency (VCO), 233-234, 
624-628 

Wien bridge, 212, 261, 267-268 
Otte, J., 260 
Overtone, crystal, 245 

i'agc, D. F., 421 
Parallel resonant circuits, 25-38 
Peak envelope detection, 467-468 
in FM detectors, 584-586 
Peak envelope detector, 532 
broadband, 498-503 
ideal, 467 

narrowband, 478-497 
Pentodes: characteristics, 120-123 
mixers, 300-301 
oscillators, 253-255 
transconductance, 121-123 
Periodic drives: effect of narrowband 
filters, 78-85 

effect of nonlinear elements, 91-134 
Phase deviation, definition, 509 
Phase distortion, 390 
Phase locked loop (PLL), 459-460, 
623-628 

Phase modulation, 509-510 
Phase plane, 273-279 
Phasitron, 527 
Pi network, 439-447 
Piecewise linear models, 91, 124-126, 
151-153 

Pierce oscillator, 253-254 
PLL, 459-460, 623-628 
Pole zero diagram: delay network, 611 
double-tuned transformer, 435 
oscillator networks, 207, 208, 210, 212 
quartz crystal, 245 
3 ower in AM signals, 349 
J ower amplifiers: class A, 401-405 
class AB, 401 

class B, broadband, 401, 421-425 
class C, linear, 408-410 
class C, RF, 401, 410-415, 442-447 
class D, broadband, 415-421 


class D, narrowband, 426-432 
coupling networks, 442-447 
modulation of, 387-391, 447-451 
switched, broadband, 415-421 
switched, narrowband, 426-432 
Power gain, 326-327 
Power loss in transformers, 17-19 
“Pull in range,” 628 
Pulse count FM detector, 618-623, 

634-635 

Q: to limit output distortion, 82, 85 
parallel circuits, 27-28, 31 
Quartz crystal, 210, 217 
model, 244 
oscillators, 243-255 
parameters, 245 

Quasi-static approximation, 521-526, 596, 
598 

Quasi-static frequency modulation, 532-542 

Ratio detector, 613-615 
Raysistor, 266 
Reactance tube, 542 
Receiver design, 293-295 
Relton, F. E., 641 
Resonant frequency, 26-27, 33 
Rice, S. O., 628 
Ripple, 467 

in broadband envelope detector, 500 
in FM detectors, 592 
in peak envelope detector, 483 
Root locus, 207-212, 434-437 
Rowe, H. E., 426 

Saturating collector, AM modulator, 
388-392 

Saturation current, transistor or diode, 2, 
104, 171 

Sawtooth generator, 428 
Schmitt trigger, 543-547 
Schwartz, M., 628 
Seeley, S. W., 610, 613 
Semiconductor resistor, 212 
Series resistance: effect on clamping 
operation, 156-159 
effect on exponential characteristic, 
123-130 
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effect on mixer characteristic, 302-305 
Signal generator, laboratory, 213 
Signals: telephony, 505 
see also AM signals and FM signals 
Silicon diode, 2, 471, 496, 499 
Sine wave tips: with piecewise 
discontinuities, 92-98 
in power amplifiers, 414-415, 454-455 
with square law characteristic, 102-104 
Single sideband (SSB): amplification, 405 
demodulation, 457-461, 464-466 
generation, 349-353, 368 
spectrum, 350 

Small signal operation, 3, 101, 110, 118 
Smith, W. L., 602 
Smith Chart, 444-446 
Source impedance, effect on clamping 
operation, 156-159 
Spectrum: FM signal, 513 
SSB,350 
video signal, 465 
Spikes 

Square law characteristics, 98-104, 131-134, 
146-148 

Square law detector, 500 
Square law modulation, 359-360 
Squegging, 255-261, 532 
Stegun, I. A., 641 
Stein, S., 628 

Step response: narrowband networks 
70-75 

transformer, 21-23 
Strauss, L., 551, 553 
Superheterodyne, 10, 293-295 
Superposition, 90, 149, 153 
Suppressed carrier AM, 349, 357 
Switch, voltage-controlled, 547-549 
Switching function, 355-356, 462 
Switching power amplifiers: broadband 
415-421 

narrowband, 426-432 
Sykes, R. A., 243 
Symmetric networks, 66 
Synchronous detection, 457-461 
in FM detectors, 580-582 
Synchronous detector, 615 

Taub, H., 546, 553, 609 


Taylor Series of RLC circuit magnitude, 
594-595, 598 
Thermal runaway, 400 
Thermal time constant, 213 
Thermistor, 212-213 

Threshold extension FM receivers, 623-628 
Threshold sensor, 543-544 
Time-delay FM detector, 602-623 
Time-varying controlled source, 534 
Total harmonic distortion (THD), 82-85 
192-193 

in differential pair oscillator, 236, 240 
in transistor oscillator, 227-230 
Transconductance: differentia] pair, 116-119 
effect of series resistance, 123-130 
FET, 100-101, 133-134 
pentodes, 121 

small signal, 100, 105, 116, 121 
transistor, 105-112, 128-129 
Transconductance, conversion, 9, 297-314 
bipolar transistor, 9, 297-301 
differential-pair, 309-310 
FET, 295-297 

peak-clamped FET, 304-305 
pentode, 301-302, 304-305 
Transconductance, large signal: 
differential pair, 119 
exponential characteristic, 7, 11, 110 
with series resistance, 129-130 
FET’s, 100, 122, 134 
pentodes, 122-123 
resistively coupled transistor circuit, 
177-179 

square law characteristic, 100, 134 
Transconductance multiplier, 395 
Transfer function, 65 
Transformer: broadband, 16-24 
three-winding, 54-59 
Transformer-like networks, 38-48 
summary, 51 

Transient buildup: clamping circuit, 

159-162 

transistor bias circuit, 165-169 
Transient response: narrowband circuits 
71-76 

Transistor: as amplifier, 104-113 
average detector, 473, 586-592 
biasing, 1-2, 162-180 
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collector modulation of, 387-392 
limiters, 573 
mixers, 297-300 
simple oscillator, 222-227 
see also individual topics such as FET, 
Oscillators, Amplifiers, Biasing, etc . 

Trapezoidal pattern, 88, 362 

Triangular wave frequency modulation, 
542-$53 

Triangular wave pulse train, harmonics in, 
454-456 

Triode class C amplifier, 411-415 

Tuned circuit, nonlinear loading, 181-194 

Turn on bias, 425 

Turns ratio, transformer, 18-19 

Unkauf, M., 628 

Vacuum tube: AGC circuits, 332-334 
characteristics, 120-123, 334, 413 
mixers, 300-301 

modulated power amplifiers, 450-451 


oscillators, 253-255 
power amplifiers, 410-415, 432-439 
transconductance, 120-123 
Van Suchtelen, H., 260 
Varactor, 542 
Varicap, 541-542 
VCO, 541-542, 624-628 
Vestigial sideband, 464-466 
“Virtual” ground, 363, 476 
Voltage-controlled oscillator (VCO), 
541-542, 624-628 

Watson, G. N., 641 

Waveform function, 165 

Waveshaping network, sinusoidal, 551-553 

Whittaker, E. T., 641 

Woodward, P. M., 515 

Woodward’s theorem, 515 

Y parameters, 315-346 

Zener diode, 557 








